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DMRG for Quantum Eigenstates

Binary tensorization, TT-cross, and matrix-free MPOs

Victor S. Batista

Abstract

This tutorial develops a sequence of controlled tensor-network calculations for vibrational
eigenstates of Morse oscillators, following the accompanying notebook DMRG_Morse_TTcross.
ipynb. We begin with a one-dimensional Morse oscillator on a uniform grid with N, = 2%
points and convert the grid index into an L-bit artificial chain. This binary tensorization
maps the wavefunction to a matrix-product state (MPS) and the Hamiltonian to a matrix-
product operator (MPO). A small L = 8 problem is first solved by dense finite-difference
diagonalization and by two-site DMRG, so that analytic Morse error, grid-discretization error,
and MPS/DMRG error can be separated cleanly. We then remove the dense Hamiltonian:
the diagonal Morse potential is constructed by TT-cross from adaptive black-box function
evaluations, whereas the finite-difference kinetic energy is represented exactly with binary
shift MPOs. Excited states are obtained with matrix-free MPS-projector deflation. Finally,
the same construction is applied directly to a combined two-coordinate Hamiltonian on
18 binary sites (5122 = 262144 grid configurations), using a fourth-order kinetic stencil,
tighter TT-cross/DMRG controls, repeated DMRG restarts, and a Rayleigh-Ritz refinement
in the span of the computed MPS states. The two-coordinate example is intentionally
discussed together with its remaining failure at the twentieth targeted level, illustrating an
important practical lesson: improving discretization and subspace refinement does not by
itself guarantee that sequential deflation has found every low-energy eigenstate.
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1 Why use DMRG for a one-dimensional oscillator?

For a single one-dimensional vibrational coordinate, direct diagonalization, a discrete-variable
representation, or a finite-difference eigensolver is normally simpler than DMRG. The density-
matrix renormalization group was introduced by White [1,2] and is especially transparent
when formulated variationally in the modern MPS language [3]. The purpose of the present
calculation is therefore not computational efficiency. Instead, the Morse oscillator provides an
unusually transparent environment in which to learn the tensor-network methodology because
three independent descriptions can be compared:

1. the analytic Morse spectrum;
2. exact diagonalization of the finite-difference grid Hamiltonian;

3. DMRG optimization of an MPS representation of the same grid problem.

The calculation therefore separates two distinct sources of numerical error. The difference
between the analytic and finite-grid spectra measures the coordinate discretization error, whereas
the difference between the finite-grid and DMRG results measures the tensor-network optimization
and truncation error.

The important conceptual step is to convert a single coordinate into a tensor train on which
DMRG can act. This is done by binary tensorization of the coordinate grid, closely related to the
quantized tensor-train (QTT) construction [4,5]. Later, we show that TT-cross can replace the
stored potential vector, binary-shift MPOs replace the dense kinetic matrix, and MPS projectors
replace dense outer products in excited-state deflation. The final two-coordinate calculation
therefore uses the same tensorized language from Hamiltonian construction through eigenstate
refinement.

2 The Morse oscillator

2.1 Hamiltonian

The one-dimensional model system is described by the Morse Hamiltonian, originally introduced
as an analytically solvable model of molecular vibrations [6],

n? d? 2
H=———— 4D, |1—e @) 1
2m dzx? + e c ’ (1)
with e, = 0. The parameters are
h=1, m=1, D, =12, a=0.8. (2)

The potential minimum is zero and the dissociation threshold is D, = 12.
The coordinate interval is
x € [—2.5,10.0] (3)



and is discretized with
N, = 256 = 28 (4)

points. Thus L = 8 binary sites will be required later. The grid spacing is
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Figure 1: Morse potential used in the numerical benchmark. The minimum is at z, = 0,
while the dashed horizontal line marks the dissociation threshold D, = 12. The asymmetric
potential is steeply repulsive for z < 0 and approaches D, from below for large positive .

2.2 Analytic spectrum

For the convention in Eq. (1), define

2D,
e — 6
We = a - (6)
and
2mD,
A=
= (7)

The bound-state energies are

Bound states satisfy

1
For the parameters above,
A =6.123724, (10)
son =0,...,5: the model contains six analytic bound states.

Equation (8) already displays the anharmonicity of the Morse oscillator. Unlike a harmonic
oscillator, the spacing between adjacent levels decreases with increasing n, and the highest levels
accumulate near the dissociation threshold.
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3 Finite-difference discretization

On a uniform grid z; = Tnin + jAz, the second derivative is approximated by the standard
centered finite-difference formula [7],

| Y — 29+ (11)
dz? 2 - Az? '

Substitution into the kinetic-energy operator gives

hQ
Tij = X2 (12)
h2
T =—5 3 (13)
with all other elements zero. The full matrix is therefore
Hjjr = Tjjr + V()05 (14)

The implementation is compact:

Listing 1: Construction of the finite-difference Morse Hamiltonian.

def build_morse_hamiltonian(x, De, a, m=1.0, hbar=1.0, xe=0.0):
dx = x[1] - x[0]
N = len(x)

V =De * (1.0 - np.exp(-a * (x - xe)))*x*2

main = np.full(N, hbar**2 / (m * dx**2)) + V
off = np.full(N - 1, -hbar**2 / (2.0 * m * dx**2))

H = np.diag(main)
H += np.diag(off, k=1)
H += np.diag(off, k=-1)

return H, V

The resulting matrix has shape 256 x 256, and the notebook verifies a Hermiticity error of
exactly zero to machine precision.

3.1 Finite-grid benchmark

Direct diagonalization of Eq. (14) provides the benchmark listed in Table 1. The errors are of
order 10731072, except for the highest bound state, and arise from the finite coordinate box
and the second-order finite-difference approximation.

These values are important because DMRG should reproduce the finite-grid spectrum, not
the continuum analytic spectrum exactly.

4 Binary tensorization: turning coordinates into MPS chains

4.1 Binary representation of the grid index

DMRG is naturally formulated for a tensor-product Hilbert space. A single coordinate grid
instead begins as a vector space of dimension N,. The bridge between the two descriptions is
the choice

N, =2k, (15)




Table 1: Analytic and finite-grid Morse energies. The final column is Eerid _ Eana,

= :
Eana Eg" Difference

n

0 1.879591794  1.878560736 —1.031 x 1073
1 5.158775383  5.155056237 —3.719 x 1073
2 7.797958971  7.791393954 —6.565 x 1073
3
4
5

9.797142560  9.789375168 —7.767 x 1073
11.156326148 11.149821257 —6.505 x 1073
11.875509736  11.876096855 +5.871 x 10~4

Every grid index can then be expressed as an L-bit binary number,

j = (boby ...bp—1)2, b € {0,1}. (16)
Consequently,
CVe =¥ 2 C?g---C2. (17)
L factors
A grid wavefunction

Np—1
W)= ¢l (18)

j=0

can therefore be rewritten as
[¥) = Z Who..bp 1 |b0) @ @ [br_1) - (19)
bo,---sbr,—1

The eight sites in the present calculation are not physical spins. They are the bits of the
coordinate-grid index. This distinction is central to interpreting the calculation correctly.

4.2 Matrix-product-state factorization

The order-L coefficient tensor can be factorized as an MPS [3, 8],
‘llbobl"'bLfl = A[O]boA[l]bl e A[Lil]bLil' (20)

For open boundary conditions the first and last matrices have one trivial bond index, while the
internal bonds have dimensions x1, x2,.... The largest retained dimension is usually denoted by
Schmidt rank x.
For a completely arbitrary state on L = 8 two-level sites, the largest Schmidt rank occurs at
the central cut and cannot exceed
2l/2 = 16. (21)

Thus x = 16 is formally sufficient to represent any state in the present 256-dimensional space.
The useful observation, however, is that the low Morse eigenstates require substantially smaller
ranks.

5 Representing the Hamiltonian as an MPO

The operator analogue of an MPS is a matrix-product operator [3, 8],

Hyyony iyt = 17 UL v A T v 7 P | LTS L (22)
bp 1, bl

L-1
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For pedagogical reasons, the first part of the notebook constructs the finite-grid Hamil-
tonian explicitly as a dense 256 x 256 matrix and then compresses it into an MPO, using
MatrixProductOperator.from_dense as explained in Sec. A.1. Later, the notebook demon-
strates how to construct the MPO directly, without building first the dense matrix.

Listing 2: Dense-to-MPO conversion used in the tutorial.

H_mpo = qtn.MatrixProductOperator.from_dense(
H,
dims=[2] * L,
cutoff=1e-12,

)

Note that building the dense N, x N, matrix is not a scalable strategy. For large-scale
implementations we will build directly compressed MPO representations of the finite-difference
kinetic operator and the diagonal Morse potential directly.

6 Two-site DMRG for the ground state

In its variational MPS formulation, DMRG minimizes the Rayleigh quotient [1-3]

V| H W)

e = T (23)

within the set of MPSs allowed by the chosen bond dimensions.

In a two-site DMRG sweep, two adjacent MPS tensors are combined into a local two-site
tensor. All remaining tensors are held fixed, reducing the global variational problem to an effective
eigenvalue problem for that two-site tensor. After optimization, a singular-value decomposition
separates the two sites again. Small singular values can be discarded, thereby controlling the
MPS bond dimension and the computational cost. The sweep is then moved along the chain
and repeated in the opposite direction.

The notebook wraps the quimb two-site solver DMRG2 [9], explained in Sec. A.2, as follows:

Listing 3: Ground-state DMRG driver.

def run_dmrg(mpo, bond_dims=(4, 8, 16), cutoff=1e-10,
tol=1e-10, max_sweeps=12, verbosity=1):

pO = qtn.MPS_rand_state(
L=mpo.L,
bond_dim=2,
phys_dim=2,
normalize=True,

)

dmrg = qtn.DMRG2(
mpo,
bond_dims=1list (bond_dims),
cutoffs=cutoff,
p0=p0,
)

converged = dmrg.solve(
tol=tol,
max_sweeps=max_sweeps,
verbosity=verbosity,
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psi = dmrg.state.copy()
vec = mps_to_vector(psi)
return converged, dmrg, psi, vec

The sequence
x=4—8—16 (24)

allows the variational space to grow during successive sweeps.

6.1 A useful convergence distinction

With the strict setting tol = 10710 and at most 12 sweeps, the notebook returns converged
= False. This flag should not be confused with failure to obtain an accurate state. The final
ground-state diagnostics are
EPMRG — 1 87856075684,
EEY — 1.87856073594,
EPMRC — gE19 = 2,09 x 1075,
| (814 PMRGY |2 = .999999999668.

The final MPS has maximum bond dimension 5. Thus the requested stopping criterion was not
reached within the sweep limit, but the physical state is already extremely accurate.

7 Excited states by deflation

Ordinary ground-state DMRG minimizes Eq. (23). To obtain successive excited states we use
deflation, as follows. After finding states |1o),...,[r—1), the deflation method defines

k—1
HW = H 45y o) (4] (29)

r=0

The positive penalty u shifts the already found states upward in energy. If the shift is larger
than the relevant level spacings, the ground state of H*) is the next physical state.
The notebook uses
uw=4D, = 48. (30)

After each DMRG run, the newly obtained vector is explicitly Gram—Schmidt orthogonalized
against all previously stored states and renormalized. Finally, its physical energy is evaluated
using the original Hamiltonian H, not the penalized Hamiltonian.

A condensed form of the central loop is

Listing 4: Excited-state deflation used in the notebook.

for k in range(n_states):
Hdef = H.copy()

for psi_old in states:
Hdef += penalty * np.outer(
psi_old, psi_old.conj()
)

Hdef_mpo = qtn.MatrixProductOperator.from_dense (
Hdef, dims=[2] * L, cutoff=mpo_cutoff
)




13
14
15
16
17
18
19
20
21
22
23

converged, dmrg, psi_mps, psi = run_dmrg(
Hdef_mpo, bond_dims=bond_dims,
cutoff=dmrg_cutoff, tol=tol,
max_sweeps=max_sweeps

)

for psi_old in states:
psi -= np.vdot(psi_old, psi) * psi_old

psi /= np.linalg.norm(psi)
E = np.vdot(psi, H @ psi).real

This construction is deliberately simple and transparent. Because each deflated dense
Hamiltonian is rebuilt and refactorized as an MPO, it is not a production-scale excited-state
DMRG method. For larger problems, orthogonality constraints are normally incorporated
directly into the variational sweep.

8 Omne-oscillator DMRG results

8.1 Energies and state fidelities

The first five DMRG states are compared with exact finite-grid eigenvectors in Table 2. The
fidelity is
2
F, = .

(g DMRG) (31)

Table 2: DMRG validation for the first five Morse eigenstates. The energy error is
measured relative to exact diagonalization of the same finite-grid Hamiltonian.

n perid EDMRG Error F,
0 1.878560736 1.878560757 2.062 x 1078  0.9999999997
1 5.155056237  5.155056830 5.928 x 107 0.9999998779
2 7.791393954  7.791394384 4.301 x 107  0.9999998450
3 9.789375168  9.789378946 3.778 x 106  0.9999983751
4 11.149821257 11.149829781 8.525 x 1075 0.9999944195

The trend is instructive. The DMRG error grows modestly for the higher states, as expected
for repeated deflation and for wavefunctions that extend farther into the anharmonic region, but
even for n = 4 the error remains only 8.5 x 107% and the fidelity remains 0.9999944.

8.2 Wavefunctions

The matrix eigenvectors are normalized according to

el =1. (32)
J
To display an approximation to a continuum-normalized wavefunction, the notebook plots
lag) = (33)
VAx
for which
(34)

> lb(ay) PAx ~ 1.
J

9



Low Morse eigenstates: exact versus DMRG
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Figure 2: First five Morse eigenstates from exact grid diagonalization and DMRG.
The wavefunctions are vertically displaced by their corresponding energies and superimposed on
the Morse potential. Solid curves denote exact finite-grid eigenstates and dashed curves denote
DMRG states. Their near-complete overlap is consistent with the fidelities in Table 2. The
dotted horizontal line marks the dissociation threshold D..
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Because an eigenvector has an arbitrary global sign, the DMRG vector is sign-aligned with the
exact grid vector before plotting.

Figure 2 also illustrates the physical progression of the Morse eigenstates. Higher states
explore larger positive displacements, where the potential becomes shallower and approaches
dissociation. This is the coordinate-space manifestation of the decreasing anharmonic level
spacing.

9 Bond-dimension convergence

The central approximation in an MPS calculation is the restriction of the Schmidt rank across
each cut. The notebook therefore repeats the ground-state calculation at fixed maximum bond
dimensions x = 2,4, 8, 16.

Table 3: Ground-state convergence with MPS bond dimension.

Requested x Energy Error vs. grid Fidelity Final max. bond
2 2.2344359645  3.559 x 10~!  0.9956743723 2
4 1.8786166718  5.594 x 10~°  0.9999993390 4
8 1.8785607726  3.668 x 10~%  0.9999999988 7
16 1.8785607727  3.677 x 1078  0.9999999984 6

The improvement from x = 2 to x = 8 spans more than seven orders of magnitude in the
energy error. Increasing the requested maximum from 8 to 16 does not materially improve the
result in this stochastic finite-sweep run; the optimized states terminate at maximum bond
dimensions 7 and 6, respectively. The nearly identical final errors are therefore better interpreted
as residual optimization tolerance rather than as a limitation of the available variational bond
dimension.

