Advanced Quantum Mechanics

Chem 572a: Lecture Notes

Prof. Victor S. Batista

Room: Sterling Chemistry Laboratories (SCL) 21
Tuesdays and Thursdays 9:00 — 10:15 am
Yale University - Department of Chemistry



Contents

1 Syllabus|

2 The Fundamental Postulates of Quantum Mechanics|

3  Continuous Representations|

4  Vector Space|

5 Digital Grid-Based Representations|

[5.1 Computational Problem 1|. . . . .. ... ... ... ... .. ... ... ..
[5.2 Computational Problem 2. . . . . . ... ... ... ... ... ... ...
[5.3 Computational Problem 3|. . . . . .. .. ... ... ... 0 L.
[3.4  Computational Problem4{. . . . . . ... ... ... ... ..........

6  Heisenberg Representation|

Fourier Grid Hamiltonian

(/.1 ~Computational Problem FGH|. . . . . .. ... ... ... ... .. ... ..

8 Variational Theorem|

9.1 Computational Problem 5. . . . . .. .. ... ... ... 00000
9.2 Computational Problem 6. . . . . .. .. ... ... ... .. ..
9.3 Computational Problem 7| . . . . . .. .. ... ... ... 0 L.
9.4  Computational Problem 8|. . . . . . ... ... ... ... ... .....
9.5 Computational Problem 9. . . . . . ... ... ... 00000
9.6 Imaginary time propagation|. . . . . . . . . .. ... Lo
97 Ehrenfest Dynamics|. . . .. ... ... .. ... ... .. ...
9.8 Exercise: Analytical versus SOFT Propagation| . . . ... .. .. ......
9.9  Exercise: Real and Imaginary Time Evolution| . . . . . . .. ... ... ...

o0  SOFT Propagation on Multiple Surfaces|

10.2 Problem 11 . . . . . . . o e

11 Path Integrals: Thermal Correlation Functions|

10

10
13
13

13
14
15
15
16

16

18
19

19



12 SOFT Computations of Thermal Correlation Functions|

(12.1 Computational Problem 14{ . . . . .. .. ... ... ... ... ...

[12.3 Rates from two-point correlation functions|. . . . . . . .. ... ...

(12.4 Standard and Kubo three-point correlation function relationship|

13 Bohmian Quantum Dynamics|

(13.1 Hamilton Jacob1 Equation|. . . . . . ... ... ... .. ... ....
(13.2 Quantum Dynamics: Motion of Hidden Variables| . . . . . . . .. ..
(13.3 Discussion of Bohmian Trajectories| . . . . . ... ... ... ....
13.4 EPR Paradox| . . . ... ... ... .. ...

14 Phase-Space Representation|

(14.1 Motion of Auxiliary Variables:| . . . . . . ... ... ... ......
(14.2° Wigner-Weyl Symbols| . . . ... ... ... ... .00,
(14.3 Stochastic equation of motion| . . . . . . ... ... .. ... ....

15 Asymmetric Wigner-Weyl Representation|

(15.2 Equationof Motion| . . . . . . .. ... ... oo
[15.3 Stochastic Equation of Motion| . . . . . ... ... ... .......
(15.4 Splitting mtegration of Hyperbolic PDEs|. . . . . . .. ... ... ..

1 Iden Rul

17 WKB Approximation|

17.1 nnection Formulal . . . . . .. . .. ... . ..

(17.3 Overlaps|. . . . . . . . . .
(17.4 Energy Quantization| . . . . . .. .. .. .. ... ... .......
(1'7.5 Computational Problem WKB Approximation| . . . . . .. ... ...

(18 Electron Transfer: Marcus Theory|

19 Landau-Zener Equation|

19.1 Mar Formulal. . . . . . . . .. ...

20 Tunneling Current|

21 Grover Algorithm|

67

71
72
74
76
78
78

79

80
83

84

89



22

Second Quantization|

[22.1 Single-Particle Basis| . . . . . . . .. o
[22.2 Occupation Number Basis| . . . . . ... ... ... ... ... ... ...
[22.3 Creation and Annihilation Operators| . . . . . . . . . . .. ... ... ... ....
[22.4 Operators in Second Quantization| . . . . . . . . . . . .. .. ..o
[22.5 Change of basis in Second Quantization| . . . . . . .. ... ... .........
[22.6 Mapping into Cartesian Coordinates| . . . . . . . . . . . . .. ... ... ... ..
[22.7 Classical Electron Analog Hamiltonian|. . . . . . . ... ... ... ... ... ..
[22.8 Wigner Transform Propagation based on the MM Hamiltonian| . . . . . . . . . ..
[22.9 Wigner Transform Propagation for the electronic MM Hamiltonian|. . . . . . . . .
[22.10Computational Problem 2-level WT| . . . . . . ... ... ... .. ...

k3 Spin-Boson Model|
R4 Holstein-Primakoff Mapping|
25 Schwinger Mapping|

26 MP/SOFT Method

27 _Exam 1

P71 AnswerKey| . . .. ... ...

28

Discrete Variable Representation|

[28.1 Computational Problem 15 . . . . . . .. ... ... ... ... ... ... . ...

29

Tunneling Dynamics|

[29.1 Coherent Control of Tunneling Dynamics| . . . . . . ... .. ... ... ... ..
[29.2 Computational Problem 16{ . . . . . . ... .. .. ... ... . 0oL,

107

109

110

113
114

126

129

130

133

30 Linear Photoabsorption Lineshape: A Time Dependent Picturej123
31 Time Dependent Perturbation Theory,

32 Nonlinear (Pump-Probe) Spectroscopy|

33 Pump-Probe Photoelectron Spectroscopy|

34 Direct Photoelectron-Detachment Spectroscopy|

[34.1 Computational Problem 17} . . . . . . ... ... ... .. ... .. ........

Bs _ Exam 2

B51 AnswerKey| . ... ... ... ...

133

135



The R Ion rf Hamiltonian Meth

37 Exam 3|
[37.1 Answer Key| . . . . . . . .

38 Semiclassical Dynamics|

B39 Semiclassical Dynamics in the Gaussian-Hermite Basis|
(39.1 Multidimentional Semiclassical Dynamies| . . . . . . ... ..o 00000
[39.2 Log Derivative Propagation| . . . . . . . ... ... .. L oo
. ormalization of Multidimensional Gaussians| . . . . . . . . .. ... ... ....

40 Solutions to Computational Assignments|

40.20Computational Problem: WTP| . . . . . ... .. ... .. ... ... .......
40.21 Computational Problem 2-level WT| . . . . .. ... ... ... ... ... ....

143

145
145

150



1 Syllabus

The goal of this course is to introduce fundamental concepts of Quantum Mechanics with emphasis
on Quantum Dynamics and its applications to the description of molecular systems and their inter-
actions with electromagnetic radiation. Quantum Mechanics involves a mathematical formulation
and a physical interpretation, establishing the correspondence between the mathematical elements
of the theory (e.g., functions and operators) and the elements of reality (e.g., the observable proper-
ties of real systems). The presentation of the theory will be mostly based on the so-called Orthodox
Interpretation, developed in Copenhagen during the first three decades of the 20th century. How-
ever, other interpretations will be discussed, including the ’pilot-wave’ theory first suggested by
Pierre De Broglie in 1927 and independently rediscovered by David Bohm in the early 1950’s.

Textbooks: The official textbook for this class is:

R1:”Introduction to Quantum Mechanics: A Time-Dependent Perspective” by David J. Tannor
(University Science Books).