DMRG bond-dimension convergence

10-1 4

102 4

10—3 B

1074 5

|[Eomre — Eexact|

10—5 4
105 <

1077 5

2 4 5] 8 10 12 14 16
maximum MPS bond dimension x

Figure 3: Ground-state energy error versus MPS bond dimension. The error drops
rapidly as the variational space is enlarged from xy = 2 to y = 8. The comparable errors at

requested xy = 8 and 16 are consistent with optimized MPSs that terminate at bond dimensions
7 and 6 rather than saturating the requested maxima.

This convergence test is one of the clearest demonstrations of what DMRG is achieving in

11
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this artificial binary chain: the exact 256-component ground state does not need the maximum
possible rank 16. A much lower-rank MPS is already sufficient.

10 From dense validation to matrix-free TT-cross DMRG

The dense I = 8 calculation is an excellent validation problem, but it is not yet a scalable
tensor-network calculation. The call

H_mpo = gtn.MatrixProductOperator.from_dense(
H,
dims=[2] * L,
cutoff=1e-12,

)

starts from all N2 = 47 matrix elements. The notebook therefore next rebuilds the same
Hamiltonian without ever forming the coordinate-space matrix,

Hypo = Tvpo + Vapo. (35)

10.1 TT-cross for the diagonal Morse potential

TT-cross extends matrix cross approximation to the tensor-train format and constructs a low-
rank tensor from adaptively selected entries [10,11]. Appendix B explains the implementation in
detail. For N, = 2,

L-1
j=Y 2", b {01}, (36)
=0
SO
L—1
2(bo, -, bL1) = Tin + Az Y 2871, (37)
=0

TT-cross receives V(x) only as a black-box function of these bits. It adaptively samples selected
multi-indices and constructs

Vigny_, = GO(bo) G () - - GE=Y(by ). (38)
For a diagonal operator, each TT core is promoted directly to an MPO core,
l 4
Wo[zl]f,s,s’ = Ggs,ﬁéss/' (39)

Thus the TT ranks of the sampled potential become the MPO bond dimensions of Vyipo.

10.2 Exact binary-shift MPO for the kinetic energy

For the second-order finite-difference operator (Sec. B.9),

h2 h2
I= mAx? = 2mAx? (S +55), (40)
where
Np—2
Sp=Y li+1nGl, s-=sb. (41)
=0

On the binary chain S, is simply increment-by-one. With o4 = |1)(0] and o_ = |0)(1],

S, = Lz_l <® Ig) vo ® <® a(_€)> . (42)

k=0 \{<k >k

12




Every term is a product operator and is assembled directly as an MPO (Sec. B.9). Therefore
TT-cross is used where it is advantageous—the smooth diagonal potential—while the sparse
analytic kinetic operator is represented exactly.

10.3 The L = 8 calculation as a matrix-free unit test

The matrix-free construction is first applied to the same L = 8, N, = 256 problem used for dense
validation. The dense eigensystem is consulted only afterward. In the reported notebook run,

TT ranks(V) = (1,2,4,4,4,4,4,2,1), (43)
xampo (V) = 4, (44)
xmpo(T) = 17, (45)
xmpo(H) = 21. (46)

TT-cross sampled 362 configurations and reported val_eps = 7.59 x 1076, The ground-state

calculation gave
EM = 1.87856075694, (47)

only 2.10 x 108 above the exact finite-grid value, with fidelity 0.99999999965 and final MPS
bond dimension 5. As in the dense-to-MPO calculation, dmrg.solve returned False for the
strict stopping condition even though the physical error was already extremely small.

10.4 Matrix-free excited states

An MPS
1/]50"‘51,_1 = A[O]SO - A[L_l]stl (48)

gives its projector directly as an MPO,

(4 _ Alls (4l \*
P(a,a’),(b,b’),s,tiAab (Aa’b’> : (49)

The projector bond dimension is at most x2, so the deflated Hamiltonian can remain matrix-free
throughout.

Table 4: Matrix-free TT-cross/DMRG validation for the first five Morse states. The
exact values are from the independent dense-grid benchmark and are not used by the matrix-free

algorithm.
n g Emf Error Fidelity
0  1.878560736  1.878560754 1.809 x 1078  0.9999999997
1 5155056237  5.155056733 4.960 x 10~7  0.9999998970
2 7.791393954  7.791394433 4.792 x 1077 0.9999998627
3 9.789375168  9.789377680 2.512 x 1076  0.9999987244
4 11.149821257 11.149830853 9.596 x 1076 0.9999935593

10.5 What “matrix-free” means

The scalable path contains only a TT/QTT potential, binary-shift MPOs, the combined Hamil-
tonian MPO, MPS eigenstates, and MPS-projector MPOs. The optional L = 20 notebook

cell,

N, =220 = 1,048,576

13
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Morse eigenvalues: dense and matrix-free tensor-network routes

® grid exact #
dense-to-MPO DMRG
107 4 TTcross matrix-free DMRG *
&7 +
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2
w
T 6
*
4 4
27 #
T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 25 3.0 3.5 4.0

state index n

Figure 4: One-dimensional Morse eigenvalues obtained by the three validation routes.
Exact finite-grid diagonalization, DMRG after dense-to-MPO conversion, and TT-cross matrix-

free DMRG are visually indistinguishable on the scale of the spectrum.

DMRG eigenvalue errors

107° { —e— TT-cross matrix-free A
dense-to-MPO

lo—ﬁ 4

|E — Egridl

1077 4

2.5 3.0 3.5 4.0

T T T
0.0 0.5 1.0 1.5 2.0
state index n

Figure 5: DMRG errors relative to the exact finite-grid eigenvalues. The matrix-free
route reaches essentially the same accuracy as the dense-to-MPO route for the first five states.
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is disabled by default, but its construction does not require either an N,-component potential
vector or an N, x N, Hamiltonian.
There are consequently two independent approximation layers:

‘operator compression (TT-cross) # state compression (DMRG/MPS).‘ (51)

They must be converged separately.

11 Direct two-coordinate TT-cross DMRG

The final calculation solves the combined Hamiltonian

h2 82 h2 82
g oo 0T 2
2my &c% 2meo ax% + Vi(z1) + Va(xa) (52)

directly as one MPO. The model is mathematically separable, but the numerical calculation does
not diagonalize separate one-dimensional grid Hamiltonians and does not construct the numerical
spectrum by summing their eigenvalues. Separability is used only to obtain an external analytic
benchmark.

11.1 Why the Morse parameters are changed

For the earlier choice a; = 0.80, as = 0.82, the lowest dissociation channel enters before the
twentieth bound-bound Morse sum. The notebook therefore uses slightly wider and still different
wells,

Doy = 12.0, a1 = 0.50, (53)
Dey = 11.5, as = 0.52, (54)

with mi =mg =h =1, 21 = zc2 =0, and z1, 22 € [—3,12]. Each coordinate uses
L=09, N, =512, (55)

so the combined MPS contains 18 binary sites and represents 5122 = 262,144 coordinate
configurations.
The analytic product energy is

By, = B + B (56)
The first continuum threshold is
Beont = min| De1 + ESY, Deo + ESY | = 12.693494871. (57)

The twentieth analytic level is 11.877430379, leaving a 0.816064493 gap below the continuum.
Thus a failure in the first-20 comparison cannot be attributed to continuum-state interleaving.
11.2 Fourth-order matrix-free kinetic energy

We now construct the two-coordinate Hamiltonian directly in tensor-network form, without
first assembling the corresponding dense matrix. Each coordinate is discretized using L binary
variables. The first L bits encode the grid index of coordinate x1, while the remaining L bits
encode the grid index of coordinate xs:

ji=(bo...br-1)2,  jo=(br...b2r—1)2. (58)
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Thus, a single bit string (b, ..., bar—1) identifies one point (21 j,, 22 ,) on the two-dimensional
product grid. In the present example, L = 9, so the full configuration space is represented by 18
bits.

The potential energy is supplied to TT-cross as a black-box function,

Viot (71, 12) = Vi(z1) + Va(2). (59)

Rather than evaluating this function on all 2'® grid configurations, TT-cross queries only a small
set of adaptively selected bit strings and constructs an MPO approximation to Viot from those
samples.
The kinetic-energy operator is constructed analytically. For each coordinate,
R d?
T,=———, i=12 60
! 2m; dm? (60)
We approximate the second derivative using the fourth-order accurate five-point stencil,

Py —Pj2 + 16941 — 308 + 169051 —1hj—9
dz? 12A22 ’
whose truncation error is O(Axz?). Unlike the usual three-point stencil, this approximation
couples each grid point not only to its nearest neighbors, 7 + 1, but also to its next-nearest
neighbors, j + 2.
Substituting Eq. (61) into the kinetic-energy operator gives

5h2 2h2

(61)

P = I— i i —
4miA:vZ2 BmiAac? (it +5i-)
n? @, @
\ ) 2
+ Simaar (50 +512) (62)

where [ is the identity operator. The operators S; + and S; _ shift the grid index of coordinate 4
by one point,
Ji—Jitl, (63)

whereas 51(242 and 51(22 implement the corresponding two-point shifts,
i —> i £2. (64)

Because the grid indices are stored in binary form, these shift operators can be constructed
directly as MPOs implementing binary addition and subtraction. In particular, the +2 terms
required by the fourth-order stencil are built analytically in the same way. Consequently, the
kinetic-energy MPO is obtained without ever forming its dense finite-difference matrix.

For the run reported here, the two coordinates use the same grid spacing,

Az = Axg = 0.0293542074. (65)
TT-cross constructs the potential with MPO bond dimension

xmpo (Viot) = 4, (66)

after sampling only 1042 configurations out of the full 2'® = 262144 configuration space. The
reported validation error is
val_eps = 2.51 x 10715, (67)

After combining the potential and kinetic-energy contributions, the resulting two-coordinate
Hamiltonian has MPO bond dimension

xmpo(H®) = 73. (68)

These results illustrate the main advantage of the matrix-free construction: both the black-box
potential and the finite-difference kinetic energy can be represented directly as MPOs, avoiding
the storage and compression of the full dense Hamiltonian.
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11.3 Deflation, restarts, and Rayleigh—Ritz refinement
For each of 20 targets the notebook uses

Xschedule = (8,16,32,48,64),  eypg = 10712, (69)

two random restarts, a six-sweep warm-up, and up to 22 refinement sweeps. The local sparse
eigensolver is deliberately not oversolved during warm-up; an ArpackNoConvergence exception
triggers continuation from the current MPS with a larger Krylov space.

After each accepted state, the code adds the matrix-free projector penalty

2max(De 1, De2) |¥x) (¥ , (70)
and compresses the deflated MPO. After all targets are found, it constructs
2
Sy = (Wilvy),  Hi = (il Hifho ) (71)

with the original undeflated Hamiltonian and solves the Rayleigh—Ritz problem in the 20-MPS
span, i.e. a projected eigenvalue problem in the computed variational subspace [12]. The overlap
matrix is well conditioned:

Amin(S) = 0.9869, max 1S;;] = 9.15 x 107, (72)
i#]
11.4 First 20 levels and the unresolved final target

Table 5: Direct two-coordinate spectrum from the notebook. The final column is
ERitZ - Eana-

Rank (ni,n2) FEana Eraw ERitz ERity; — Fana conv. bond
0 (0,0) 2.4066110675 2.4066108471 2.4066108471 —2.204 x 107 T 6
1 (1,0) 4.6061008102 4.6069507917 4.6065043603  +4.036 x 10~ T 9
2 (0,1) 4.6300434596 4.6306609109 4.6304063180 +3.629 x 10— T 8
3 (2,0) 6.5555905530 6.5558359254 6.5558696377 42.791 x 10~ T 11
4 (0,2) 6.5830758517 6.5843952841 6.5838343051 47.585 x 10~4 T 9
5 (1,1) 6.8295332024 6.8300369818 6.8299806033  +4.474 x 10— T 13
6 (3,0) 8.2550802958 8.2558705623 8.2557752843  +6.950 x 10— T 14
7 (0,3) 8.2657082438 8.2668804495 8.2669713670 +1.263 x 103 T 10
8 (2,1) 8.7790229451 8.7795298733 8.7794868147  +4.639 x 10— T 15
9 (1,2) 8.7825655945 8.7831184621 8.7830933842  +5.278 x 104 T 14
10 (0,4) 9.6779406359 9.6787524230 9.6788637541  49.231 x 10~ T 11
11 (4,0) 9.7045700386 9.7063934540 9.7064883238  +1.918 x 103 T 16
12 (1,3) 10.4651979866  10.4668226747  10.4665980049  +1.400 x 10~ 3 T 16
13 (3,1) 10.4785126879  10.4798610182  10.4799168789  +1.404 x 10~3 F 21
14 (2,2) 10.7320553373  10.7326398921  10.7326667828  +6.114 x 10~ 4 T 15
15 (0,5) 10.8197730281  10.8241598615  10.8209677174  +1.195 x 10— 3 T 12
16 (5,0) 10.9040597814  10.9093920215  10.9100566830  +5.997 x 10~3 T 15
17 (0,6) 11.6912054202  11.6990195239  11.7012591799  +1.005 x 10~2 T 12
18 (6,0) 11.8535495242  11.8801787635 11.8804206344  +2.687 x 102 T 15
19 (1,4) 11.8774303787  12.2976644796  12.2994741143  +4.220 x 101 T 14

For ranks 0-15, the refined errors are mostly 10741073, They rise to 5.997x1073, 1.005x 1072,
and 2.687 x 1072 for ranks 16-18. The final rank has the much larger error

‘E{{gitz _ E?gna‘ = 0.4220437. (73)
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Figure 6: First 20 analytic product levels and the direct two-coordinate DMRG

spectrum. The dashed line is the lowest dissociation channel. All 20 analytic reference levels

lie below it.
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Figure 7: Direct two-coordinate energy errors before and after Rayleigh—Ritz refine-
ment. The refinement improves combinations already represented in the MPS span but cannot

recover the unresolved final low-energy state.
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Consequently the notebook reports

max |AF| = 4.220437 x 107!, (74)
RMS(AE) = 9.460285 x 102, (75)
mean|AE| = 2.388093 x 1072 (76)

This result should not be described as a uniformly converged first-20 spectrum. The continuum
check has removed one possible explanation, and the well-conditioned overlap matrix shows that
Rayleigh—Ritz itself is not numerically singular. The remaining interpretation supported by the
notebook is that sequential excited-state targeting has not adequately represented one of the
low-energy states in the 20-MPS subspace. Rayleigh—Ritz can recombine the states it is given; it
cannot create a missing basis vector.

The notebook suggests increasing Lpair from 9 to 10 when a systematic residual shift persists
after clean spectral convergence. For the present isolated high-rank failure, a complementary
convergence test is to target more than 20 deflated states and retain the lowest 20 after Rayleigh—
Ritz, or to increase the restart count before attributing the error to spatial discretization.

12 Reading the notebook as an algorithm
The notebook is best understood as three nested calculations of increasing generality.

1. Dense L = 8 validation. Construct and exactly diagonalize the second-order finite-
difference matrix; then tensorize the same problem, convert it to an MPO, and validate
DMRG energies, fidelities, deflation, and bond-dimension convergence.

2. Matrix-free reconstruction of the same one-dimensional problem. Replace dense-
to-MPO conversion by TT-cross for the potential and exact binary-shift MPOs for the
kinetic energy. Replace dense projector deflation by direct MPS-projector MPOs. The
earlier dense eigensystem is used only as an external unit test.

3. Direct combined two-coordinate calculation. Concatenate two L = 9 binary co-
ordinate blocks, sample Vj(x1) + Va(x2) by TT-cross on the full 18-bit domain, build
fourth-order +1 and £2 kinetic shifts as MPOs, and target 20 states from the single com-
bined Hamiltonian. Repeated DMRG restarts and MPO-projector deflation are followed
by a Rayleigh—Ritz diagonalization of the original Hamiltonian in the computed MPS span.

The order is pedagogically useful: the dense problem establishes correctness, the matrix-free
one-dimensional problem establishes scalable operator construction, and the two-coordinate
calculation exposes the additional difficulty of obtaining a complete excited-state subspace.

13 Nwumerical lessons and limitations

Keep the benchmark hierarchy explicit. The analytic Morse spectrum tests the physical
continuum problem against the finite grid; exact grid diagonalization tests DMRG; TT-cross
introduces a separate operator-representation error.

Operator compression and state compression are independent. TT-cross controls the
Hamiltonian representation, while DMRG controls the MPS eigenstate representation. Increasing
the DMRG bond dimension cannot repair an inaccurate T'T-cross potential.
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A Boolean convergence flag is not a physical accuracy measure. The one-dimensional
DMRG runs can report converged=False while energies and fidelities are already excellent.
Conversely, most two-coordinate targets report converged=True, yet the twentieth physical
level is not captured correctly.

Excited-state deflation is the fragile step. MPS-projector deflation keeps the calculation
matrix-free, but projector errors accumulate and the deflated MPO grows. Restarts and overlap
rejection improve robustness without guaranteeing that every low-energy state is found.

Rayleigh—Ritz fixes nonorthogonality, not missing states. The 20-state overlap matrix
is well conditioned, yet the final refined level remains wrong by about 0.422. A subspace method
cannot recover an eigenvector that is absent from the subspace.

Continuum placement must be checked before interpreting high excited states.
The adjusted two-coordinate parameters place all 20 analytic reference levels below the first
dissociation channel. This prevents continuum-box states from being mistaken for DMRG
failures.

Higher-order finite differences address a different error source. The fourth-order
stencil and finer L = 9 grid reduce spatial-discretization error but do not solve excited-state
targeting errors.

The two-coordinate benchmark is direct but still uncoupled. The code solves the
combined 18-site MPO rather than adding numerical one-dimensional spectra, but Vi (z1)+Va(z2)
remains separable. A coupled potential is the next test of inter-coordinate entanglement.

14 Suggested next step: a genuinely coupled vibrational problem

The notebook now already performs a direct two-coordinate DMRG calculation, but the Hamil-
tonian remains separable. A minimal genuinely correlated extension is

Hcoupled = H) + Hy + kz122. (77)

The direct uncoupled two-coordinate calculation provides a controlled k — 0 reference. As k is
increased, one can monitor

1. convergence of the lowest eigenvalues with MPS bond dimension;

2. the Schmidt spectrum between the two oscillator coordinate blocks;
3. the entanglement entropy;

4. overlaps with the uncoupled product basis;

5. the cost and accuracy of direct MPO construction relative to dense conversion.

Such a model retains the pedagogical simplicity of Morse coordinates while introducing
exactly the feature for which DMRG is designed: nontrivial correlations in a tensor-product
Hilbert space.
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A How the quimb tensor-network routines work

The numerical implementation developed in this tutorial relies on the quimb tensor-network
library [9], in particular three central routines from the quimb.tensor module:

‘MatriXProductOperator.from,dense — DMRG2 — dmrg.solve.‘ (78)

These compact Python commands hide several important tensor-network operations. The
purpose of this appendix is to explain what each routine does, how its arguments should be
interpreted, and how the corresponding numerical operations relate to the MPS and MPO
formalism introduced in the main text.

The overall computational sequence is

Hgense — Hyvpo — |Wvps) — variational DMRG optimization. (79)

A.1 MatrixProductOperator.from dense: converting a dense Hamiltonian into
an MPO

The finite-difference Morse Hamiltonian is initially represented by the ordinary dense matrix
H ¢ R256x256 (80)

Because
256 = 28, (81)

the 256-dimensional coordinate-grid Hilbert space can be written as

HoeC?eC?w- o C2. (82)
L=8 factors

The conversion performed in the notebook is

H_mpo = gtn.MatrixProductOperator.from_dense(
H,
dims=[2] * L,
cutoff=1e-12,
)
The first argument,
H

is the dense operator to be converted.
The argument

dims=[2] * L

specifies how the 256-dimensional index is to be factorized. For L = 8, this is equivalent to

dims = [2,2,2,2,2,2,2,2], (83)
and therefore
L—1
[T de = 2° = 256. (84)
/=0

A conventional matrix element

Hj i (85)
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is consequently reinterpreted as the higher-rank tensor

Hygo, vy y b0t (86)
where
J = (bob1---br-1)2, (87)
J" = (bt -+ )2 (88)
Each binary variable satisfies
be, by € {0,1}. (89)

Thus, each artificial site of the MPO has two physical indices: one associated with the output
index of the operator and one associated with its input index.
The tensor in Eq. (86) is factorized into an MPO of the form

B [0] (1
Hyy = Z Wbobg,a:l Wa1 b1by 0
A1, XL—1
SRR f 7 (90)

arp_1,bp_1b} ;"
The indices
Al,...,0,1 (91)

are the internal MPO bond indices. Their dimensions determine how much operator information
must be transmitted between neighboring binary sites.
Schematically, a bulk MPO tensor has dimensions

Dy_1 x2x2x Dy, (92)

where Dy_1 and D, are MPO bond dimensions.
The decomposition can be understood in terms of successive matrix factorizations. At each
partition, the operator tensor is reshaped into a matrix and decomposed schematically as

M=USVT. (93)

The resulting factors are reorganized into neighboring MPO tensors, and the procedure is
repeated along the binary chain.
The option

cutoff=1e-12

controls the tensor compression performed during this decomposition. Very small singular
components can be discarded according to the splitting criterion used internally by quimb. Thus,

Hdense = HMPO' (94)

For the Morse Hamiltonian used in this tutorial, the resulting MPO has maximum bond
dimension
Diax = 5. (95)

The original 256 x 256 Hamiltonian therefore possesses a compact MPO representation after
binary tensorization.

It is important, however, to distinguish MPO compression from a genuinely scalable
construction. In the present tutorial the full dense Hamiltonian is formed before calling
MatrixProductOperator.from dense. The calculation therefore demonstrates the MPO rep-
resentation clearly, but it does not yet avoid the memory cost of constructing Hgense. In a
large-scale calculation, the kinetic and potential contributions should instead be constructed
directly as MPOs.
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A.2 qtn.DMRG2: initializing a two-site DMRG calculation

After the Hamiltonian has been converted to an MPO, the DMRG calculation is initialized with

dmrg = qtn.DMRG2(
mpo,
bond_dims=1ist (bond_dims),
cutoffs=cutoff,
pO=pO0,

The call to DMRG2 constructs the DMRG object and stores the Hamiltonian, the initial MPS,
the allowed bond dimensions, and the MPS truncation parameters. The actual sequence of
optimization sweeps is performed later by dmrg.solve().

A.2.1 Why is it called DMRG2?

The suffix “2” indicates a two-site DMRG algorithm.
Consider an MPS written schematically as

U — Al0lso glts1 ... glEL—=1]sp—1 (96)

5081°*SL—1

During one local step of two-site DMRG, two neighboring tensors, Al and Ali+1]

combined into a single two-site tensor,

, are temporarily
Coans (97)

All tensors outside these two sites are held fixed. Their contraction with the MPO forms the
left and right environments. The full variational problem is thereby reduced to a local effective

eigenvalue equation,
Heff 0 = Eloc 07 (98)

where @ is the vectorized two-site tensor.
The lowest eigenvector of Hqg supplies the optimized local tensor.
The optimized tensor is then reshaped as

O (as:),(s1415) (99)

and factorized through an SVD,
e =Usv. (100)

The matrices U and VT, together with the singular values in S, are used to reconstruct two
separate neighboring MPS tensors.

This splitting step is also where the MPS bond dimension can be truncated. The procedure
is repeated successively along the chain.

A.2.2 The initial MPS p0

Before constructing the DMRG object, the notebook generates an initial random state:

pO = gtn.MPS_rand_state(
L=mpo.L,
bond_dim=2,
phys_dim=2,
normalize=True,
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For the Morse calculation,
L =3, d=2, Xinitial = 2. (101)

Here d = 2 is the local physical dimension of each binary site, while Yinitial i the initial MPS
bond dimension.
The random MPS is only a starting guess:

(@) = |po). (102)
During the DMRG sweeps, its tensor elements are varied to minimize the energy.

A.2.3 The argument bond_dims

The tutorial uses

bond_dims=(4, 8, 16)

which is supplied to DMRG2 as

bond_dims=[4, 8, 16]

This specifies a sequence of maximum allowed MPS bond dimensions for successive sweeps.
Schematically,

first sweep : Xmax = 4, (103)
second sweep : Xmax = 8, (104)
third and later sweeps : Xmax = 16. (105)

Once the supplied sequence has been exhausted, the final value is reused for later sweeps.

The quantity xmax is only an upper bound. It does not require the optimized state to use
that entire bond dimension. If the singular-value spectrum is sufficiently compressible, the actual
MPS bond dimension can be considerably smaller.

For example, output of the form

max_bond=(5/16)

means that a bond dimension as large as 16 was allowed, whereas the actual optimized MPS
required only a maximum bond dimension of 5.

This behavior is precisely what one hopes for in a tensor-network calculation: the allowed
variational space can be large while the optimized state remains compact.

A.2.4 The argument cutoffs
The DMRG object is constructed with

cutoffs=1e-10

This cutoff acts during the SVD in Eq. (100), when the optimized two-site tensor is split
back into two MPS tensors. Small singular-value contributions can be discarded.
Thus,
cutoffs = 1010 (106)

controls the compression of the MPS during DMRG.
This is distinct from
cutoff = 10712 (107)

used by MatrixProductOperator.from dense, which controls the compression of the Hamilto-
nian MPO.
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A.2.5 Which eigenvalue does DMRG target?

The two-site DMRG implementation targets the lowest-energy state by default. The underlying
DMRG machinery uses the choice
which="SA’, (108)

where “SA” denotes the smallest algebraic eigenvalue.
For a Hermitian Hamiltonian, this corresponds to the ground-state variational problem

(V[ H D)

(O (109)

FEo = min
v

This also explains the deflation strategy used in the main text. Instead of requesting the
second or third eigenstate directly, previously found states are shifted upward in energy so that
the next desired physical state becomes the ground state of the modified Hamiltonian.

A.3 dmrg.solve: performing the optimization sweeps

Once the DMRG object has been initialized, the actual variational optimization is started with

converged = dmrg.solve(
tol=tol,
max_sweeps=max_sweeps,
verbosity=verbosity,

In the notebook,
tol = 10710, max_sweeps = 12. (110)

The method solve() repeatedly performs DMRG sweeps over the MPS. At each bond, it
1. constructs the effective two-site Hamiltonian H.g;

2. solves its lowest-eigenvalue problem;

3. inserts the optimized two-site state;

4. splits it using an SVD;

5. truncates the MPS bond if necessary;

6. updates the tensor-network environment;

7. moves to the neighboring bond.

For an L-site chain, a sweep contains L — 1 two-site optimization positions. In the present
case,
L =238, (111)

so each directional pass contains
L—-1=7 (112)

two-site optimization steps.
A sweep may be pictured schematically as

(0,1) — (1,2) —» -~ — (6,7), (113)

followed by a sweep in the opposite direction.
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A.3.1 Reading the printed DMRG output

A typical line from the calculation has the form

2, R, max_bond=(4/8), cutoff:1e-10

This can be interpreted as follows.
The leading integer identifies the sweep number. The symbol

R (114)
denotes the current sweep direction. The expression
max_bond=(4/8) (115)

means that the current MPS has maximum bond dimension 4 while a maximum bond dimension
of 8 is permitted during that sweep.
Finally,
cutoff:1e-10 (116)

reports the MPS compression cutoff used during the two-site splitting.

A.3.2 The convergence tolerance tol

The argument

tol=1e-10

controls convergence of the DMRG sweeps.
The criterion is based on the absolute change in energy between successive completed sweeps.
Schematically, convergence requires

E® — B < g, (117)
where
€ = tol. (118)
Thus, in the tutorial,
ep = 10710, (119)

This tolerance should not be confused with either the MPO compression cutoff or the MPS
singular-value truncation cutoff.
The calculation stops when either the energy criterion in Eq. (117) is satisfied or the maximum
number of sweeps,
max_sweeps = 12, (120)

has been reached.
The variable

converged

returned by solve() is therefore Boolean:
True or False. (121)

It answers the specific numerical question:

Did the change in energy between successive DMRG sweeps fall below the requested
value of tol before the maximum number of sweeps was reached?

It does not by itself measure the absolute error in the energy or wavefunction.
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A.3.3 Why can converged=False still correspond to an accurate state?

For the ground-state calculation in the notebook, the final diagnostics are approximately

EPMRG — 1 8785607568, (122)

EE4 — 1.8785607359, (123)

EPMRG _ perid) ~ 91 51078, (124)
. 2

Fo = ‘( grid|,DMRGY 17 9999999997 (125)

Nevertheless, the call to solve() can return

False. (126)
There is no contradiction. The requested convergence threshold,

10719, (127)

is substantially smaller than the residual sweep-to-sweep energy variation. The algorithm
therefore correctly reports that this particularly strict stopping criterion was not reached within
the permitted number of sweeps.

At the same time, direct comparison with exact diagonalization shows that the resulting
MPS already represents the ground state with extremely high accuracy.

This illustrates an important practical lesson: DMRG convergence should be assessed using
several diagnostics, including

energy stability, bond-dimension convergence, truncation sensitivity, (128)

and, when possible,
comparison with an independent benchmark. (129)

A.4 Accessing the optimized MPS and its energy

After dmrg.solve() has completed, the optimized MPS is stored in

dmrg.state

and the DMRG energy is available as

dmrg.energy

The notebook makes a copy of the optimized MPS through

psi = dmrg.state.copy()

For validation against the dense coordinate-grid result, the MPS is contracted into an ordinary
vector:

def mps_to_vector(psi):
v = np.asarray(psi.to_dense()).reshape(-1)
v = v / np.linalg.norm(v)
return v

Conceptually,
AT A0 glE=1] LS —— (130)
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For the eight-site binary representation this produces
28 = 256 (131)

coefficients, exactly matching the original coordinate grid.
The notebook additionally evaluates the energy using the original dense Hamiltonian:

EO_dmrg = np.vdot(psiO, H @ psiO).real

which Computes
Hien OMR
<T/1DMRG’ dense |¢ G> ) (132)

(YpMRa|YDMRG)

Echeck =

Agreement between this value and dmrg.energy provides an additional check that the
compressed MPO and the original dense Hamiltonian represent the same physical operator to
the required accuracy.

A.5 Three numerical tolerances with different meanings

The implementation contains three parameters that are numerically small but control fundamen-
tally different approximations. They should not be confused.

Table 6: Distinct numerical accuracy controls used in the tutorial.

Parameter Value Meaning

from dense cutoff 1012 Controls compression of the dense Hamiltonian
when it is converted into an MPO.

DMRG2 cutoffs 10-10 Controls singular-value truncation when the

optimized two-site tensor is split back into two
MPS tensors.

solve tol 10-10 Controls convergence of the DMRG sweeps
through the change in energy between succes-
sive sweeps.