However, the lectures will be heavily complemented with material from other textbooks including:
R2: ”Quantum Theory” by David Bohm (Dover),

R3: ”Quantum Physics” by Stephen Gasiorowicz (Wiley),

R4: ”Quantum Mechanics” by Claude Cohen-Tannoudji (Wiley Interscience),

RS: ”Quantum Mechanics” by E. Merzbacher (Wiley),

R6: "Modern Quantum Mechanics” by J. J. Sakurai (Addison Wesley),

All these references are 'on-reserve’ at the Kline science library.

References to specific pages of the textbooks listed above are indicated in the notes as follows:
R1(190) indicates “for more information see Reference 1, Page 190”.

Furthermore, a useful mathematical reference is R. Shankar, Basic Training in Mathematics. A
Fitness Program for Science Students, Plenum Press, New York 1995.

Useful search engines for mathematical and physical concepts can be found at
http://scienceworld.wolfram.com/physics/ and http://mathworld.wolfram.com/

The lecture notes are posted online at: (http://ursula.chem.yale.edu/~batista/classes/v572/v572.pdf)

Grading: There will be no final exam for this class. Midterms will be on February 19 and April
23.

The final grading evaluation is the same for both undergraduate and graduate students:

homework (50%), and three mid-terms (50%).

Homework includes exercises and computational assignments with due dates indicated in the lec-
ture notes.

Contact Information and Office Hours: Office hours will be held at SCL 162 upon
request by the students via email to victor.batista@yale.edu.


http://ursula.chem.yale.edu/~batista/classes/v572/v572.pdf

2 The Fundamental Postulates of Quantum Mechanics

Quantum Mechanics can be formulated in terms of a few postulates (i.e., theoretical principles
based on experimental observations). The goal of this section is to introduce such principles, to-
gether with some mathematical concepts that are necessary for that purpose. To keep the notation
as simple as possible, expressions are written for a 1-dimensional system. The generalization to
many dimensions is usually straightforward.

Postulate 1|: Any system in pure state can be described by a function 1 (t, x), where t is a param-

eter representing the time and x represents the coordinates of the system. Function 1 (t, ) must be
continuous, single valued and square integrable.

Note 1: As a consequence of Postulate 4, we will see that P(t,z) = ¢*(t,x)¢(t, x)dz represents
the probability of finding the system between x and x + dx at time t.

: Any observable (i.e., any measurable property of the system) can be described by
an operator. The operator must be linear and hermitian.

What is an operator ? What is a linear operator ? What is a hermitian operator?

Definition 1: An operator O is a mathematical entity that transforms a function f(x) into another
function g(x) as follows, R4(96)

where f and g are functions of x.

Definition 2: An operator O that represents an observable O is obtained by first writing the clas-
sical expression of such observable in Cartesian coordinates (e.g., O = O(x,p)) and then substi-
tuting the coordinate x in such expression by the coordinate operator & as well as the momentum p
by the momentum operator p = —ihd/0x.

Definition 3: An operator O is linear if and only if (iff),
O(af(x) + bg(x)) = aOf(z) + bOg(x),

where a and b are constants.
Definition 4: An operator O is hermitian iff,

*

[ dsi0um ) = | [ v @100,

where the asterisk represents the complex conjugate of the expression embraced by brackets.
Definition 5: A function ¢,,(x) is an eigenfunction of O iff,

O¢n(x) = Ongbn(x)a



where O,, is a number called eigenvalue.

Property 1: The eigenvalues of a hermitian operator are real.
Proof: Using Definition 4, we obtain

*

/ Az’ (2)O¢y(x) — [ / dxﬁ(x)OAqbn(x)} =0,
therefore,
0, — O] /dxgbn(x)*gbn(x) =0.
Since ¢,,(x) are square integrable functions, then,

O, = O:.

Property 2: Different eigenfunctions of a hermitian operator (i.e., eigenfunctions with different
eigenvalues) are orthogonal (i.e., the scalar product of two different eigenfunctions is equal to
zero). Mathematically, if O¢,, = O,,¢,,, and O¢,,, = O,,, )., with O,, # O,,, then f dz ¢} ¢ = 0.

Proof:
[ 6,06, - [ / dmzé@nr 0,

0, — O] / At by = 0.
Since O,, # Oy, then [ dz¢},¢, = 0.

and

Postulate 3|: The only possible experimental results of a measurement of an observable are the

eigenvalues of the operator that corresponds to such observable.

: The average value of many measurements of an observable O, when the system is
described by function 1 (x), is equal to the expectation value O, which is defined as follows,
5 Ldrit)yOv)
J dwip(w) ()

Postulate 5 :The evolution of 1(x,t) in time is described by the following equation:

. a@D(x ) t) 3
h =H t
i — (e, 0)
where H = —%38—;2 V(x), is the operator associated with the total energy of the system, £ =

=+ V().



Expansion Postulate ‘: R5(15), R4(97)

The eigenfunctions of a linear and hermitian operator form a complete basis set. Therefore,
any function v (z) that is continuous, single valued, and square integrable can be expanded as a
linear combination of eigenfunctions ¢,,(z) of a linear and hermitian operator A as follows,

Y(z) = Z Cd;(z),

where C; are numbers (e.g., complex numbers) called expansion coefficients.
Note that A = 3, C;Cra;, when y(z) = > Cjo;(x),

Aoy(a) = y(o), and [ dody(a)'on(o) = b

This is because the eigenvalues a; are the only possible experimental results of measurements of A
(according to Postulate 3), and the expectation value A is the average value of many measurements
of A when the system is described by the expansion )(z) = 3 ; Cj¢;(z) (Postulate 4). Therefore,
the product C;C7 can be interpreted as the probability weight associated with eigenvalue a; (i.e.,

the probability that the outcome of an observation of A will be a;).

Hilbert-Space

According to the Expansion Postulate (together with Postulate 1), the state of a system described
by the function U(x) can be expanded as a linear combination of eigenfunctions ¢;(z) of a linear
and hermitian operator (e.g., ¥(z) = C1¢1(x) + Capo(x) + ...). Usually, the space defined by
these eigenfunctions (i.e., functions that are continuous, single valued and square integrable) has
an infinite number of dimensions. Such space is called Hilbert-Space in honor to the mathematician
Hilbert who did pioneer work in spaces of infinite dimensionality.R4(94)

A representation of W (z) in such space of functions corresponds to a vector-function,

P2()

Cs

C:1 ¢1()

where C; and C are the projections of W(x) along ¢ (x) and ¢o(z), respectively. All other
components are omitted from the representation because they are orthogonal to the “plane” defined

by ¢1(x) and ¢a(z).



3 Continuous Representations

Certain operators have a continuous spectrum of eigenvalues. For example, the coordinate operator
is one such operator since it satisfies the equation = d(z¢ — x) = xo d(zo — x), where the eigenvalues
xq define a continuum. Delta functions §(zo — x) thus define a continuous representation (the so-
called ’coordinate representation’) for which

v(w) = [ doCd(as — o)

where C,,, = 1(zo), since

/dxé(:c — B)(x) = /d:c/daC’aé(:c —B)d(a—z) =(p).

When combined with postulates 3 and 4, the definition of the expansion coefficients C,,, =
(o) implies that the probability of observing the system with coordinate eigenvalues between z
and xg + dwg is P(xg) = Cy,C}, dxo = 1 (20)1(20)*dxo (S€€ Note 1).

In general, eigenstates ¢(«, z) with a continuum spectrum of eigenvalues « define continuous
representations,

vle) = [ daCudlanz).

with C, = [dz¢(a,x)*)(x). Delta functions and the plane waves are simply two particular
examples of basis sets with continuum spectra.