The computational hierarchy can therefore be summarized as

Hiense
4 MPO decomposition cutoff
Hyipo
| DMRG2 optimization and MPS truncation (133)
[ Unips)

J, sweep-to-sweep energy tolerance

E07 |\II0>

In other words, the first cutoff controls how accurately the operator is represented, the second
controls how accurately the wavefunction is retained during local tensor splitting, and the third
controls when the iterative DMRG optimization is considered complete.

A.6 Summary of the complete DMRG call

The central implementation used in the notebook can now be read line by line:
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1 |def run_dmrg(mpo, bond_dims=(4, 8, 16),
2 cutoff=1e-10,

3 tol=1e-10,

4 max_sweeps=12,

5 verbosity=1):

6

7 pO = qtn.MPS_rand_state(

8 L=mpo.L,

9 bond_dim=2,

10 phys_dim=2,

11 normalize=True,

12 )

13

14 dmrg = qtn.DMRG2(

15 mpo,

16 bond_dims=1list (bond_dims),
17 cutoffs=cutoff,

18 pO0=p0,

19 )

20

21 converged = dmrg.solve(

22 tol=tol,

23 max_sweeps=max_sweeps,

24 verbosity=verbosity,

25 )

26

27 psi = dmrg.state.copy()

28 vec = mps_to_vector(psi)

29

30 return converged, dmrg, psi, vec

The sequence is therefore:

1. construct a random normalized MPS;

2. associate that MPS with the Hamiltonian MPO;

3. permit its bond dimension to grow through the sequence 4 — 8 — 16;
4. optimize pairs of neighboring tensors with two-site DMRG;

5. compress the MPS after each local optimization;

6. continue sweeping until the energy-change criterion is satisfied or the maximum number of
sweeps is reached;

7. return the optimized MPS and its energy;

8. contract the MPS back to the original 256-component grid representation for direct
validation.

This makes explicit that the Python interface is only a compact wrapper around the variational
tensor-network procedure developed in the main text.
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B Matrix-free Hamiltonian construction with TT-cross

Section 10 presents the matrix-free route as part of the main notebook workflow. This appendix
explains the construction at the implementation level. The diagonal Morse potential is approxi-
mated by TT-cross using selected black-box function evaluations, whereas the finite-difference
kinetic operator is assembled analytically from binary increment and decrement MPOs.

The contrast with the dense validation path is

N, =2 —  Hjense contains 4% entries, (134)
whereas the matrix-free route stores TT/MPO cores whose cost is governed by their internal ranks.
The same routines are generalized in Section 11 to two coordinate blocks and a fourth-order
finite-difference stencil.

B.1 From tensor trains to quantized tensor trains

Consider first a vector sampled on

N, =2F (135)
grid points,
vj, j=0,...,2F—1. (136)
The binary representation
L-1
j=> 2%, b e{0,1}, (137)
=0
allows the same vector to be regarded as an order-L tensor,
Vj Vbobr'-bqu (138)
whose dimensions are
2X2x - X2 (139)
A tensor train represents this tensor as
_ [0] (1] [L-1]
14mbr”bL*1 - EE: (;mea1(;ahbha2".(;aL71bL71J' (140)

Q1,001
Fach core therefore has dimensions
G[f] c RT@,1X2X’I‘27 (141)
with
ro="rL = 1. (142)
Because the tensorization is obtained by repeatedly splitting a single large physical index
into binary indices, this representation is often called a quantized tensor train, or QTT [4,5].

The binary MPS representation used throughout this tutorial is therefore mathematically the
same tensor structure as a QTT representation.

B.2 Why an ordinary TT decomposition is not enough

Suppose that all 2° values of V were already known. One could then apply a sequence of
singular-value decompositions to obtain Eq. (140). This procedure is generally called TT-SVD
and is one of the basic constructive algorithms underlying the TT format [13].

The difficulty is that TT-SVD requires access to the complete tensor. Thus, even though the
final T'T representation may contain only

O(Lr?) (143)

parameters, one would first have to evaluate and store all 2© grid values. TT-cross removes this
requirement.
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B.3 The basic idea of cross approximation

The idea originates from low-rank matrix approximation and its extension to TT-cross [10].
Consider a matrix A that is approximately of rank r. Rather than performing an SVD of every
matrix element, one can select informative rows and columns and form the cross approximation, *

A~ AG,J) AL D)) ALY, (144)

where I and J contain selected row and column indices. Thus the complete matrix can be
approximated using only a subset of its entries.

The quality of the approximation depends strongly on the choice of A(Z,.J). Cross algorithms
therefore seek a well-conditioned submatrix, often described as one having large or approximately
maximal volume,

vol[A(I, )] = |det A(I, J)] . (145)

TT-cross extends this principle from matrices to multidimensional tensors. Rather than
evaluating

Vio--br 1 (146)

for every one of the 2% bit strings, the algorithm adaptively chooses selected combinations of
left and right multi-indices and evaluates only the corresponding tensor fibers. Schematically, at
site k it samples objects of the form

V(I<k7bk)7-[>k)7 (147)

where I and I~} denote selected combinations of binary indices to the left and right of site k.
The selected index sets are then updated as the algorithm sweeps through the tensor.

The resulting procedure has an important property: the function that defines the tensor
need only be evaluated at the selected points. The complete tensor never needs to exist.

B.4 Cost of TT-cross

Assume, for simplicity, that every tensor mode has dimension n and that all TT ranks are
bounded by
T <7 (148)

A TT representation contains approximately
O(Lnr?) (149)

parameters. A standard TT-cross construction similarly requires a number of sampled tensor
entries that grows polynomially with L, n, and the TT rank rather than exponentially with L.
A commonly quoted estimate is

Nsamples ~ O(LnTQ), (150)

with linear-algebra work of approximately
O(Lnr?), (151)

for bounded ranks.

!For an exact rank-r matrix A, choose r linearly independent columns indexed by J and r rows indexed by I such
that A(I,J) is nonsingular. Since the selected columns span the column space of A, one may write A = A(:, J)X.
Restricting this relation to the rows I gives A(I,:) = A(I, J)X, and therefore X = [A(I, J)] " A(I,:). Substitution
yields A = A(:, J)]A(I, J)]"*A(I,:). For a matrix that is only approximately rank r, the same argument leads to
the cross approximation A ~ A(:, J)[A(I,J)] ' A(I,:). The accuracy and numerical stability depend on selecting
informative rows and columns such that the cross matrix A(7,J) is well conditioned.
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In the present binary representation,

n=2, (152)

so the estimates reduce to
Nsamples ~ O(L?"Q), (153)
work ~ O(Lr3). (154)

The exponential dependence 2% is therefore replaced by a polynomial dependence on L, provided
the TT ranks remain moderate. This final qualification is essential: TT-cross is useful only when
the target tensor is compressible in TT form.

B.5 Applying TT-cross to the Morse potential

We consider the Morse oscillator,

2
V(z) = D, |1 — e @=ze) | (155)
on the finite grid,
Tj = Tmin + JAT, (156)
where
Lmax — Lmin
Ar = ——————, 157

Using Eq. (137), the potential may be regarded directly as a function of the binary variables:

L—1 2
Tmin + Az Z ol—1-tp, xe] )] . (158)

V(bg,...,br—1) :Dell—exp (—a
(=0

Equation (158) is particularly well suited to TT-cross: given any binary string, its value can
be evaluated immediately without constructing the entire coordinate grid.
B.6 Implementation with tntorch.cross

A convenient Python implementation of TT-cross is provided by the tntorch package [14]. A
Colab installation is

Ipip -q install tntorch quimb

and the required imports are

import numpy as np

import torch

import tntorch as tn
import quimb.tensor as qtn

from quimb.tensor.tensor_builder import MPO_product_operator

We first specify the physical problem:

hbar = 1.0
m=1.0
De = 12.0
a=20.8
xe = 0.0
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Nx = 2%x*L
xmin = -2.5
xmax = 10.0

dx = (xmax - xmin) / (Nx - 1)

Notice that for L = 20,
N, = 1,048,576 (159)

but no vector containing one million potential values is created.
The binary domain consists simply of by € {0,1}:

domain = [
torch.tensor([0.0, 1.0], dtype=torch.float64)
for _ in range(L)

The binary weights appearing in Eq. (137) are

weights = torch.tensor(
[2%x(L - 1 - k) for k in range(L)],
dtype=torch.float64,

We then define a function that evaluates the Morse potential only at the binary configurations
requested by TT-cross:

def morse_from_bits(B):
B has shape (P, L), where P is the number
of points requested by TT-cross.

j = B @ weights
xmin + dx * j

return De * (
1.0 - torch.exp(-a * (x - xe))
) *x*2

The crucial point is that this function accepts only the selected binary configurations requested
by the cross algorithm. It does not evaluate V' (z;) for every j.
The TT approximation is generated with

V_tt, info = tn.cross(
function=morse_from_bits,
domain=domain,
function_arg="matrix",
eps=1e-10,
rmax=32,
max_iter=30,
val_size=1000,
verbose=True,
return_info=True,

The principal parameters have the following meanings:
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eps Target validation accuracy of the cross approximation.
rmax Maximum TT rank permitted during adaptive rank growth.
max_iter Maximum number of cross iterations.

val_size Number of sampled configurations used to estimate or monitor the approximation
erTor.

return_info=True Return diagnostic information in addition to the T'T tensor.

The result V_tt contains TT cores
Gl g RrE-1x2xT (160)

Importantly, no array of length 2 has been constructed.

B.7 Turning the TT potential into a diagonal MPO

The potential operator is diagonal in coordinate space:
V=2 Vili) (il (161)
J

In binary notation,
Vb,b’ = Vbéb,b/. (162)

Therefore each T'T core can be converted directly into an MPO core by adding a second physical

index:
W (K]

af,s,s’

=GM 5. (163)

a7s7/8
This transformation is exact and does not increase the TT/MPO bond ranks.
The corresponding Python routine is

def tt_to_diagonal_mpo(tt):
nnn
Convert a tntorch TT vector into a quimb

diagonal MatrixProductOperator.
nun

arrays = []
cores = tt.cores
Ltt = len(cores)

for k, core_torch in enumerate(cores):

G = core_torch.detach() .cpu() .numpy ()
rleft, d, rright = G.shape

W = np.zeros(
(rleft, rright, d, d),
dtype=G.dtype,

)

for s in range(d):
Wl:, :, s, s] = G[:, s, :]

# quimb omits the absent outer bond index
# on the first and last MPO tensors.
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if k == 0:

W=w[, :, :, :]
elif k == Ltt - 1:
W="W[l:, 0, :, :]

arrays.append (W)

return gtn.MatrixProductOperator(
arrays,
shape="1rud",

)

The potential MPO is then obtained directly as

V_mpo = tt_to_diagonal_mpo(V_tt)

print("Potential MPO max bond:",
V_mpo.max_bond ())

The sequence
TT-cross

V(bo,...,bLfl) — G[O} ---G[L_l] — VMPO (164)

has never required the dense potential vector.

B.8 Why not apply TT-cross directly to the complete Hamiltonian?

One could define a black-box function for arbitrary matrix elements,

h2
Hjjr = [W + Vj] 055
h2

and then apply TT-cross to the resulting 2L-index tensor

Hy, b,y b0, - (166)

Although this is mathematically possible, it is generally not the best strategy for the present
Hamiltonian. Almost every matrix element is zero. The nonzero entries occupy only the main
diagonal and its two neighboring diagonals. A generic cross algorithm sampling the N2 matrix
domain therefore encounters a highly sparse pattern.

In contrast, the potential is a smooth function of x, making it highly suitable for TT-cross,
while the finite-difference kinetic operator has a known algebraic structure that can be represented
exactly. The hybrid construction

TT-cross potential + exact kinetic MPO (167)

is therefore preferable.

B.9 Exact matrix-free MPO for the kinetic energy

The finite-difference kinetic operator is

h2 h2
T= sl 5 (S +5), (168)
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where S increments a binary integer by one and S_ decrements it, as follows:

Ny—2
Sy =Y i+l (169)
j=0
S_=st. (170)
Defining
00
oy = 1) (0] = (1 O), (a7
and
01
o= [0) (1] = (O O), (172)
we obtain
L-17T 1 i 1
St = ®Ig ®O’_(f) ® ®O'(_€) . (173)
k=0 Lé<k | L{>k J
Similarly,
L-17T 1 i 1
S =Y QLo o |R]. (174)
k=0 Lé<k | L{>k J

These expressions implement the usual binary carry operation exactly. They also enforce the
open finite-difference boundaries: there is no wraparound increment from 2% — 1 to zero and no
decrement from zero to 2% — 1.

For example, incrementing

0111 (175)

gives

0111 —s 1000. (176)

The leftmost zero is changed by o, while all trailing ones are changed into zeros by o_.

B.10 Building the shift MPOs in quimb

The local matrices are

I2 = np.eye(2)

sp = np.array([
[0.0, 0.0],
[1.0, 0.0],

D

sm = np.array([
[0.0, 1.0],
(0.0, 0.0],

D

Each term in Egs. (173) and (174) is a product operator and therefore has MPO bond
dimension one. The following routine constructs their sums:

def add_mpos(terms):
result = terms[0]
for term in terms[1:]:
result = result + term
return result
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def build_binary_shift_mpos(L):

plus_terms = []
minus_terms = []

for k in range(L):

# |j+1><j|
ops_plus = (

[I2 for _ in range(k)]

+ [sp]

+ [sm for _ in range(L - k - 1)]
)

plus_terms.append(
MPO_product_operator (ops_plus)

)
# 1j-1><j|
ops_minus = (
[I2 for _ in range(k)]
+ [sm]
+ [sp for _ in range(L - k - 1)]
)

minus_terms.append (
MPO_product_operator (ops_minus)

)

Splus = add_mpos(plus_terms)
Sminus = add_mpos(minus_terms)

return Splus, Sminus

We then construct the identity MPO,

I_mpo = MPO_product_operator (
[I2 for _ in range(L)]

)

and the two shift operators,

Splus, Sminus = build_binary_shift_mpos(L)

The kinetic-energy MPO follows directly from Eq. (168):

cO = hbar**2 / (m * dx**2)

cl = -hbar**x2 / (
2.0 * m *x dx**2

)
T_mpo = (
cO * I_mpo
+ cl * Splus
+ cl * Sminus
)

At no stage has the tridiagonal 2% x 2 kinetic matrix been constructed.
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B.11 Combining kinetic and potential MPOs

The complete Hamiltonian is now simply

H_mpo = T_mpo + V_mpo

corresponding to
Hypo = Tvpo + Vapo- (177)

The complete matrix-free workflow is therefore

V(bo,...,br-1) TTcross Vrr —  Vmro
binary shifts et St —  Twmpro (178)
Vwspo +Tvpo =  Hwpo-

This Hypo can be passed directly to the DMRG routine developed in the previous appendix.

B.12 Running DMRG without constructing a dense Hamiltonian

For example:

pO = gqtn.MPS_rand_state(
L=L,
bond_dim=2,
phys_dim=2,
normalize=True,

dmrg = qtn.DMRG2(
H_mpo,
bond_dims=[4, 8, 16, 32],
cutoffs=1e-10,
pO=pO0,

converged = dmrg.solve(
tol=1e-9,
max_sweeps=20,
verbosity=1,

print("Converged:", converged)

print ("Ground-state energy:", dmrg.energy)

print("Final MPS max bond:",
dmrg.state.max_bond())

The important difference from the original tutorial is what is absent:

# No dense Hamiltonian:
# H = np.zeros((Nx, Nx))

# No dense diagonalization:
# E_exact, U_exact = eigh(H)

# No dense-to-MPO conversion:
# H_mpo = gtn.MatrixProductOperator.from_dense(H, ...)
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Thus the total Hilbert-space dimension, 2%, may be extremely large without requiring storage
proportional to 4%.