Note 2: According to the Expansion Postulate, a function /() is uniquely and completely defined
by the coefficients C}, associated with its expansion in a complete set of eigenfunctions ¢;(x).
However, the coefficients of such expansion would be different if the same basis functions ¢;
depended on different coordinates (e.g., ¢;(z’) with 2’ # z). In order to eliminate such ambiguity
in the description it is necessary to introduce the concept of vector-ket space.R4(108)

4 Vector Space

Vector-Ket Space c: The vector-ket space is introduced to represent states in a convenient space
of vectors |¢; >, instead of working in the space of functions ¢;(x). The main difference is that
the coordinate dependence does not need to be specified when working in the vector-ket space.
According to such representation, function 1(z) is the component of vector |i) > associated with
index x (vide infra). Therefore, for any function ¢(z) = >_; C;¢;(z), we can define a ket-vector
|t) > such that,

v >= 2 Cilo; >

The representation of | ¢) > in space ¢ is,

10



|y > Ket-Space ¢

o, | >

4 V|¢1 >

Note that the expansion coefficients C; depend only on the kets | 1); > and not on any specific
vector component. Therefore, the ambiguity mentioned above is removed.

In order to learn how to operate with kets we need to introduce the bra space and the concept of
linear functional. After doing so, this section will be concluded with the description of Postulate
5, and the Continuity Equation.

Linear functionals

A functional x is a mathematical operation that transforms a function () into a number. This
concept is extended to the vector-ket space ¢, as an operation that transforms a vector-ket into a
number as follows,

x(@W(@)) =n, or x(jp>)=n,

where 7 is a number. A [inear functional satisfies the following equation,

x(ay(x) +bf(x)) = ax(¥(z)) + bx(f(x)),

where a and b are constants.
Example: The scalar product,R4(110)

n= [ dov@)o(a),

is an example of a linear functional, since such an operation transforms a function ¢(z) into a
number n. In order to introduce the scalar product of kets, we need to introduce the bra-space.

Bra Space c*: For every ket |¢) > we define a linear functional < v

<Y|(l¢ >) = [ dz*(2)(2).

Note that functional < 1| is linear because the scalar product is a linear functional. Therefore,

, called bra-vector, as follows:

<¢llalg > +b|f >) = a <¥[(l¢ >) +b < P|(|f >).

11



Note: For convenience, we will omit parenthesis so that the notation < |(|¢ >) will be equivalent
to < ©||¢ >. Furthermore, whenever we find two bars next to each other we can merge them into
a single one without changing the meaning of the expression. Therefore,

<Y||p >=<Y[p > .

The space of bra-vectors is called dual space £* simply because given a ket i) >= > y Cjlo; >,
the corresponding bra-vector is < | = ;05 < ¢;|. In analogy to the ket-space, a bra-vector
< 1| is represented in space ¢* according to the following diagram:

< ¢ Dual-Space £*

C; < ¢

where C7 is the projection of < ¢ | along < ¢; |.

Projection Operator and Closure Relation
Given a ket | 1) > in a certain basis set |¢; >,

[ >= Cjle; >, (1)
J
where < ¢g|p; >= ;.

Cy =< gylv > . @)
Substituting Eq. (2) into Eq.(1), we obtain

[ >=> "l >< d;lv > . 3)

From Eq.(3), it is obvious that

Z |9, >< ¢;] =1, Closure Relation
J

where 1 is the identity operator that transforms any ket, or function, into itself.

12



Note that P; = |¢; >< ¢;| is an operator that transforms any vector |¢) > into a vector pointing
in the direction of |¢; > with magnitude < ¢;|¢b >. The operator P; is called the Projection
Operator. It projects |¢; > according to,

Pl >=< ¢j|¢p > |¢; > .

Note that P? = P;, where P? = P;P;. This is true simply because < ¢;|¢; >= 1.

4.1 Exercise 1

Prove that

where [H, Pj] = HP; — P;H.

Continuity Equation

4.2 Exercise 2

Prove that

where i O(a, 1) Ou (2. 1)
* z, xZ,
g (@05 e 200,

In general, for higher dimensional problems, the change in time of probability density, p(x,t) =
*(x,t)(x,t), is equal to minus the divergence of the probability flux j,

j(:L‘,t) =

Ip(x,t)
i RV v
ot .
This is the so-called Continuity Equation. A R R
Note: Remember that given a vector field j, e.g., j(x, y, 2) = ji(x,y, 2)i+j2(x, ¥, 2)1+73(x, y, 2)k,
the divergence of j is defined as the dot product of the “del” operator V = (8%, 5y %) and vector j
as follows: 9i 9i 9i
. J1 J2 J3
Vij=—++—+—+—.
J ox * dy * 0z

5 Digital Grid-Based Representations

The standard formulation of quantum mechanics, presented in previous sections, relies upon the
tools of calculus (e.g., derivatives, integrals, etc.) and involves equations and operations with in-
finitesimal quantities as well as states in Hilbert-space (the infinite dimensional space of functions

13



L?). The equations, however, seldom can be solved analytically. Therefore, computational solu-
tions are necessary. However, computers can not handle infinite spaces since they have only limited
memory. In fact, all they can do is to store and manipulate discrete arrays of numbers. Therefore,
the question is: how can we represent continuum states and operators in the space of memory of
digital computers?

In order to introduce the concept of a grid-representation, we consider the state,

1/4 o ]
\Ijo(l‘) — <%> 6_5(1'—13())2-}—11?0(33—1‘0)’ (4)

which can be expanded in the infinite basis set of delta functions d(x — z’) as follows,

Uo(z) = /dx'c(x')(S(x — ), )

where c(z') = (2/|¥g) = Wo(x'). All expressions are written in atomic units, so i = 1.
A grid-based representation of W (x) can be obtained, in the coordinate range = = (Zin, Tmaz)>
by discretizing Eq. (5)) as follows,

Uy(z) = Ach5(x—mj), (6)
j=1

where the array of numbers ¢; = (z;|V,) represent the state ¥, on a grid of equally spaced coordi-
nates r; = Zpn + (j — 1)A with finite resolution A = (00 — Tinin)/(n — 1).

Note that the grid-based representation, introduced by Eq. (6), can be trivially generalized to
a grid-based representation in the multidimensional space of parameters (e.g., x;, pj, Vj, ... €tc.)
when expanding the target state W () as a linear combination of basis functions (x|z;, p;, ;). with
expansion coefficients as ¢; = (x;, pj, ;| Vo).

5.1 Computational Problem 1

Write a computer program to represent the wave-packet, introduced by Eq. () on a grid of equally
spaced coordinates x; = T, + (j — 1)A with finite resolution A = (200 — Tmin)/(n — 1) and
visualize the output. Choose zy = 0 and py = 0, in the range x=(-20,20), with « = wm, where
m=1andw = 1.

Next, we consider grid-based representations in momentum space:

Wo(p) = (p|¥o). (7)

Inserting the closure relation 1 = [ dz|z) (x| in Eq. , we obtain that

(o] = / da{pla) (a|Wo) = (27) V2 / dre " (2] W), ®)

14



is the Fourier transform of the initial state. The second equality in Eq. (8) was obtained by using:
(alp) = (2m) 72", ©)

which is the eigenstate of the momentum operator p = —iV, with eigenvalue p, since p(z|p) =
plz|p).

The Fourier transform can be computationally implemented in O(Nlog(/N)) steps by using
the Fast Fourier Transform (FFT) algorithm [see, Ch. 12 of Numerical Recipes by W.H. Press,
B.P. Flannery, S.A. Teukolsky and W.T. Vetterling, Cambridge University Press, Cambridge, 1986
[FFT] when (z|W,) is represented on a grid with N = 2™ points (where 7 is an integer). In contrast,
the implementation of the Fourier transform by quadrature integration would require O(N?) steps.

5.2 Computational Problem 2

Write a computer program to represent the initial state, introduced by Eq. (#)), in the momentum
space by applying the FFT algorithm to the grid-based representation generated in Problem 1 and
visualize the output. Represent the wave-packet amplitudes and phases in the range p=(-4,4) and
compare your output with the corresponding values obtained from the analytic Fourier transform
obtained by using:

/dx exp(—asx? + a1z + ag) = \/7/as exp(ag + a2 /(4as)).

Next, we consider the grid-based representation of operators (e.g., Z, p, V (&), and T = p?/(2m))
and learn how these operators act on states represented on grids in coordinate and momentum
spaces. For simplicity, we assume that the potential is Harmonic:

1

V(z) = imuﬂ(i —z)% (10)

Consider first applying the potential energy operator to the initial state, as follows,
V(&) Wo(x) = V(z)Wo(z) = Vo(z). (11)

Since Wy(z) is just another function, Eq. indicates that V() can be represented on the same
grid of coordinates as before (i.e., equally spaced coordinates z; = X, + (j — 1)A, with finite
resolution A = (Zymaz — Tmin)/(n — 1)). Since for each x;, Wo(z;) = V(x;)¥(z;), the operator
V(Z) can be represented just as an array of numbers V' (x;) associated with the grid-points x;, and
its operation on a state is represented on such a grid as a simple multiplication.

5.3 Computational Problem 3

Write a computer program to compute the expectation values of the position z(0) = (V2| Uy)
and the potential energy V' = (Vo|V (z)|¥q), where V (z) is defined according to Eq. for the

15
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initial wave-packet, introduced by Eq. (), with various possible values of x and py, with & = wm,
where m = 1 and w = 1.

Now consider applying the momentum operator, p = —iV/, to the initial state Wy (x) as follows,

G(z) = (z[p|¥o) = —iV¥q(z). (12)

One simple way of implementing this operation, when Wy(z) is represented on a grid of equally
spaced points x; = T + (7 — 1)A, is by computing finite-increment derivatives as follows:

Glay) = _Z.‘I’o(%+1)2—A‘1’o($j—1). (13)

However, for a more general operator (e.g., T = p2/(2m)) this finite increment derivative pro-
cedure becomes complicated. In order to avoid computing finite-increment derivatives, one can
implement an alternative procedure: represent the initial state in momentum-space (by Fourier
transform of the initial state); apply the operator by simple multiplication in momentum space,
then transform the resulting product back to the coordinate representation (by inverse-Fourier trans-
form). This method can be derived by inserting the closure relation 1 = [ dp|p)(p|, in Eq. ,

G(x) = (x|p[¥o) = /dp(ﬂﬂ\ﬁ!m(pl‘lfo) = (2W)_1/2/dp6ipxp<p!\1’o>, (14)

since (p|Wy) is defined, according to Eq. (8)), as the Fourier transform of the initial state. Note that
the second equality of Eq. is obtained by introducing the substitution

(z|p) = (2m) "1/ 2e™P, (15)

While Eq. illustrates the method for the specific operator p, one immediately sees that any
operator which is a function of p (e.g., T' = p?/(2m)) can be analogously applied according to the
Fourier transform procedure.

5.4 Computational Problem 4

Write a computer program to compute the expectation values of the initial momentum p(0) =
(Uo|p|¥y) and the kinetic energy T' = (¥y|p?/(2m)|¥) by using the Fourier transform procedure,
where Uy is the initial wave-packet introduced by Eq. , with g = 0, pp = 0, and a = wm,
where m = 1 and w = 1. Compute the expectation value of the energy E = (Wo|H|¥,), where
H = p%/(2m) + V (&), with V(z) defined according to Eq. and compare your result with the
zero-point energy Ey = w/2.

6 Heisenberg Representation

Most of the problems of interest in Chemistry have equations that are too complicated to be solved
analytically. This observation has been stated by Paul Dirac as follows: The underlying physical

16



laws necessary for the mathematical theory of a large part of Physics and the whole of Chemistry
are thus completed and the difficulty is only that exact application of these laws leads to the equa-
tions much too complicated to be soluble. 1t is, therefore, essential, to introduce numerical and
approximate methods (e.g., perturbation methods and variational methods).

In this section, we describe the matrix representation, introduced by Heisenberg, which is most
useful for numerical methods to solve the eigenvalue problem,R4(124) R3(240)

) = Ejlvy), (16)

for an arbitrary state |1;) of a system (e.g., an atom, or molecule) expanded in a basis set {¢;}, as
follows:

) =Y C7gy), (17)

where Cl(j) = (¢;|1n), and (¢;|¢pr) = J;x. Substituting Eq. into Eq. 1i we obtain:

ZH\@ ¢ = ZEO%
Applying the functional (¢ to both sides of this equation, we obtain:

> (owlH g0 = ZEl (pele;) O, (18)

J

where (¢;|¢;) =0, and k=1,2, .., n
Introducing the notation Hy; = (¢x|H|¢;) we obtain,

(k=1) — [HnC" + HuCP + HuCP + ..+ Hi O™ = ECY + 00 + .. +0C{",
(k=2) — | HyCY + HypC® + HyCP + . 4+ HyO™ = 0CM + ECP + ...+ 00",

(k=n) = {100 + HwCP + HyC + ..+ HyuC" = 000 + 002 + .. + BC™,

(19)
that can be conveniently written in terms of matrices and vectors as follows,
Hy, Hy .. H,][cY B o .. o]lcV
Hy Hy .. Hy| |CP| _|0 E .. 0] |C? 20)
Hnl Hng Hnn C’l(n) 0 0 .. El C’l(n)

This is the Heisenberg representation of the eigenvalue problem introduced by Eq. (I6). According
to the Heisenberg representation, also called matrix representation, the ket |1;) is represented by

the vector Cj, with components C’ = (¢;|¢n), with j = 1, ..., n, and the operator H is represented
by the matrix H with elements H,, = (¢;|H|dx,).

17



The expectation value of the Hamiltonian,

(W] H |1y ZZC“WMHI@) g

can be written in the matrix representation as follows,

Hy Hy ... Hy, C{;
(W Hlwr) = CJHC, = [cM* @ o™ 21 Hay on | | C

Hnl Hn2 Hnn Cl(n)

Note:
(1) It is important to note that according to the matrix representation the ket-vector |1;) is repre-
sented by a column vector with components C’l(j ) = (¢j]1n), and the bra-vector (1| is represented
by a row vector with components Cl(j )
(2) If an operator is hermitian (e.g., H ), it is represented by a hermitian matrix (i.e., a matrix
where any two elements which are symmetric with respect to the principal diagonal are complex
conjugates of each other). The diagonal elements of a hermitian matrix are real numbers, therefore,
its eigenvalues are real.
(3) The eigenvalue problem has a non-trivial solution only when the determinant det/H — iE]
vanishes:

dettH — 1E] =0, where 1 is the unity matrix.