B.13 Complete matrix-free implementation

For convenience, the essential pieces can be combined into a single self-contained implementation:

import numpy as np

import torch

import tntorch as tn
import quimb.tensor as qtn

from quimb.tensor.tensor_builder import (
MPO_product_operator,

xmin = -2.5
xmax = 10.0

domain = [
torch.tensor (
[0.0, 1.0],
dtype=torch.float64,
)

for _ in range(L)

weights = torch.tensor(
[2%x(L - 1 - k) for k in range(L)],
dtype=torch.float64,

def morse_from_bits(B):

B @ weights
xmin + dx * j

[,
I
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return De * (

1.0

- torch.exp(-a * (x - xe))
) k%2

V_tt, info = tn.cross(
function=morse_from_bits,
domain=domain,
function_arg="matrix",
eps=1e-10,
rmax=32,
max_iter=30,
val_size=1000,
verbose=True,
return_info=True,

def tt_to_diagonal_mpo(tt):

arrays = []
cores = tt.cores

for k, core_torch in enumerate(cores):

G = core_torch.detach().cpu() .numpy ()
rleft, d, rright = G.shape

W = np.zeros(
(rleft, rright, 4, 4),
dtype=G.dtype,

for s in range(d):
wl:, :, s, s8] =G[:, s, :]
if k == 0:
W=w[, :, :, :]
elif k == len(cores) - 1:
W=mwl:, 0, :, :]
arrays.append (W)
return gtn.MatrixProductOperator(

arrays,
shape="1rud",

V_mpo = tt_to_diagonal_mpo(V_tt)
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I2

np.eye(2)

sp = np.array([

(0.0, 0.0],
[1.0, 0.0],
D
sm = np.array([
(0.0, 1.0],
(0.0, 0.0],

D

def add_mpos(terms):
result = terms[0]

for term in terms[1:]:
result = result + term

return result

def build_binary_shift_mpos(L):

plus_terms = []
minus_terms = []

for k in range(L):

ops_plus = (
[I2 for _ in range(k)]
+ [sp]
+ [sm for _ in range(L-k-1)]

plus_terms.append(
MPO_product_operator (ops_plus)
)

ops_minus = (

[I2 for _ in range(k)]
+ [sm]
+ [sp for _ in range(L-k-1)]

minus_terms.append(
MPO_product_operator (ops_minus)

)

return (
add_mpos (plus_terms),
add_mpos (minus_terms),

Splus, Sminus = build_binary_shift_mpos(L)
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189
190
191
192
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198
199
200
201
202
203
204
205
206

208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224

225

I_mpo = MPO_product_operator (

[I2 for _ in range(L)]
)
cO = hbar**2 / (m * dx**2)
cl = -hbar**2 / (
2.0 * m *x dx**2
)
T_mpo = (
cO * I_mpo
+ cl * Splus
+ cl1 * Sminus
)
# ____________________________________________________________
# 4. Matrix—-free Hamiltonian
# ____________________________________________________________

H_mpo = T_mpo + V_mpo

print("Nx =", Nx)

print("Potential MPO max bond =",
V_mpo.max_bond ())

print ("Kinetic MPO max bond =",
T_mpo.max_bond ())

print("Hamiltonian MPO max bond =",
H_mpo.max_bond ())

pO = qtn.MPS_rand_state(
L=L,
bond_dim=2,
phys_dim=2,
normalize=True,

dmrg = qtn.DMRG2(
H_mpo,
bond_dims=[4, 8, 16, 32],
cutoffs=1e-10,
pO=pO,

converged = dmrg.solve(
tol=1e-9,
max_sweeps=20,
verbosity=1,

print ()
print("Converged =", converged)
print("Energy =", dmrg.energy)
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print(
"Final MPS max bond =",
dmrg.state.max_bond (),

B.14 What has been gained?

The original dense workflow requires storage of an
N, x N, = 2F x 2F (179)

matrix and therefore scales as
o4h). (180)

The matrix-free construction stores instead

1. the TT cores of the potential, requiring approximately O(LT‘Q/) parameters for binary local
dimension two;

2. the finite-bond-dimension kinetic MPO;
3. the MPS used by DMRG.

Thus the central numerical objects scale approximately linearly with the number of binary sites
L, apart from their dependence on TT/MPO/MPS bond ranks, provided those ranks remain
moderate.

The transformation is conceptually important:

large coordinate grid %  large dense matrix. (181)

The coordinate grid can be exponentially large in L, while the Hamiltonian and its low-energy
eigenstates can remain compact tensor networks.

B.15 Accuracy controls in the matrix-free calculation

The matrix-free approach introduces several independent convergence parameters.

Table 7: Numerical convergence parameters in the matrix-free TT-cross plus DMRG
calculation.

Parameter Example Meaning

TT-cross eps 10710 Controls the requested validation accuracy of
the TT approximation to the potential.

TT-cross rmax 32 Maximum rank allowed for the potential TT.

DMRG cutoffs 10710 Controls truncation of singular values when the
MPS is split during two-site DMRG.

DMRG bond dimen- 4,8, 16,32 Controls the size of the variational MPS mani-

sion fold.

DMRG tol 1079 Controls the required change in energy between

successive DMRG sweeps.

These parameters should be converged independently. In particular, increasing the MPS bond
dimension cannot correct an inaccurate potential MPO. The TT-cross approximation should
therefore first be converged with respect to eps and rmax, after which the DMRG calculation
can be converged with respect to MPS bond dimension and sweep tolerance.
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B.16 Recommended validation strategy

For the small L = 8 problem used earlier in the tutorial, one should retain the dense calculation
as a unit test. A useful development strategy is therefore

1. construct Hgense and the matrix-free Hypo for L = 8;

2. verify their agreement;

3. compare DMRG energies obtained from the two Hamiltonian representations;
4. increase L;

5. remove all dense objects from the production calculation.

Thus the small dense problem is not discarded. Instead, it becomes a controlled validation
benchmark for the scalable matrix-free implementation.

B.17 Perspective

TT-cross and DMRG solve two different compression problems. TT-cross addresses the question

Can the Hamiltonian or one of its functional components be constructed in low-rank
tensor form without evaluating every grid point?

DMRG addresses the separate question

Can a low-energy eigenstate of that Hamiltonian be represented and optimized as a
low-rank MPS?

The complete matrix-free calculation therefore contains two levels of tensor compression:

TT-cross
V(z) ———  Vmro
(182)

DMRG
Vmro + Tviro — V) ups -

TT-cross compresses the operator representation, whereas DMRG compresses and optimizes
the eigenstate. This combination provides a natural route from the small pedagogical Morse
oscillator studied in this tutorial to grid sizes for which construction of the full Hamiltonian is
impossible.

B.18 Further reading on TT and TT-cross

The tensor-train representation is developed systematically by Oseledets [13], while TT-cross is
introduced by Oseledets and Tyrtyshnikov [10]. Binary quantization and QTT representations
are discussed in Refs. [4,5], and adaptive TT interpolation closely related to the cross implemen-
tation used here is described by Savostyanov and Oseledets [11]. For the software used in the
accompanying implementation, see the published quimb and tntorch descriptions [9,14].

C Complete Python implementation

The complete sequence of nonempty code cells from DMRG Morse_TTcross.ipynb is supplied as
DMRG_Morse_TTcross_complete.py in the accompanying bundle. Colab shell-installation lines
are retained as comments so the extracted file is valid Python:

44



© 0 N9 O s W N

-
o

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57

Listing 5: Complete code extracted from DMRG_Morse_TTcross.ipynb.

"""Code extracted from DMRG_Morse_TTcross.ipynb.

Colab shell installation commands are retained as comments.

Notebook cells are separated by banners.

Notebook code cell 2

Colab / fresh Python environment
Colab shell: !'pip -q install quimb autoray cotengra

=+

Notebook code cell 3

import numpy as np

import matplotlib.pyplot as plt

from scipy.linalg import eigh

from scipy.sparse.linalg import ArpackNoConvergence
import quimb.tensor as qtn

np.set_printoptions(precision=10, suppress=True)

#

# Notebook code cell 5
#

# Physical parameters

hbar = 1.0
m=1.0
De = 12.0
a=0.8
xe = 0.0

# Binary grid: Nx = 2%*L
L=28
Nx = 2%*L

# Coordinate box

xmin = -2.5

Xmax 10.0

x = np.linspace(xmin, xmax, Nx)
dx = x[1] - x[0]

# Morse potential
V =De * (1.0 - np.exp(-a * (x - xe)))*x2

print(f"L = {L} binary sites")
print(£"Nx = {Nx} grid points")
print(f"dx = {dx:.6f}")

print (£"V(+infinity) -> De = {De}")

#

# Notebook code cell 6
#
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58 |plt.figure(figsize=(7, 4.5))

50 |plt.plot(x, V, lw=2)

60 |plt.axhline(De, 1s="--", label=r"$D_e$")
61 |plt.xlim(xmin, xmax)

62 |plt.ylim(0, 1.15 * De)

63 | plt.xlabel (r"$x$")

64 | plt.ylabel(r"$V(x)$")

65 |plt.title("Morse potential")

66 | plt.legend ()

67 |plt.tight_layout ()

6s | plt.show()

69

70 | #

71 |# Notebook code cell 8

72 | # ==========SsssSsSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSS=======
73 | def build_morse_hamiltonian(x, De, a, m=1.0, hbar=1.0, xe=0.0):
74 dx = x[1] - x[0]

75 N = len(x)

76

77 V =De * (1.0 - np.exp(-a * (x - xe)))**2

78

79 main = np.full(N, hbar*x*2 / (m * dx**2)) + V

80 off = np.full(N - 1, -hbar**2 / (2.0 * m * dx**2))

81

82 H = np.diag(main)

83 H += np.diag(off, k=1)

84 H += np.diag(off, k=-1)

85

86 return H, V

87
ss [H, V = build_morse_hamiltonian(x, De, a, m=m, hbar=hbar, xe=xe)
89

90 | print ("Hermiticity error =", np.linalg.norm(H - H.T))
91 |print ("Hamiltonian shape =", H.shape)

92

93 | #

94 |# Notebook code cell 10

95 | #

96
97 |E_exact, U_exact = eigh(H)
98
99 |# Analytic Morse bound-state energies
100 [lam = np.sqrt(2.0 * m * De) / (hbar * a)
101 [omega_e = a * np.sqrt(2.0 * De / m)

103 |n_values = []
104 |E_analytic =
105

(]

106 |ln =0
107 |{while n + 0.5 < lam:

108 En = (

109 hbar * omega_e * (n + 0.5)

110 - (hbar**2 * a*x*2 / (2.0 * m)) * (n + 0.5)**2
111 )

112 n_values.append(n)

113 E_analytic.append(En)

114 n+=1

115
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118
119
120
121
122
123
124
125
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127
128
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131
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136
137
138
139
140
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142
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144
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147
148
149

151
152
153
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156
157
158
159

161
162
163
164
165
166
167

169
170
171
172

E_analytic = np.array(E_analytic)

print(f"lambda = {lam:.6£f}")
print (f"Number of analytic bound states = {len(E_analytic)l}")
print ()
print(" n analytic grid-exact difference")
for n, Ea in zip(n_values, E_analytic):
Eg = E_exact[n]
print(£"{n:2d} {Ea:14.9f} {Eg:14.9f} {Eg-Ea:+.3e}")

#

# Notebook code cell 13
#

H_mpo = gtn.MatrixProductOperator.from_dense(
H,
dims=[2] * L,
cutoff=1e-12,

print (H_mpo)
print ("MPO maximum bond dimension =", H_mpo.max_bond())

#

# Notebook code cell 15

#

def mps_to_vector(psi):
# Convert a quimb MPS to a normalized 1D NumPy vector.
v = np.asarray(psi.to_dense()).reshape(-1)
v = v / np.linalg.norm(v)
return v

def run_dmrg(mpo, bond_dims=(4, 8, 16), cutoff=1le-10,
tol=1e-10, max_sweeps=12, verbosity=1):

# Two-site DMRG ground-state calculation.

pO = qtn.MPS_rand_state(
L=mpo.L,
bond_dim=2,
phys_dim=2,
normalize=True,

dmrg = qtn.DMRG2(
mpo,
bond_dims=1ist (bond_dims),
cutoffs=cutoff,
p0O=p0,

converged = dmrg.solve(
tol=tol,
max_sweeps=max_sweeps,
verbosity=verbosity,

psi = dmrg.state.copy()
vec = mps_to_vector(psi)

return converged, dmrg, psi, vec
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176
177
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220
221
222
223
224
225
226
227
228
229
230
231

conv0, dmrgO, psiO_mps, psiO = run_dmrg(H_mpo)

EO_dmrg = np.vdot(psiO, H @ psiO).real
£id0 = abs(np.vdot(U_exact[:, 0], psi0))**2

print ()

print("Converged =", conv0)

print ("DMRG internal energy =", dmrgO.energy)
print("Dense-check energy =", EO_dmrg)

print ("Exact grid energy =", E_exact[0])

print ("Energy error =", EO_dmrg - E_exact[0])
print("Fidelity with exact gs =", £id0)
print("Final MPS max bond =", psiO_mps.max_bond())

#

# Notebook code cell 17
#

def dmrg_low_states_by_deflation(
H,
L,
n_states=4,
penalty=None,
bond_dims=(4, 8, 16),
mpo_cutoff=1e-12,
dmrg_cutoff=1e-10,
tol=1e-10,
max_sweeps=12,
verbosity=0,

if penalty is None:
penalty = 4.0 * De

states = []
energies = []
dmrg_objects = []

for k in range(n_states):
Hdef = H.copy()

for psi_old in states:
Hdef += penalty * np.outer(psi_old, psi_old.conj())

Hdef _mpo = gtn.MatrixProductOperator.from_dense(
Hdef,
dims=[2] * L,
cutoff=mpo_cutoff,

converged, dmrg, psi_mps, psi = run_dmrg(
Hdef _mpo,
bond_dims=bond_dims,
cutoff=dmrg_cutoff,
tol=tol,
max_sweeps=max_sweeps,
verbosity=verbosity,
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232
233 # Numerical cleanup: explicitly orthogonalize against previous states.