This equation has n roots, which are the eigenvalues of H.
(3) Finally, we note that the matrix of column eigenvectors C satisfy the equation, HC = CE,
where E is the diagonal matrix of eigenvalues:

H11 H12 Hln Cl(l) Cg(l) Tt 07(11) Cl(l) Cg(l) te Cr(zl) E1 0 O
Hy Hy ... Hy| |C? P ... ¢ _ c® c® ... c?Pl|0 By .. 0
(21)

7 Fourier Grid Hamiltonian

The goal of this section is to introduce the Fourier grid Hamiltonian (FGH),

Y AajAp :E ) —X 2
H(j,5') = V() (2|2} Z ka o

2mh
" (22)
AzAp <~ D
(zjr—5)p L'k
= V(x;)d; + onh E h Pk_2m’



as described by Marston and Balint-Kurti [J. Chem. Phys. (1989) 91:3571-3576] . We write the
Hamiltonian as a matrix in the representation of equally spaced delta functions é(xz — x;), with
coordinates

where A, = (Timaz — Tmin)/Ne and j = 1-n,, and momenta p, = Ap(k — n,/2) with Ap =
27 /(Timazr — Tmin). Equation is derived by writing the kinetic energy in the basis of plane

waves, as follows:
~2

(el Tlaj) = (w1l —Ix;),
~2
- / dp / dp’<xl|p'><p’|p—rp><p|:cj>,
/ dp / dp’ 371|P —(W'p){plzs), (24)
A 2
= [avtelp 2ty = 2% / dpeiim L

A:):Ap (w1—2;) pk
2mh Z

since the identity operatoris I = 3 \xj>Ax<:Uj\, in the discretized version of the delta function
representation, and Az (xz;|zy) = ;.

7.1 Computational Problem FGH

Write a program to solve the time independent Schrodinger equation by using the FGH method and
apply it to find the first 5 eigenvalues and eigenfunctions of the particle in the box with m = a = 1.
Compare your numerical and analytical solutions. Modify the potential to obtain the analogous
eigenstates for the Harmonic oscillator introduced by Eq. with m = 1 and w = 1. Verify that
the eigenvalues are E(v) = (1/2 + v)hw, v = 0-4.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/pbox.m) provides a Matlab solution
to the FGH computational assignment.

The link http://ursula.chem.yale.edu/~batista/classes/vvv/M1.pdf provides a Matlab tutorial
with a detailed explanation of the solution to the computational assignment, prepared by Dr. Videla.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/hbox.m) provides the corresponding
Matlab solution to the harmonic well potential.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/2DFGH.tar) provides the correspond-
ing Matlab solution to the 2-dimensional harmonic well potential.

S Variational Theorem

The expectation value of the Hamiltonian, computed with any trial wave function, is always higher
or equal than the energy of the ground state. Mathematically,

19


http://ursula.chem.yale.edu/~batista/classes/v572/fourier_grid_hamiltonian.pdf
http://ursula.chem.yale.edu/~batista/classes/vvv/pbox.m
http://ursula.chem.yale.edu/~batista/classes/vvv/M1.pdf
http://ursula.chem.yale.edu/~batista/classes/vvv/hbox.m
http://ursula.chem.yale.edu/~batista/classes/vvv/hbox.m

< P|HY >> Ey,

where ﬁ¢] = j¢j'
Proof: ¢ = ; Cj®;, where {¢;} is a basis set of orthonormal eigenfunctions of the Hamiltonian
.

<QHW > =) CiC; < ¢|H|d; >,

J k

- Z Z C;CjEjékj,
J k

=Y CCE > E Y CCj
J J

where, >, C7C; = 1.
Variational Approach: Starting with an initial trial wave function 1/ defined by the expansion
coefficients {CJ(O)}, the optimum solution of an arbitrary problem described by the Hamiltonian H

can be obtained by minimizing the expectation value < wlﬁ |1 > with respect to the expansion
coefficients.

Having found the ground state |1)y), we can obtain the first excited state analogously by adding

to the expectation value of the energy a penalty term proportional to the norm of the overlap be-
tween the ground and variational states, (| H|[¢) + ~|(1o|e)|? . Higher energy states |¢,) are
found analogously by minimization of the cost function (¢)|H|¢)) + ~ Z;:& | (o)) 2.
Exercise: Write a program to solve the time independent Schrodinger equation by using the FGH
method in conjunction with the variational theorem and apply it to find the first 5 eigenvalues and
eigenfunctions of the particle in the box with m = a = 1. Compare your numerical and analytical
solutions. Modify the potential to obtain the analogous eigenstates for the Harmonic oscillator
introduced by Egq. withm = 1 and w = 1. Verify that the eigenvalues are E'(v) = (1/2+v)hw,
v = 0-4.

The link (http://ursula.chem.yale.edu/~batista/classes/vvv/VT570.tar) , provides a Matlab im-
plementation of the variational method as applied to the calculation of the ground and excited states
of a harmonic well.

The link http://ursula.chem.yale.edu/~batista/classes/vvv/M2.pdf , provides a detailed descrip-
tion of the solution to the computational assignment, prepared by Dr. Pablo Videla.

9 SOFT Method

The Split-Operator Fourier Transform (SOFT) method is a numerical approach for solving
the time-dependent Schrodinger equation by using grid-based representations of the time-evolving
states and operators. It relies on the previously introduced Fourier transform procedure to apply
operators that are functions of p by simple multiplication of array elements. As an example, we
will illustrate the SOFT algorithm as applied to the propagation of the harmonic oscillator, which
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can also be described analytically as follows:
¥i(o) = [ do'fale e/} (/| W), es)
where the Kernel (z]e~"*|z') is the quantum propagator
—iHt) 1 mw mw 2 2 . /
=,/ —_ h(wit) — 2 . 26
(le™ ') 27rsinh(itw)ex ( 2sinh(wit) (@ + a%)cosh(wit) — 2z ]) (26)

The essence of the method is to discretize the propagation time on a grid ¢, = (k — 1)7, with
k = 1,...,n and time-resolution 7 = ¢/(n — 1), and obtain the wave-packet at the intermediate
times ¢;, by recursively applying Eq. (25)) as follows,

T, (2) = / de (e~ 7|2/ ) (2| U, ). @7)

If 7 is a sufficiently small time-increment (i.e., n is large), the time-evolution operator can be
approximated according to the Trotter expansion to second order accuracy,

e*iHT _ efiV(£)7/2efif)27/(2m)efiV(i“)T/2 + 0(7_3)’ (28)
which separates the propagator into a product of three operators, each of them depending either on
Z, or p.

9.1 Computational Problem 5

Expand the exponential operators in both sides of Eq. (28) and show that the Trotter expansion is
accurate to second order in powers of 7.

Substituting Eq. into Eq. and inserting the closure relation 1 = [ dp|p)(p| gives,

Uy, (2 / dp / da' eV O (g |p)e =TT/ (pla) e~V T2y, (o). (29)

By substituting (p|z’) and (z|p) according to Eqs. (9) and (15), respectively, we obtain:

n 1 A A 1 R,
iy () = 6_’V($)T/2—2 /dpempe_ZpQT/(Qm) o /dx’e_“”j e~V )T/Q‘I’tk (). (30)
V2 V2

According to Eq. (30), then, the computational task necessary to propagate V;(z) for a time-
increment 7 involves the following steps:

1. Represent W;, (2') and e~*V@)7/2 ag arrays of numbers W, (z;) and e~*V(#)7/2 associated

with a grid of equally spaced coordinates z; = %, + (j — 1)A, with finite resolution
A = (Timaz — Tmin)/(n — 1).
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2. Apply the potential energy part of the Trotter expansion e~*V(#)7/2 to U, (2') by simple
multiplication of array elements:

\Tjtk (3:']) = eiiV(mj)T/Q\Dtk (xj) :

3. Fourier transform W,, (x;) to obtain Wy, (p,), and represent the kinetic energy part of the
Trotter expansion e~ *T/(2m) a5 an array of numbers e~#;7/(2m) associated with a grid of

equally spaced momenta p; = j/(Tmaz — Tmin)-

4. Apply the kinetic energy part of the Trotter expansion e~*7/(2m) to the Fourier transform
U,, (p) by simple multiplication of array elements:

Uy, (py) = e H7/CM, (p)).