234 for psi_old in states:

235 psi -= np.vdot(psi_old, psi) * psi_old
236

237 psi /= np.linalg.norm(psi)

238

239 E = np.vdot(psi, H @ psi).real

240

241 states.append(psi)

242 energies.append(E)

243 dmrg_objects.append (dmrg)

244

245 print(

246 f"state {k}: "

247 f"E = {E:.10f}, "

248 f"exact = {E_exact[k]:.10f}, "

249 f'"error = {E-E_exact[k]:+.3e}, "

250 f"converged = {converged}"

251 )

252

253 return np.array(energies), states, dmrg_objects

254
255 |n_target = 5

257 |E_dmrg, psi_dmrg, dmrg_runs = dmrg_low_states_by_deflation(
258 H,

259 L,

260 n_states=n_target,

261 penalty=4.0 * De,

262 bond_dims=(4, 8, 16),
263 verbosity=0,

264 | )

265

266 | #

267 | # Notebook code cell 19
268 | #

269
270 |print (" n E_exact E_DMRG error fidelity")
271 [for n in range(n_target):

272 ov = np.vdot(U_exact[:, n], psi_dmrg[n])

273 fid = abs(ov)**2

274 err = E_dmrg[n] - E_exact[n]

275 print(

276 f"{n:2d} {E_exact[n]:14.9f} {E_dmrg[n]:14.9f} "
277 f"{err:+.3e} {fid:.10f}"

278 )

279

280 | #

281 | # Notebook code cell 21

282 | #f =============s=ssssssssosssosssssossssssossosssossoSsSsosSsSSSsss=ssssss==s==

283
284 |plt.figure(figsize=(8, 6))
285
286 | plt.plot(x, V, "k-", lw=1.5, alpha=0.5, label="Morse potential")
287 |scale = 0.55

288
280 |for n in range(n_target):
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290 psi_e = U_exact[:, n].copy()

201 psi_d = psi_dmrg[n].copy()

292

293 if np.vdot(psi_e, psi_d).real < O:

294 psi_d *= -1.0

295

296 psi_e_cont = psi_e / np.sqrt(dx)

297 psi_d_cont = psi_d / np.sqrt(dx)

298

299 plt.plot(

300 X,

301 E_exact[n] + scale * psi_e_cont,
302 1lw=2,

303 label="exact" if n == 0 else None,
304 )

305 plt.plot(

306 X,

307 E_dmrg[n] + scale * psi_d_cont,
308 u__n’

309 lw=1.5,

310 label="DMRG" if n == 0 else None,
311 )

312 plt.axhline(E_exact[n], 1w=0.5, alpha=0.25)
313

314 |plt.axhline(De, color="k", 1ls=":", label=r"dissociation $D_e$")

315 | plt.xlim(-1.5, 7.0)

316 | plt.ylim(0, De + 1.0)

317 | plt.xlabel (r"$x$")

318 |plt.ylabel("energy / vertically shifted wavefunction")
319 |plt.title("Low Morse eigenstates: exact versus DMRG")
320 | plt.legend ()

321 |plt.tight_layout ()

322 | plt.show()

323

324 | #
325 |# Notebook code cell 23

326 | #
327
328 [chis = [2, 4, 8, 16]
320 | conv_data = []

330
331 | for chi in chis:

332 converged, dmrg, psi_mps, psi = run_dmrg(
333 H_mpo,

334 bond_dims=(chi,),

335 cutoff=1e-12,

336 tol=1e-10,

337 max_sweeps=16,

338 verbosity=0,

339 )

340

341 E = np.vdot(psi, H @ psi).real

342 fid = abs(np.vdot(U_exact[:, 0], psi))**2
343

344 conv_data.append((chi, E, E - E_exact[0], fid, psi_mps.max_bond()))

345
346 | print (" chi energy error fidelity final bond")
347 | for chi, E, err, fid, mb in conv_data:
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404

print (£"{chi:4d} {E:14.10f} {err:+.3e} {fid:.10f} {mb:5d}")

# ___________
# Notebook code cell 24
#

chis_arr = np.array([row[0] for row in conv_datal)
errors = np.abs(np.array([row[2] for row in conv_datal))

plt.figure(figsize=(6, 4))
plt.semilogy(chis_arr, errors, "o-")
plt.xlabel(r"maximum MPS bond dimension $\chi$")
plt.ylabel(r"$|E_{\rm DMRG}-E_{\rm exact}|$")
plt.title("DMRG bond-dimension convergence")
plt.tight_layout()

plt.show()

Notebook code cell 28

quimb is already installed above, but including it here makes the section
easier to copy into a fresh Colab notebook.

#
#
#
# TT-cross dependency for this section.
#
#
# Colab shell: !'pip -q install tntorch

# Notebook code cell 29

import torch
import tntorch as tn

from quimb.tensor.tensor_builder import MPO_product_operator

torch.set_default_dtype(torch.float64)

e —
# Notebook code cell 31
#
def build_morse_potential_tt(
L,
xmin,

Xmax,
De,

a,

xe=0.0,
eps=1e-10,
rmax=32,
max_iter=30,
val_size=1000,
verbose=True,

Construct V(x) as a QTT/TT using only black-box function evaluations.

No vector of length 2%*L is formed.
nnn
Nx
dx

2% %[,
(xmax - xmin) / (Nx - 1)
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407 # Binary domain b_1 in {0, 1}.

408 domain = [

409 torch.tensor([0.0, 1.0], dtype=torch.float64)

410 for _ in range(L)

411 ]

412

413 # MSB-first convention, matching NumPy reshape / quimb dims=[2]*L.
414 weights = torch.tensor(

415 [2#x(L - 1 - k) for k in range(L)],

416 dtype=torch.float64,

417 )

418

419 def morse_from_bits(B):

420 # B has shape (P, L), where P is chosen adaptively by TT-cross.
421 j = B @ weights

422 xvals = xmin + dx * j

423 return De * (1.0 - torch.exp(-a * (xvals - xe)))**2
424

425 V_tt, info = tn.cross(

426 function=morse_from_bits,

427 domain=domain,

428 function_arg="matrix",

429 eps=eps,

430 rmax=rmax,

431 max_iter=max_iter,

432 val_size=val_size,

433 verbose=verbose,

434 return_info=True,

435 )

436

437 return V_tt, info, dx

440 | def tt_to_diagonal_mpo(tt):

442 Convert a tntorch TT vector to a diagonal quimb MPO.
443

444 If G[a, s, bl is a TT core, construct

445

446 Wl(a,a’), (b,b’), s, tl]

447 = G[a,s,b] delta_{s,t}

448

449 for the diagonal operator. Since only one TT is needed for a diagonal
450 function, the bond ranks are unchanged.

451 nun

452 arrays = []

453 cores = tt.cores

454 Ltt = len(cores)

455

456 for k, core_torch in enumerate(cores):

457 G = core_torch.detach().cpu() .numpy ()

458 rleft, d, rright = G.shape

459

460 W = np.zeros((rleft, rright, d, d), dtype=G.dtype)
461

462 for s in range(d):

463 W[:, :, s, s] =GI[:, s, :]
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464
465 # Open-boundary quimb MPO end tensors omit the absent outer bond.
466 if k == 0:

467 W=w[, :, :, :]
468 elif k == Ltt - 1:
469 W=W[:, 0, :, :]
470

471 arrays.append (W)

472

473 return qtn.MatrixProductOperator(arrays, shape="lrud")
474

475 | #

476 |# Notebook code cell 33

477 | #

478 | I2_mf = np.eye(2)
479
480 |# |1><0| and |0><1]|
481 | sp_mf = np.array([

482 [0.0, 0.0],

483 [1.0, 0.0],

484 | 1)

485

4g6 | sm_mf = np.array([
487 [0.0, 1.0],

488 [0.0, 0.0],

489 []1)

490
491
492 | def add_mpos(terms) :

493 out = terms[0]

494 for term in terms[1:]:
495 out = out + term
496 return out

497

499 |def build_binary_shift_mpos(L):

500 plus_terms = []

501 minus_terms = []

502

503 for k in range(L):

504 # Increment:

505 # unchanged more-significant bits,

506 # 0 -> 1 at the carry-termination site,

507 # all less-significant 1 bits -> 0.

508 ops_plus = (

509 [I2_mf for _ in range(k)]

510 + [sp_mf]

511 + [sm_mf for _ in range(L - k - 1)]

512 )

513 plus_terms.append (MPO_product_operator (ops_plus))
514

515 # Decrement is the Hermitian-conjugate carry rule.
516 ops_minus = (

517 [I2_mf for _ in range(k)]

518 + [sm_mf]

519 + [sp_mf for _ in range(L - k - 1)]

520 )

521 minus_terms.append (MPO_product_operator (ops_minus))
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return add_mpos(plus_terms), add_mpos(minus_terms)

def build_morse_hamiltonian_mpo (
L,
xmin,
Xmax,
De,
a,
m=1.0,
hbar=1.0,
xe=0.0,
cross_eps=1e-10,
cross_rmax=32,
cross_max_iter=30,
cross_val_size=1000,
cross_verbose=True,

Build H = T + V directly as an MPO.

Dense N x N matrices and dense N-component potential vectors
are never constructed.
nun
V_tt, cross_info, dx = build_morse_potential_tt(
L=L,
xmin=xmin,
Xmax=xmax,
De=De,
a=a,
xe=xe,
eps=cross_eps,
rmax=cross_rmax,
max_iter=cross_max_iter,
val_size=cross_val_size,
verbose=cross_verbose,

V_mpo = tt_to_diagonal_mpo(V_tt)

Splus, Sminus = build_binary_shift_mpos(L)
I_mpo = MPO_product_operator ([I2_mf for _ in range(L)])

cO
cl

hbar**2 / (m * dx**2)
-hbar**2 / (2.0 * m * dx**2)

T_mpo
H_mpo

cO * I_mpo + c1 * Splus + cl * Sminus
T_mpo + V_mpo

return H_mpo, T_mpo, V_mpo, V_tt, cross_info, dx

#
# Notebook code cell 35
#

# Use the same small problem as the dense benchmark.
Lmf =L

54




ss0 |H_mpo_mf, T_mpo_mf, V_mpo_mf, V_tt_mf, cross_info_mf, dx_mf = (

581 build_morse_hamiltonian_mpo(
582 L=L_mf,

583 xmin=xmin,

584 Xmax=xmax,

585 De=De,

586 a=a,

587 m=m,

588 hbar=hbar,

589 xe=xe,

590 cross_eps=1e-10,

591 cross_rmax=32,

592 cross_verbose=False,
593 )

504 | )

595
506 | print (f"Matrix-free grid size = {2**L_mf}")

507 | print (f"dx = {dx_mf:.8f}")

598 | print (f"TT ranks of V = {V_tt_mf.ranks_tt}")

599 | print (f"Potential MPO max bond = {V_mpo_mf.max_bond()}")

600 | print (f"Kinetic MPO max bond = {T_mpo_mf.max_bond()}")

601 | print (f"Full Hamiltonian MPO bond = {H_mpo_mf.max_bond()}")

603 | for key in ("val_eps", "nsamples", "evals", "iterations"):
604 if key in cross_info_mf:
605 print (£"TT-cross {key:12s} = {cross_info_mf [key]}")

607 | pO_mf = gqtn.MPS_rand_state(

608 L=L_mf,

609 bond_dim=2,

610 phys_dim=2,

611 normalize=True,
612 | )

614 |dmrg_mf = qtn.DMRG2(

615 H_mpo_mf,

616 bond_dims=[4, 8, 16],
617 cutoffs=1e-10,

618 pO=pO_mf,

619 | )

621 | conv_mf = dmrg_mf.solve(

622 tol=1e-10,
623 max_sweeps=12,
624 verbosity=1,

627 | psiO_mf = dmrg_mf.state.copy()
628 |EO_mf = float(np.real(dmrg_mf.energy))

630 |# Validation only: compare to the dense benchmark already computed above.
631 | psiO_mf_dense = mps_to_vector(psiO_mf)

632 | £id0_mf = abs(np.vdot(U_exact[:, 0], psiO_mf_dense))**2

634 | print ()

635 | print ("Matrix-free DMRG converged =", conv_mf)
636 | print ("Matrix-free DMRG energy =", EO_mf)
637 | print ("Dense-grid exact energy =", E_exact[0])
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638
639
640
641
642
643
644
645
646
647
648
649
650
651

653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
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669
670
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674
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676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695

print ("Energy error =", EO_mf - E_exact[0])
print ("Ground-state fidelity =", fidO_mf)
print("Final MPS max bond =", psiO_mf.max_bond())

#

# Notebook code cell 37
#

def mps_projector_mpo(psi):
nnn
Build the exact MPO |psi><psi| directly from an open-boundary MPS.
No dense state vector or dense outer product is formed.

p = psi.copy()
p.normalize()
p.permute_arrays("lrp")

arrays = []
Lp = p.L

for k, Araw in enumerate(p.arrays):
A = np.asarray(Araw)

# Put every tensor into explicit (left, right, physical) form.
if k == 0:

# (right, physical) -> (1, right, physical)

A = A[None, :, :]
elif k == Lp - 1:

# (left, physical) -> (left, 1, physical)

A = A[:, None, :]

ldim, rdim, d = A.shape

# P[(a,a’),(b,b’),s,t] = A[a,b,s] conj(Ala’,b’,t])
W = np.einsum(

"abs,ABt->aAbBst",

A,

A.conjQ,

optimize=True,

)

W = W.reshape(
1dim * 1dim,
rdim * rdim,

d,
d,
)
if k == 0:

W =W, :, :, :]
elif k == Lp - 1:

W=wl, 0, :, :]
arrays.append (W)

return qtn.MatrixProductOperator(arrays, shape="lrud")

def mps_mpo_expectation(psi, mpo):

o6




696 Evaluate <psi|MPO|psi> as a tensor-network contraction.
697 e

698 ket = psi.copy()

699 bra = ket.H

700 op = mpo.copy()

701

702 # Align physical indices exactly as in the quimb MPO/MPS examples.
703 ket.align_(op, bra)

704

705 value = (bra & op & ket) ~

706 return float(np.real_if_close(value))
707

708

709 |def matrix_free_low_states(

710 H_mpo,

711 n_states=5,

712 penalty=48.0,

713 bond_dims=(4, 8, 16),

714 cutoff=1e-10,

715 tol=1e-10,

716 max_sweeps=12,

717 verbosity=0,

718 | )

719 e

720 Low-lying states by DMRG plus MPO-projector deflation.
721

722 Every Hamiltonian and projector remains an MPO.
723 e

724 states = []

725 energies = []

726 runs = []

727

728 H_def = H_mpo.copy()

729

730 for k in range(n_states):

731 pO = qtn.MPS_rand_state(

732 L=H_mpo.L,

733 bond_dim=2,

734 phys_dim=2,

735 normalize=True,

736 )

737

738 dmrg = qtn.DMRG2(

739 H_def,

740 bond_dims=1ist (bond_dims),
741 cutoffs=cutoff,

742 pO=p0,

743 )

744

745 converged = dmrg.solve(

746 tol=tol,

747 max_sweeps=max_sweeps,

748 verbosity=verbosity,

749 )

750

751 psi = dmrg.state.copy()

752 psi.normalize()

753
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754 # Physical energy with the ORIGINAL (undeflated) MPO.

755 E = mps_mpo_expectation(psi, H_mpo)
756

757 states.append (psi)

758 energies.append(E)

759 runs.append (dmrg)

760

761 print(

762 f"state {k}: E = {E:.10f}, "

763 f"converged = {converged}, "

764 £"MPS bond = {psi.max_bond()1}"
765 )

766

767 # Shift this state upward before targeting the next state.
768 P = mps_projector_mpo(psi)

769 H_def = H_def + penalty * P

770

771 return np.array(energies), states, runs

772
773
774 |n_states_mf = 5
775
776 |E_mf_states, psi_mf_states, dmrg_mf_runs = matrix_free_low_states(

777 H_mpo_mf,

778 n_states=n_states_mf,
779 penalty=4.0 * De,

780 bond_dims=(4, 8, 16),
781 cutoff=1e-10,

782 tol=1e-10,

783 max_sweeps=12,

784 verbosity=0,

785 | )

786
787 | print ()

788 |print (" n E_exact E_matrix-free error fidelity")

780 |for n in range(n_states_mf):

790 vec = mps_to_vector(psi_mf_states[n]) # validation only at L=8

791 fid = abs(up.vdot(U_exact[:, n], vec))**2
792 err = E_mf_states[n] - E_exact[n]
793

794 print(

795 f"{n:2d} {E_exact[n]:14.9f} "
796 f"{E_mf_states[n]:14.9f} "

797 f"{err:+.3e} {fid:.10f}"

798 )

799

800 | #

go1 | # Notebook code cell 38

802 | #

803 | # Compare the dense-MPO and TT-cross matrix-free eigenvalues.
804 |nst = n_states_mf

805 |idx = np.arange(nst)

806
so7 |plt.figure(figsize=(7, 4.5))

sos |plt.plot(idx, E_exact[:nst], "o", ms=7, label="grid exact")

so9 |plt.plot(idx, E_dmrg[:nst], "x", ms=8, label="dense-to-MPO DMRG")
s10 |plt.plot(idx, E_mf_states[:nst], "+", ms=10, mew=2,

811 label="TT-cross matrix-free DMRG")

o8




812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
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835
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838
839
840
841
842
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plt.xlabel("state index n")
plt.ylabel("energy")

plt.title("Morse eigenvalues: dense and matrix-free tensor-network routes")

plt.legend()
plt.tight_layout ()
plt.show()

plt.figure(figsize=(7, 4.5))
plt.semilogy(

idx,
np.abs(E_mf_states[:nst] - E_exact[:nst]),
"O—",
label="TT-cross matrix-free",
)
plt.semilogy(
idx,
np.abs(E_dmrg[:nst] - E_exact[:nst]),
Ils__ll s
label="dense-to-MPQ",
)

plt.xlabel("state index n")
plt.ylabel (zx"$|E-E_{\rm grid}|$")
plt.title("DMRG eigenvalue errors")
plt.legend()

plt.tight_layout()

plt.show()

#
# Notebook code cell 40

#

RUN_LARGE = False

if RUN_LARGE:
L_large = 20

H_large, T_large, V_large, Vtt_large, info_large, dx_large

build_morse_hamiltonian_mpo(
L=L_large,
xmin=xmin,
Xmax=xmax,
De=De,
a=a,
m=m,
hbar=hbar,
xe=xe,
cross_eps=1e-10,
cross_rmax=32,
cross_verbose=True,

)
)
print (£"Nx = {2x*L_large:,}")
print ("TT ranks V =", Vtt_large.ranks_tt)
print ("V MPO max bond =", V_large.max_bond())
print ("T MPO max bond =", T_large.max_bond())
print ("H MPO max bond =", H_large.max_bond())

pO_large = qtn.MPS_rand_state(
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870 L=L_large,

871 bond_dim=2,

872 phys_dim=2,

873 normalize=True,

874 )

875

876 dmrg_large = qtn.DMRG2(

877 H_large,

878 bond_dims=[4, 8, 16, 32],

879 cutoffs=1e-10,

880 pO=p0O_large,

881 )

882

883 conv_large = dmrg_large.solve(

884 tol=1e-9,

885 max_sweeps=20,

886 verbosity=1,

887 )

888

889 print ("Converged =", conv_large)

890 print ("Ground-state energy =", dmrg_large.energy)
891 print ("Final MPS max bond =", dmrg_large.state.max_bond())
go2 | else:

893 print("Large-grid run skipped. Set RUN_LARGE = True to execute it.")
894

895 | #

goe | # Notebook code cell 43

go7 | #

gos | # Parameters for the high-accuracy direct two-coordinate calculation
899 |L_pair = 9

900 | Nx_pair = 2%x*L_pair

901
902 | # The bound states considered below are already negligible at these boundaries.
903 | xmin_pair = -3.0

904 | Xxmax_pair = 12.0

905
906 |# Slightly different Morse wells. The smaller a values keep the first
907 | # 20 bound-bound product levels below the first dissociation channel.
908 |Del, al, xel = 12.0, 0.50, 0.0

909 |De2, a2, xe2 = 11.5, 0.52, 0.0

910
911 |ml_pair =
912 |m2_pair
913 | hbar_pair
914
915 |n_pair_compare = 20
916
917 | print (f’Binary sites per coordinate = {L_pair}’)
918 | print (£’Grid points per coordinate = {Nx_pair}’)
919 | print (f’Combined binary sites = {2 * L_pair}’)

920 | print (f’Two-coordinate dimension = {Nx_pair**2:,}’)
921

1]
N -
= O O

922 | #

923 | # Notebook code cell 45

924 | #

925 |def analytic_one_morse_energy(n, De, a, m=1.0, hbar=1.0):
926 q=n+ 0.5

927 return (
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928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985

hbar * a * np.sqrt(2.0 * De / m) * q
- (hbar**2 * ax*2 / (2.0 * m)) * q**2

def analytic_two_morse_energy(

nl,

n2,

Del,

al,

De2,

a2,

ml=1.0,

m2=1.0,

hbar=1.0,

return (
analytic_one_morse_energy(nl, Del, al, m=ml, hbar=hbar)
+ analytic_one_morse_energy(n2, De2, a2, m=m2, hbar=hbar)

lambdal = np.sqrt(2.0 * ml_pair * Del) / (hbar_pair * al)
lambda2 = np.sqrt(2.0 * m2_pair * De2) / (hbar_pair * a2)

nl_bound = [n for n in range(100) if n + 0.5 < lambdal]
n2_bound = [n for n in range(100) if n + 0.5 < lambda2]

El_bound_analytic = np.array([
analytic_one_morse_energy(n, Del, al, m=ml_pair, hbar=hbar_pair)
for n in nl_bound

D

E2_bound_analytic = np.array([
analytic_one_morse_energy(n, De2, a2, m=m2_pair, hbar=hbar_pair)
for n in n2_bound

D

analytic_levels = []
for nl in nl_bound:
for n2 in n2_bound:
E = analytic_two_morse_energy(
ni,
n2,
Del,
al,
De2,
a2,
ml=ml_pair,
m2=m2_pair,
hbar=hbar_pair,
)
analytic_levels.append((E, nl, n2))

analytic_levels.sort(key=lambda item: (item[0], item[1], item[2]))
analytic_levels = analytic_levels[:n_pair_compare]

E2D_analytic = np.array([item[0] for item in analytic_levels])
gn2D_analytic = [(item[1], item[2]) for item in analytic_levels]
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986
987 | continuum_threshold = min(

988 Del + E2_bound_analytic[0],
989 De2 + El1_bound_analytic[0],
990 | )

991 | continuum_gap_after_20 = continuum_threshold - E2D_analytic[-1]
992
993 | print (f’lambda_1 = {lambdal:.8f}; number of bound nl states = {len(nl_bound)}’)
994 | print (f’lambda_2 = {lambda2:.8f}; number of bound n2 states = {len(n2_bound)}’)
995 | print (f’Lowest two-coordinate continuum threshold = {continuum_threshold:.9f}’)
996 | print (£’20th analytic level = {E2D_analytic[-1]:.9f}’)

997 | print (f’Gap between continuum and level 20 = {continuum_gap_after_20:.9f}’)

998
999 | assert continuum_gap_after_20 > 0.0, (

1000 ’The 20th analytic bound-bound level is above the first dissociation ’
1001 ’threshold. Change the Morse parameters before doing a rank-by-rank ’
1002 ’first-20 comparison.’

1003 | )

1004
1005 | print ()

1006 | print (rank (nl,n2) E_analytic’)

1007 |print(’-’ * 38)

108 |for k, ((nl, n2), E) in enumerate(zip(qn2D_analytic, E2D_analytic)):

1009 print (f°{k:3d} ({n1},{n2}) {E:14.9f}’)
1010

1011 | # ==========s=sssSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSsSss==s======
1012 | # Notebook code cell 47

1013 | #

1014 [def build_two_morse_potential_tt(

1015 L1,

1016 L2,

1017 xminl,

1018 xmax1,

1019 xmin2,

1020 xmax2,

1021 Del,

1022 al,

1023 De2,

1024 a2,

1025 xel1=0.0,

1026 xe2=0.0,

1027 eps=le-12,

1028 rmax=48,

1029 max_iter=50,

1030 val_size=2000,

1031 verbose=False,

1032 | )

1033 """TT-cross of the combined potential V1(x1l) + V2(x2)."""
1034 Ltot = L1 + L2

1035 Nx1 = 2%xL1

1036 Nx2 = 2*xL2

1037 dx1 = (xmaxl - xmini1) / (Nx1 - 1)

1038 dx2 = (xmax2 - xmin2) / (Nx2 - 1)

1039

1040 domain = [

1041 torch.tensor([0.0, 1.0], dtype=torch.float64)
1042 for _ in range(Ltot)

1043 ]
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1044
1045 weightsl = torch.tensor(

1046 [2%*(L1 - 1 - k) for k in range(L1)],
1047 dtype=torch.float64,

1048 )

1049 weights2 = torch.tensor(

1050 [2x*(L2 - 1 - k) for k in range(L2)],
1051 dtype=torch.float64,

1052 )

1053

1054 def total_potential_from_bits(B):

1055 B1 = B[:, :L1]

1056 B2 = B[:, L1:]

1057

1058 jl1 = B1 @ weightsl

1059 j2 = B2 @ weights2

1060

1061 xlvals = xminl + dx1 * j1

1062 x2vals = xmin2 + dx2 * j2

1063

1064 Vivals = Del * (1.0 - torch.exp(-al * (xlvals - xel)))**2
1065 V2vals = De2 * (1.0 - torch.exp(-a2 * (x2vals - xe2)))**2
1066

1067 return Vivals + V2vals

1068

1069 Vtot_tt, info = tn.cross(

1070 function=total_potential_from_bits,
1071 domain=domain,

1072 function_arg=’matrix’,

1073 eps=eps,

1074 rmax=rmax,

1075 max_iter=max_iter,

1076 val_size=val_size,

1077 verbose=verbose,

1078 return_info=True,

1079 )

1080

1081 return Vtot_tt, info, dx1, dx2

1082
1083
1084 [def build_block_shift_mpos(L_total, start, L_block):

1085 """Shift one MSB-first binary coordinate block by +/-1."""
1086 plus_terms = []

1087 minus_terms = []

1088

1089 n_before = start

1090 n_after = L_total - start - L_block

1091

1092 for k in range(L_block):

1003 ops_plus = (

1094 [I2_mf for _ in range(n_before)]

1095 + [I2_mf for _ in range(k)]

1096 + [sp_mf]

1097 + [sm_mf for _ in range(L_block - k - 1)]
1008 + [I2_mf for _ in range(n_after)]

1099 )

1100 ops_minus = (

1101 [I2_mf for _ in range(n_before)]
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def

def

+ [I2_mf for _ in range(k)]

+ [sm_mf]

+ [sp_mf for _ in range(L_block - k - 1)]
+ [I2_mf for _ in range(n_after)]

plus_terms.append (MPO_product_operator (ops_plus))
minus_terms.append (MPO_product_operator (ops_minus))

return add_mpos(plus_terms), add_mpos(minus_terms)

build_block_shift_by_two_mpos(L_total, start, L_block):

Shift one MSB-first binary coordinate block by +/-2.

Because the final bit of a coordinate block is the least-significant bit,
j => j +/- 2 leaves that bit unchanged and increments/decrements the
first L_block-1 bits. The omitted LSB is automatically filled by I.
nnn
if L_block < 2:

raise ValueError(’A +/-2 binary shift requires at least two bits.’)

return build_block_shift_mpos(
L_total=L_total,
start=start,
L_block=L_block - 1,

build_two_morse_hamiltonian_mpo (
L1,

L2,

xmini,

xmax1,

xmin2,

xmax2,

Del,

stencil_order=4,
cross_eps=1le-12,
cross_rmax=48,
cross_max_iter=50,
cross_val_size=2000,
cross_verbose=False,

Build the full two-coordinate finite-difference Hamiltonian directly

as an MPO. No one-dimensional eigensystem is constructed or used.
nnn

Ltot = L1 + L2
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1160

1161 Vtot_tt, cross_info, dx1, dx2 = build_two_morse_potential_tt(
1162 L1=L1,

1163 L2=L2,

1164 xminl=xminl,

1165 xmaxl=xmax1,

1166 xmin2=xmin2,

1167 xmax2=xmax?2,

1168 Del=Del,

1169 al=al,

1170 De2=De2,

1171 a2=a2,

1172 xel=xel,

1173 xe2=xe2,

1174 eps=cross_eps,

1175 rmax=cross_rmax,

1176 max_iter=cross_max_iter,

1177 val_size=cross_val_size,

1178 verbose=cross_verbose,

1179 )

1180

1181 Vtot_mpo = tt_to_diagonal_mpo(Vtot_tt)
1182

1183 Siplus, Siminus = build_block_shift_mpos(
1184 L_total=Ltot,

1185 start=0,

1186 L_block=L1,

1187 )

1188 S2plus, S2minus = build_block_shift_mpos(
1189 L_total=Ltot,

1190 start=L1,

1191 L_block=L2,

1192 )

1193

1194 I_all = MPO_product_operator([I2_mf for _ in range(Ltot)])
1195

1196 if stencil_order ==

1197 c01 = hbar**2 / (ml * dx1¥%2)

1198 cll = -hbar**2 / (2.0 * ml * dx1*x2)
1199 c02 = hbar**2 / (m2 * dx2*%*2)

1200 c12 = -hbar**2 / (2.0 * m2 * dx2%*%2)
1201

1202 Htot_mpo = (

1203 (c01 + c02) * I_all

1204 + c11 * (Siplus + Siminus)

1205 + c12 * (S2plus + S2minus)

1206 + Vtot_mpo

1207 )

1208

1209 elif stencil_order ==

1210 Siplus2, Siminus2 = build_block_shift_by_two_mpos(
1211 L_total=Ltot,

1212 start=0,

1213 L_block=L1,

1214 )

1215 S2plus2, S2minus2 = build_block_shift_by_two_mpos(
1216 L_total=Ltot,

1217 start=L1,
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1218 L_block=L2,

1219 )

1220

1221 c01 = 5.0 * hbar**2 / (4.0 * ml * dx1%*x2)
1222 cll = -2.0 * hbar**2 / (3.0 * ml * dx1**2)
1223 c21 = hbar**2 / (24.0 * ml * dx1%*x2)

1224

1225 c02 = 5.0 * hbar**2 / (4.0 * m2 * dx2xx2)
1226 cl2 = -2.0 * hbar**2 / (3.0 * m2 * dx2**2)
1227 c22 = hbar**2 / (24.0 * m2 * dx2%*x2)

1228

1229 Htot_mpo = (

1230 (c01 + c02) * I_all

1231 + c11 * (Siplus + Siminus)

1232 + c21 * (S1plus2 + Siminus2)

1233 + c12 * (S2plus + S2minus)

1234 + c22 * (S2plus2 + S2minus2)

1235 + Vtot_mpo

1236 )

1237

1238 else:

1239 raise ValueError(’stencil_order must be 2 or 4.°)
1240

1241 return Htot_mpo, Vtot_mpo, Vtot_tt, cross_info, dxl, dx2
1242

1243

1244 | (

1245 H2D_pair_mpo,

1246 V2D_pair_mpo,

1247 V2D_pair_tt,

1248 info2D_pair,

1249 dx1_2D,

1250 dx2_2D,

1251 [ ) = build_two_morse_hamiltonian_mpo(

1252 L1=L_pair,

1253 L2=L_pair,

1254 xminl=xmin_pair,

1255 xmaxl=xmax_pair,

1256 xmin2=xmin_pair,

1257 Xmax2=xmax_pair,

1258 Del=Del,

1259 al=al,

1260 De2=De2,

1261 a2=a2,

1262 ml=ml_pair,

1263 m2=m2_pair,

1264 hbar=hbar_pair,

1265 xel=xel,

1266 xe2=xe2,

1267 stencil_order=4,

1268 cross_eps=le-12,

1269 cross_rmax=48,

1270 cross_max_iter=50,

1271 cross_val_size=2000,

1272 cross_verbose=False,

1273 | )