5. Inverse Fourier transform \T!tk (p;j) to obtain \Tftk (x;) on the grid of equally spaced coordinates
xj .

6. Apply the potential energy part of the Trotter expansion e—*V(#)7/2 to \itk (z') by simple
multiplication of array elements,

\Iltk—O—l (xj) = e_iV(xj)T/Qiltk (:L'])

9.2 Computational Problem 6

Write a computer program that propagates the initial state W,(x) for a single time increment (7 =
0.1 au.). Use g = —2.5, pg = 0, and o« = wm, where m = 1 and w = 1. Implement the SOFT
method for the Hamiltonian H = p?/(2m) + V (&), where V (z) is defined according to Eq. .
Compare the resulting propagated state with the analytic solution obtained by substituting Eq.

into Eq. (29).

9.3 Computational Problem 7

Loop the computer program developed in Problem 5 with 2y = —2.5 and py = 0 for 100 steps with
7 = 0.1 a.u. For each step compute the expectation values of coordinates z(¢) and momenta p(t)
as done in Problems 3 and 4, respectively. Compare your calculations with the analytic solutions
obtained by substituting Eq. (26)) into Eq. (23)). Verify that these correspond to the classical trajec-
tories x(t) = T + (zo — Z)cos(wt) and p(t) = py — (o — &)wm sin(wt), which can be computed
according to the Velocity-Verlet algorithm:

pit1 = p; + (F(z;) + F(241))7/2

31
Tj41 = Tj +pjT/m+F<£L'j)T2/(2m). ( )
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9.4 Computational Problem 8

Change the potential to that of a Morse oscillator V(&) = De(1 —exp(—a(Z — z.)))?, with z, = 0,
De = 8, and a = /k/(2D.), where k = mw?. Recompute the wave-packet propagation with
zro = —0.5 and pg = 0 for 100 steps with 7 = 0.1 a.u., and compare the expectation values x(t)
and p(t) with the corresponding classical trajectories obtained by recursively applying the Velocity-
Verlet algorithm.

9.5 Computational Problem 9

Simulate the propagation of a wave-packet with xy = —5.5 and initial momentum p, = 2 colliding
with a barrier potential V' (z) = 3, if abs(z) < 0.5, and V(x) = 0, otherwise. Hint: In order
to avoid artificial recurrences you might need to add an absorbing imaginary potential V,(z) =
i(abs(x) — 10)4, if abs(z) > 10, and V,(z) = 0, otherwise.

9.6 Imaginary time propagation

Note that with the variable substitution 7 — —it, with real ¢, the time evolution operator be-
comes a decaying exponential e~*/" that reduces the amplitude of the initial wavepacket W (z) =

>_; ¢jo;(), as follows:

\Ijt(.flf) _ e*iH‘F/h\IfO(:L.) _ Z Cj@iEjt¢j (3;')’ (32)
J

where Ho,(x) = E;¢;(x). Terms with higher F; are reduced more than those with smaller £;. Af-
ter renormalizing the resulting wavefunction ¥, () (by dividing it by the square root of its norm),
we get a state enriched with low energy components. The imaginary time propagation and renor-
malization procedure can be repeated several times until the function stops changing since it com-
posed solely by the ground state ¢,(x), after removal of all other components (of higher energies)
at a faster rate.

Having found ¢, we can proceed to find ¢; as done for ¢y but including orthogonalization
relative to ¢g, Vi (x) — Wi(x) — (¢ V) do(z), after each propagation step, right before renormal-
ization. Higher energy states are found analogously, by orthogonalization of the propagated state
relative to all previously found eigenstates.

9.7 Ehrenfest Dynamics

The goal of this section is to show that the expectation values () = (¢|2]¢)) and (p) = (V|p|e))
are conjugate variables in the sense that they evolve according to the classical equations of motion
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(i.e., Hamilton’s equaitons):

d . OH
E<%43J
_»
m’ (33)
d OH
E@%=%a£>
= _<V,>7

where H = $%/2m+V (z). This remarkable result, introduced by Eq. , is known as Ehrenfest’s
theorem and can be demonstrated, as follows.
First, we show that since 1) evolves according to the Schrodinger equation:

Loy o

zha = H1, (34)
then p

(p) = m—(2). (35)

Using integration by parts, we obtain:

() = ~ih(u |14,
Dl + ),
8 fulelt-]

2
:m/jdx,

j
= — —d
m/xax T,

where the current j = —% [ *g—f — @D%] satisfies the continuity equation,

+”
(36)

d . dj
U5 =0. (37)
Therefore,
N d .,
:m%/¢m¢m, (38)
d .
—mE@).
24



Next, we show that

d
~(p) = —(V' 39
by substituting Eq. (314) into Eq. (36) and integrating by parts, as follows:

d d [ ,
Sy =m— mdxj,
iho[° [dyroy
) _oodx{dt or "V orat ~ dt ow

Iy o dyp oY* dy* Oy
—”L/_ dm[aax 7 a_]

A

o dy  dip O* _¢gdw*}
Ox dt

o0

(40)
B e’} h2 @2¢ aw* ad)*
- /_OO d {_% 522 0r ' Vs +C'C']
B &0 h? 0 (o oy* o™ L oY
= [ [‘%a_w (a_ o1 ) *V(w ot a_)} ’
[ o Lo
—/Oode (¢ oz Y 89&) ’
since g—f% = (0 when evaluated at © = +o00. Therefore,
d, .. < oYt
oo Ox

9.8 Exercise: Analytical versus SOFT Propagation

1. Write a code to simulate the SOFT propagation of a wavepacket bouncing back and forth on a
harmonic well, as described by the Hamiltonian H = p?/(2*m) + V(z), withm = 1 and V (x) =
0.5 * 22 after initializing the state according to the ground state displaced from its equilibrium
position, as follows: ¥ (z,0) = exp(—(x — 1)?/2) /.

2. Compute the first 5 eigenvalues F,, and eigenstates ®,, with n =1-5 of the harmonic oscillator
by using imaginary time propagation.

3. Compare the quantum dynamics simulation based on the SOFT method to the corresponding
simulation based on the superposition of the first 5 eigenstates). Note that both methods agree
with each other, although the SOFT method by-passes the need of computing the eigenvalues and
eigenfunctions of the Hamiltonian.

Solution:The link (http://ursula.chem.yale.edu/~batista/classes/vvv/HO570.tar) provides a Matlab
implementation of the SOFT method to the simulation of evolution of a wavepacket in a harmonic
well in real time, as solved for Exercise 5. In addition, the Matlab code implements the SOFT
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propagation method to find the lowest 5 eigenstates of the harmonic oscillator by ‘evolution’ in
imaginary time.

9.9 Exercise: Real and Imaginary Time Evolution

1. Write a Matlab code to simulate the evolution of a wavepacket bouncing back and forth on a
harmonic well, described by the Hamiltonian H = p?/(2 * m) + V(x), with V(z) = 0.5 % 22
after initializing the state according to the ground state displaced from its equilibrium position, as
follows: ¥(x,0) = exp(—(z — 1)?/2) /.

2. Compute the expectation values of position and momentum as a function of time x(¢) and
p(t) and compare them to the corresponding classical values obtained by integrating Hamilton’s
equation with the Velocity-Verlet algorithm:

Piv1 = pj + (F(x;) + F(xj41))7/2,
i1 = xj+pym/m+ F(x)7°/(2m),
with zy = 1 and py = 0 the initial position and momentum of the harmonic oscillator and z; and
p; the position and momentum at time ¢ = j * 7, while F(z;) = —V'(z;) = —x;.
3. Compute the expectation values of position and momentum as a function of time z(t) and
p(t) and compare them to the Ehrenfest trajectory obtained by integrating Hamilton’s equation,
using mean force:

(42)

(Pi1 = (0)j + (F(2)); + (F(2))+1)7/2,
(@) 41 = (@) + D)y /m+ (F(2));7°/(2m),
with ()¢ = 1 and (p)o = O the initial position and momentum of the harmonic oscillator and (z)

(43)

and (p); the mean position and momentum at time ¢ = j* 7, while (F'(z)); = —(V'(z)); = —(x);.
4. Find the ground state of the harmonic well by propagating the wavepacket in imaginary
time (i.e., using the propagation time increment 7 = —:t, with real ¢) and renormalizing the wave

function after each propagation step.

5. Find the first excited state of the harmonic well by propagating the wavepacket in imaginary
time (i.e., using the propagation time increment 7 = —it, with real t), projecting out the ground
state component and renormalizing the wave function after each propagation step.

6. Find the first 9 excited states, iteratively, by imaginary time propagation as in item 4, pro-
jecting out lower energy states and renormalizing after each propagation step.

7. Change the potential to that of a Morse oscillator V (z) = De(1 — exp(—a(x — z.)))?, with
r, =0,D, =8,and a = \/k/(2D.), where k = mw?. Recompute the wave-packet propagation
with o = —0.5 and py = 0 for 100 steps with 7 = 0.1 a.u. Compare the expectation values
x(t) and p(t) to the corresponding classical and Ehrenfest trajectories obtained according to the
Velocity-Verlet algorithm.

Solution:The link (http://ursula.chem.yale.edu/~batista/classes/vvv/HO570.tar) provides a Matlab
implementation of the SOFT method as applied to the simulation of evolution of a wavepacket in a
harmonic well in real time. In addition, the Matlab code implements the SOFT propagation method
to find the lowest 10 eigenstates of the harmonic oscillator by ‘evolution’ in imaginary time.
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10 SOFT Propagation on Multiple Surfaces

The goal of this section is to generalize the implementation of the SOFT method to the de-
scription of quantum dynamics on multiple coupled potential energy surfaces.
To keep the presentation as simple as possible, we consider a molecule with two-coupled elec-
tronic states described by the Hamiltonian,

H=p%/(2m)+V, (44)

where V = Vj + Vo, with Vo = Vi(%)[1)(1] + Va(%)[2) (2] and V. = Vo(%)[1)(2] + Ve(%)|2)(1].
The computational task ahead is to implement the SOFT method to compute the time-dependent
wave-packet
(W (1)) = @15 1)[1) + pa(x51)[2), (45)

given the initial conditions ¢4 (x; 0) and ¢5(x; 0) , where ¢4 (x; t) and 2 (x; t) are the time-dependent
nuclear wave-packet components associated with the electronic states |1) and |2), respectively.
Note that here the main challenges are that Vj and V, do not commute, |¥(x;¢)) involves two
wave-packet components and H is a 2 x 2 matrix in the basis of |1) and |2).

A simple approach for propagating ¢;(x;t) and ps(x;t) involves the embedded form of the
Trotter expansion,

52
7 P
2m

N 2 52
» 2 P2
iH2T BmTe ZV(X)QT6 i

e ~ e 'zm am’ X~ e~

Te_ivo(,z)Te_ch(ﬂ)QTe—iVo(5{)7—6—1'%7'7 (46)

which can be implemented in the basis of |1) and |2) according to the following steps:

» Step [I]. Apply the kinetic energy part of the Trotter expansion to both wave-packet compo-
nents ¢ (x; ) and o(x; t) for time 7, as follows,

( pi(xit+7) ) (e 0 ( p1(x: ) ) | 47)
©h(x;t +7) 0 e ihnT Pa(x;t)
* Step [II]. Mix the two wave-packet components ¢! (x;¢ + 7) and ¢} (x; ¢ + 7),
pr(x;t+7) pr(x;t+7)
=M 4
(Qeiaingt et 7)) @
with
—iE1(z)T 0
_r-1( €

where E(z) and Fy(x) are the eigenvalues of the potential energy matrix V' =V, + V, and
L the matrix of column eigenvectors in the basis of diabatic states |1) and |2). Eigenvalues
and eigenvectors of a symmetric matrix can be obtained by using the subroutines TRED?2,
TQLI and EIGSRT, as described in Numerical Recipes (Ch. 11, Numerical Recipes).
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While this is a general procedure, the specific case of interest involves a 2 x 2 Hermitian

matrix V', for which the matrix M can be found analytically,

M e—ivl(&)zTCOS(QVC(f{)T) —i sin(2V,(X)7) e—i(VL(R)+V2(%))T
—i sin(2V,(x)7) e (TR cos(2V,(x)7) e~ V2227

) . (50)

* Step [III]. Propagate ¢} (x;t + 7) and @5 (x;t + 7) for time 7, according to the free-particle

propagator, by applying the kinetic energy part of the Trotter expansion:

2
pr(xit+2r) \ _ (et 0 ei(x;t+7)
pa(x; 1+ 27) 0 et ph(x;t+7)

(5D

In practice, however, step [III] is combined with step [I] of the next propagation time-slice for all

but the last propagation time-increment.

10.1 Problem 10
(a) Derive Eq. (50)) by considering that,

i i 6ch(x)2‘r 0
e~ iVe2 :DT< 0 V(o2 D,

(&
with
b_pi( "UVZ V2 |

V2 1/V2

since 1
e VI = 1 (<iV27) o i (—iVe2r)
and (x) (x)
Vo= (i 00 ) =P (TR i )P

with DDT = 1.

10.2 Problem 11

Derive Eq. by writing the matrix V" in the basis of adiabatic eigenstates

¢1(z) = Li(z)|1) + Lar(2)2),
Ga(x) = Lia(z)|1) + Laa(z)|2),

with eigenvalues Fi(x) and Fs(x), respectively. Then, using the expansion

, 1
e~V =1 4 (—iV2r) + 5(—NQT)2 + .
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show that in the adiabatic representation

Vo e~ 1B (z)27 0

Finally, show that the diagonal matrix introduced by Eq. can be rotated to the representation
of diabatic states |1), |2) according to the similarity transformation

—iE1 (z)T 0
—1 €
L ( 0 B ) L. (59)

10.3 Computational Problem 12

(a) Write a computer program to implement the SOFT approach described in this section, where
step [II] is numerically computed according to Eq. (#9). Propagate |¥(x;t)) = ¢1(x;1)[1) +
©a(x;1)]2), where 1 (x;0) = ¢1(x;0) = ¥o(z) and ¥o(z) as defined in Eq. (#). Use zy = —2.2,
po =0, m =1, w = 1 and two coupled potential energy surfaces described by the potential energy

matrix
_( Vilz) ¢
=l ) &

where § = 0.3, Vi(z) = mw?(z — 7)?/2 and Va(z) = —22/2 + 2*/22; (b) Propagate ¥ (x; 1)
according to the potential energy matrix introduced by Eq. (60), with 6 = 0 and compare your
results with those obtained in item (a).

(c)Testing Marcus theory: Rerun your code for a system of two coupled displaced harmonic
oscillators described by the 2 x 2 potential energy matrix given in item (a), with m = 100, w = 0.01
and coupling 6 = H;; = 0.1w, with V3 (z) = mw?z?/2, and Va(z) = mw?(z — 72)?/2 — AE with
Ty = \/2X/(mw?), where A = 36w. Initiate the wavepacket in the ground vibrational state |v) of
V1 and compute the population of the product state P»(1) = (p2|p2) at time corresponding to half
a period, t1/, = 7/w, to estimate the rate of electron transfer as xo(AE) = P»(v)/t1/2. Repeat
the calculation for initial states |v;), with j =0-30, and estimate the thermal rate at § = 20 as the
Boltzmann average k(AE) = Z7' Y222 kj(AE)exp(—Bhw(; + v;)), with the partition function
Z=37, exp(—pBhw(5+v;)). Compare £(AE) as a function of AE =0-5) to the corresponding
rates given by Marcus theory x(AE) = |H,;|*\/7 3/ exp(—BE,(AE)) where E,(AE) = (A —
AFE)?/(4.0)).