1274

1275 | print(£’dx_1 = {dx1_2D:.10f}’)
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1276 |print(£f’dx_2 = {dx2_2D:.10£f}’)

1277 | print (f’Combined binary sites = {H2D_pair_mpo.L}’)

1278 | print (£’ Two-coordinate dimension = {2**H2D_pair_mpo.L:,}’)

1279 | print (£’TT ranks of V_total = {V2D_pair_tt.ranks_tt}’)

1280 | print (f’Potential MPO max bond = {V2D_pair_mpo.max_bond()}’)
1281 | print (f’Full Hamiltonian max bond = {H2D_pair_mpo.max_bond()}’)
1282 | print (’Kinetic stencil order = 4°)

1283

1284 |for key in (’val_eps’, ’nsamples’, ’evals’, ’iterations’):

1285 if key in info2D_pair:

1286 print (£’ TT-cross {key:12s} = {info2D_pair[key]}’)

1287

1288 | # S======SSSSSSSSSSSSSSSSSSSSTSSSST=T ==
1280 |# Notebook code cell 49

1200 | #

1201 |def _configure_local_eigensolver(dmrg, local_tol, ncv, maxiter):

1292 """Configure Quimb’s sparse local eigensolver for robust DMRG sweeps."""
1203 dmrg.opts[’local_eig_backend’] = ’SCIPY’

1294 dmrg.opts[’local_eig_tol’] = local_tol

1295 dmrg.opts[’local_eig ncv’] = ncv

1296 dmrg.opts[’local_eig _maxiter’] = maxiter

1297
1298
1209 [def _solve_dmrg_stage_with_retry(

1300 dmrg,

1301 solve_tol,

1302 max_sweeps,

1303 local_tol,

1304 ncv,

1305 maxiter,

1306 fallback_local_tol=1e-5,

1307 fallback_ncv=48,

1308 fallback_maxiter=30000,

1309 verbosity=0,

1310 stage_name=’DMRG’,

1311 ) 8

1312 """Run one DMRG stage and recover automatically from ARPACK failure."""
1313 _configure_local_eigensolver(dmrg, local_tol, ncv, maxiter)
1314 try:

1315 return dmrg.solve(

1316 tol=solve_tol,

1317 max_sweeps=max_sweeps,

1318 verbosity=verbosity,

1319 )

1320 except ArpackNoConvergence as err:

1321 nconv = 0 if err.eigenvalues is None else len(err.eigenvalues)
1322 print(

1323 f’ {stage_name}: ARPACK did not converge ’

1324 £’ ({nconv} local eigenpair(s) returned).’

1325 )

1326 print(

1327 > Resuming from the current MPS with °’

1328 f’ncv={fallback_ncv}, local_tol={fallback_local_tol:.le}, ’
1329 f’maxiter={fallback_maxiter}.’

1330 )

1331 _configure_local_eigensolver(

1332 dmrg,

1333 fallback_local_tol,
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1334 fallback_ncv,

1335 fallback_maxiter,

1336 )

1337 return dmrg.solve(

1338 tol=solve_tol,

1339 max_sweeps=max_sweeps,
1340 verbosity=verbosity,
1341 )

1342
1343
1344 |def _mps_overlap(psi_left, psi_right):

1345 """Return <psi_left|psi_right> as a scalar."""
1346 value = psi_left.H @ psi_right

1347 try:

1348 value = value.item()

1349 except AttributeError:

1350 pass

1351 return complex(value)

1352
1353
1354 | def mps_mpo_matrix_element(psi_left, mpo, psi_right):

1355 """Return <psi_left|MPO|psi_right> by tensor-network contraction."""
1356 bra = psi_left.H

1357 op = mpo.copy()

1358 ket = psi_right.copy()

1359 ket.align_(op, bra)

1360 value = (bra & op & ket) ~
1361 try:

1362 value = value.item()
1363 except AttributeError:

1364 pass

1365 return complex(value)

1366
1367
1368 | def rayleigh ritz_from_mps_subspace(states, H_mpo, overlap_cutoff=1e-10):

1369 """Rayleigh--Ritz refinement in the span of the direct 2D DMRG states."""
1370 n = len(states)

1371 S = np.zeros((n, n), dtype=np.complex128)

1372 Hs = np.zeros((n, n), dtype=np.complex128)

1373

1374 for i in range(n):

1375 for j in range(i, n):

1376 sij = _mps_overlap(states[i], states[j])
1377 hij = mps_mpo_matrix_element(states[i], H_mpo, states[j])
1378 S[i, jl = sij

1379 S[j, il = np.conjugate(sij)

1380 Hs[i, j] = hij

1381 Hs[j, i] = np.conjugate(hij)

1382

1383 S=0.5% (S+ S.conjO.T)

1384 Hs = 0.5 * (Hs + Hs.conj().T)

1385

1386 svals, U = np.linalg.eigh(S)

1387 smax = np.max(svals)

1388 keep = svals > overlap_cutoff * smax

1389

1390 if np.count_nonzero(keep) < n:

1391 print(
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1392 ’Rayleigh--Ritz warning: numerical DMRG-subspace rank = ’
1393 f’{np.count_nonzero(keep)}/{n}.’
1394 )

1395

1396 X = U[:, keep] / np.sqrt(svals[keep]) [None, :]
1397 Horth = X.conj().T @ Hs @ X

1308 Horth = 0.5 * (Horth + Horth.conj().T)
1399 E_ritz, Corth = np.linalg.eigh(Horth)
1400 C = X @ Corth

1401

1402 return np.real_if_close(E_ritz).astype(float), S, Hs, C, svals
1403

1404

1405 |def direct_two_coordinate_low_states(

1406 H_mpo,

1407 n_states=20,

1408 penalty=24.0,

1409 bond_dims=(8, 16, 32, 48, 64),

1410 cutoff=1e-12,

1411 tol=1e-10,

1412 warmup_local_eig_tol=le-4,

1413 refine_local_eig_tol=1le-6,

1414 local_eig_ncv=24,

1415 local_eig_maxiter=12000,

1416 fallback_local_eig_tol=le-5,

1417 fallback_local_eig_ncv=48,

1418 fallback_local_eig_maxiter=30000,

1419 warmup_sweeps=6,

1420 refine_sweeps=22,

1421 n_restarts=2,

1422 init_bond_dim=4,

1423 deflation_max_bond=256,

1424 deflation_cutoff=1e-13,

1425 overlap_accept_tol=1le-6,

1426 verbosity=0,

1427 | ) :

1428 """Low-lying spectrum from the one combined two-coordinate MPO."""
1429 states = []

1430 energies = []

1431 converged_flags = []

1432 final_bonds = []

1433 selected_deflated_energies = []

1434 accepted_max_overlap2 = []

1435 H_def = H_mpo.copy()

1436

1437 for k in range(n_states):

1438 best = None

1439 best_key = None

1440

1441 for restart in range(n_restarts):
1442 pO = gqtn.MPS_rand_state(

1443 L=H_mpo.L,

1444 bond_dim=init_bond_dim,

1445 phys_dim=2,

1446 normalize=True,

1447 )

1448 dmrg = qtn.DMRG2(

1449 H_def,
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bond_dims=1ist (bond_dims),
cutoffs=cutoff,
p0=p0,

warmup_tol = max(le-7, 1000.0 * tol)
_solve_dmrg_stage_with_retry(
dmrg,
solve_tol=warmup_tol,
max_sweeps=warmup_sweeps,
local_tol=warmup_local_eig_tol,
ncv=local_eig_ncv,
maxiter=local_eig_maxiter,
fallback_local_tol=fallback_local_eig_tol,
fallback_ncv=fallback_local_eig_ncv,
fallback_maxiter=fallback_local_eig_maxiter,
verbosity=verbosity,
stage_name=f’state {k}, restart {restart + 1}, warm-up’,

)
converged = _solve_dmrg_stage_with_retry(
dmrg,
solve_tol=tol,
max_sweeps=refine_sweeps,
local_tol=refine_local_eig_tol,
ncv=local_eig_ncv,
maxiter=local_eig_maxiter,
fallback_local_tol=fallback_local_eig_tol,
fallback_ncv=fallback_local_eig_ncv,
fallback_maxiter=fallback_local_eig_maxiter,
verbosity=verbosity,
stage_name=f’state {k}, restart {restart + 1}, refinement’,
)

psi = dmrg.state.copy()

psi.normalize()

E_def = float(up.real(dmrg.energy))
E_phys = mps_mpo_expectation(psi, H_mpo)

if states:
max_overlap2 = float(max(
abs (_mps_overlap(phi, psi))**2 for phi in states
)
else:
max_overlap2 = 0.0

candidate = {
’E_def’: E_def,
’E_phys’: E_phys,
’psi’: psi,
’converged’: bool(converged),
’bond’: psi.max_bond(),
‘restart’: restart,
’max_overlap2’: max_overlap2,
X
candidate_key = (
candidate[’max_overlap2’] > overlap_accept_tol,
candidate[’E_def’],
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)

if (best is None) or (candidate_key < best_key):
best = candidate
best_key = candidate_key

psi = best[’psi’]

states.append(psi)

energies.append(best [’E_phys’])
converged_flags.append(best[’converged’])
final_bonds.append(best[’bond’])
selected_deflated_energies.append(best[’E_def’])
accepted_max_overlap2.append(best [’max_overlap2’])

print(
f"state {k:2d}: E_raw = {best[’E_phys’]:14.10f}, "
f"converged = {best[’converged’]}, MPS bond = {best[’bond’]}, '
f"max previous overlap”2 = {best[’max_overlap2’]:.2e}, "
f'"restart = {best[’restart’] + 1}/{n_restartsl}"

if k < n_states - 1:
projector = mps_projector_mpo(psi)
H_def = H_def + penalty * projector
H_def.compress(
max_bond=deflation_max_bond,
cutoff=deflation_cutoff,

)

print(
> deflated MPO max bond after compression = ’
f’{H_def .max_bond )}’

)

energies = np.asarray(energies)

order = np.argsort(energies)

energies = energies[order]

states = [states[i] for i in order]

converged_flags = np.asarray(converged_flags, dtype=bool) [order]
final_bonds = np.asarray(final_bonds, dtype=int) [order]
selected_deflated_energies = np.asarray(selected_deflated_energies) [order]
accepted_max_overlap2 = np.asarray(accepted_max_overlap2) [order]

return (
energies,
states,
converged_flags,
final_bonds,
selected_deflated_energies,
accepted_max_overlap2,

E2D_raw,

psi2D_direct,
conv2D_direct,
bonds2D_direct,
E2D_deflated_selected,
max_overlap2_2D,
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) = direct_two_coordinate_low_states(
H2D_pair_mpo,
n_states=n_pair_compare,
penalty=2.0 * max(Del, De2),
bond_dims=(8, 16, 32, 48, 64),
cutoff=1e-12,
tol=1e-10,
warmup_local_eig_tol=le-4,
refine_local_eig_tol=le-6,
local_eig_ncv=24,
local_eig_maxiter=12000,
fallback_local_eig_tol=1le-5,
fallback_local_eig_ncv=48,
fallback_local_eig_maxiter=30000,
warmup_sweeps=6,
refine_sweeps=22,
n_restarts=2,
init_bond_dim=4,
deflation_max_bond=256,
deflation_cutoff=1e-13,
overlap_accept_tol=le-6,
verbosity=0,

print (’\nBuilding the 20 x 20 projected Hamiltonian for Rayleigh--Ritz refinement...

(
E2D_direct,
S2D_subspace,
H2D_subspace,
C2D_ritz,
S2D_eigvals,

) = rayleigh_ritz_from_mps_subspace(
psi2D_direct,
H2D_pair_mpo,
overlap_cutoff=1e-10,

print (f’Rayleigh--Ritz subspace dimension = {len(E2D_direct)}’)
print(f’Smallest overlap-matrix eigenvalue = {np.min(S2D_eigvals):.3e}’)
offdiag_S = S2D_subspace - np.diag(np.diag(S2D_subspace))

print(f’Max off-diagonal [S_ij| = {np.max(np.abs(offdiag_S)):.3e}’)

#
# Notebook code cell 51
#
ranks_pair = np.arange(n_pair_compare)
raw_error_2D = E2D_raw - E2D_analytic
energy_error_2D = E2D_direct - E2D_analytic
abs_error_2D = np.abs(energy_error_2D)

print(
’rank analytic label E_analytic E_raw-DMRG °’
’E_Ritz-direct Ritz-analytic converged MPS bond’
)
print(’-’ * 128)
for k, (nl, n2) in enumerate(gqn2D_analytic):
print(
£2{k:3d} ({n1},{n2}) °
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1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673
1674
1675
1676
1677
1678
1679
1680
1681

f’{E2D_analytic[k] :14.10f} °
f’{E2D_raw([k] :14.10f} °
f’{E2D_direct[k]:14.10f} °’
f’{energy_error_2D[k] :+.3e} ’
f’{str(conv2D_direct[k]) :>5s} °’
f’{bonds2D_direct [k] :3d}’

print ()

print (f’Maximum |raw DMRG - analytic| = {np.max(np.abs(raw_error_2D)):.6el}’)
print (f’Maximum |Ritz 2D - analytic| = {np.max(abs_error_2D):.6e}’)

print (f’RMS |Ritz 2D - analytic| = {np.sqrt(np.mean(energy_error_2D**2)):.6e}’)
print(f’Mean |Ritz 2D - analytic| = {np.mean(abs_error_2D):.6e}’)

print(f’Max accepted previous overlap”2 = {np.max(max_overlap2_2D):.6e}’)
print(f’Continuum gap above level 20 = {continuum_gap_after_20:.6e}’)

plt.figure(figsize=(8, 5))
plt.plot(ranks_pair, E2D_analytic, ’o’, ms=7, label=’continuum analytic’)
plt.plot(ranks_pair, E2D_raw, ’+’, ms=8, mew=1.4, label=’raw deflated DMRG’)
plt.plot(

ranks_pair,

E2D_direct,

’X’,

ms=8,

mew=1.7,

label="Rayleigh--Ritz in direct 2D DMRG subspace’,

plt.axhline(
continuum_threshold,
1S=)__J’
lw=1.2,
label=’lowest dissociation channel’,

plt.xlabel(’two-coordinate state rank’)

plt.ylabel(’energy’)

plt.title(’First 20 discrete levels: analytic versus direct two-coordinate DMRG’)
plt.legend()

plt.tight_layout ()

plt.show()

plt.figure(figsize=(8, 4.5))

plt.semilogy(
ranks_pair,
np.maximum(np.abs(raw_error_2D), le-16),
)O__7’

label=’raw deflation error’,

plt.semilogy(
ranks_pair,
np.maximum(abs_error_2D, le-16),
)0_7,
label="Rayleigh--Ritz-refined error’,

plt.xlabel(’two-coordinate state rank’)

plt.ylabel(r’$|E-E_{\rm anal}|$’)

plt.title(’Direct two-coordinate DMRG error before and after subspace refinement’)
plt.legend()

plt.tight_layout ()
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