Solution:The link (here) provides a Matlab solution of item (c).

11 Path Integrals: Thermal Correlation Functions

The goal of this section is to show how to compute thermal correlation functions C(¢) for systems
where quantum mechanical effects are important. For comparisons, classical thermal correlation
functions can be computed by propagating Hamilton’s equations according to the Velocity-Verlet
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algorithm. Coordinates and momenta ¢(¢) and p(t) are propagated for a sufficiently long trajectory
and correlation functions are obtained as follows:

C(t) = (A0)B(1)) = : /T dt’ Aq(t'), p(")) B(q(t' + 1), p(t' + 1)), (61)

T Jo

where A(0) and B(t) represent the quantities of interest at time 0 and t, respectively. [}
The quantum mechanical expression of C(t) is,

C(t) = Tr[pAB(t)), (62)

where p = 7 _Alexp(— BH) is the density operator and the operators A and B(t) are defined so that
A(0) = (Wo|A|Wg) is the expectation value of A at ¢ = 0 and

B(t) = (Wo| B(t)|Wo) = (Uo|e@DH Be= /M gy (63)

is the expectation value of B at time t when the system is initially prepared in state | V) and evolves
according to the Hamiltonian, R )
H=7p*/2m)+V, (64)

as follows: |W;) = e~ /WAL, Note that B(t) = e(/MHt Be~(i/NAt ig the Heisenberg operator
associated with quantity 5.
Thermal correlation functions can therefore be expressed as,

C(t) = Z_lTr[e_ﬁﬁﬁe(i/h)ﬁtée_(i/h)ﬁt], (65)
an expression that can be re-written in coordinate representation as follows:

C(t) = Z_lfdxfdx’fdx”fdx”’fdx””<x|e_5ﬁ|x’><x’|121\x”><x”|e(i/h)ﬁt|x”’>

> —(i/R)H (66)
<$W‘B’$””> (x””\e (/}‘,)Ht’$>'

Note that in order to compute C'(¢) it is necessary to obtain expressions for the Boltzmann opera-
tor matrix elements (z|e~#|2') as well as for the forward and backward time-evolution operator
matrix elements (z|e~(/MAt|2/) and (z]e/MH|2!), respectively.

In order to obtain an expression of the matrix elements of the Boltzmann operator, we express
the exponential operator as a product of a large number n of exponential operators,

(wole ™ |2,) = (wole™Te M e~ |z,,), (67)

where € = 5/n << 1. Inserting the closure relation in between exponential operators we obtain,

(ol |z) = / d... / A0+ (zole ). (nale~H ) = [ / ds (x5 e |z).
j=1
(68)

Note that calculations of C (t) provide a description of any equilibrium property, (A), when B=1,or dynamical
ensemble average (B(t)), when A = 1, respectively
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The high-temperature Boltzmann operator e~ can be written in the form of the Trotter expan-
sion, ) ) )
efeH ~ efeV/2ef€ﬁ2/(2m)€feV/2’ (69)

to second order accuracy.
Therefore matrix elements of the Boltzmann operator at high-temperature can be obtained as
follows:

(zole™|ay) = / df"/ dp/ da / dp! (wole™V2|2") (' |p') (0| e~ P/ |p) (p| ) el eV /2| ),

(70)
where 1 |
z|p) = e%rp, a0
(z|p) NeTT
since )
~if—(olp) = plalp). .
Furthermore, A
(ale™"Plaf) = e=VOP5(w — o). (73)
Therefore,
(wole™Ma1) = 32 [da [dp [ da’ [ dp'e™V@)/25(a" — mo)ehs'® e/ 2m)5(p — p) 74
eii;bmp&(x ) —eV(z1) /2 ( )
which gives,
(wole=<H|a1) = %:Le 5[V(20)+V (21)] / dpe "/ 2m)+i (zo—z0)p. 75)
or,
2
Ay L eV [T —dm[Em] e y
(wole™ ) 27The 27T6h26 : (76)

Matrix elements of the Boltzmann operator at finite-temperature can be obtained by substituting

Eq. into Eq. (68):

(zole™|y) = / da, .. / e e A RS ()

meh?

where w = 1/(h+/€). Note that the r.h.s of Eq. corresponds to the partition function of a chain
of n-harmonic oscillators with cordinates z; under the influence of an external potential V'(z;).
Each chain of harmonic oscillators describes a path from z to z,,.

The multidimentional integral, introduced by Eq. (77), can be computed by importance sam-
pling Monte Carlo by sampling sets of coordinates 1, ..., ,,—; with sampling functions defined by
the Gaussians associated with the linked harmonic oscillators. Such a computational approach for
obtaining thermal equilibrium density matrices is called Path Integral Monte Carlo.
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11.1 Exercise 13

Compute (zo|e#H|z,,) for the Harmonic oscillator defined by the Hamiltonian

. H2 1
= 2p—m + e, (78)

by using the Path Integral Monte Carlo method, with n = 2,4, 6,8 and 10 and show that for larger
values of n the calculation converges to the analytic expression:

mwmw:¢%m$%m$w(§%ﬁ%ﬁﬂw+wmmwm—mﬂ) (79)

which in the free particle limit (w — 0) becomes

<I|e*5ﬁ|x/> — /#Wexp <_2;;i2 [(x — x’)ﬂ) ’ (80)

since sinh(Shw) — fhw and cosh(fhw) — 1.

Matrix elements of the time-evolution operator e~ #'* can be obtained by following the same
methodology implemented for the Boltzmann matrix e~* HT We first introduce the variable substi-
tution € = i7/h in Eq. (76)) and we obtain the short-time propagator as follows:

i(ilm, (e=a’) 2fle V(] |
(e #17|2") = \ 5mpim n; eh(g (=) v @vien) . 81)
whit

Then, we concatenate the short-time propagators introduced by Eq. (81) and we obtain the finite-
time propagator,

2
n/2 i(zﬂ_ 1| =D 1W<xv>+v<x<1>1>r
(x0|e_ﬁHt|xn>:/dxl.../dxn_1< m ) RO | vy, , (82)

2mhiT
which in the limit when 7 — 0 and n — oo with ¢ = n7 becomes,
(wole™ #Mt)z,) = / D (t)]er ), (83)

where S.(t) is the classical action associated with the arbitrary trajectory z(t),

&ﬁ@zﬂfﬁ Em(§@@)34«awj, (84)

and ©|[x(t)] is defined as follows,

[ oleisen= [ o o (G5)" rew), (85)

representing the integral over all paths z(t) from z; to x,,, with intermediate coordinates 1, o, ..., T,
at times 7, 27, ..., (n — 1)7, respectively.
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11.2 Ring Polymer Implementation

An alternative expression for the matrix elements of the Boltzmann operator can be obtained by
introducing into Eq. (/7)) the following substitution:

m 1/2 B 761772'
(2776712) = ()™ / dpje™ 7, (86)
as follows:
2
X o
<x0]e—5H!xn = /dpl.-./dpne_ezj—lzi
37)
/ /dxnleezgl:l V(xj)+%mw2(ggjijil)2’
to obtain

<x0|e_ﬁg|xn) = (27rh)_"/dx1.../dxn_1/dpl.../dpn e_EH”("EO;xn’pn), (88)

where H,, is the n-bead polymer Hamiltonian
n n 1
H,(x¢;x",p") = Z _T]n + V(z;) + §mw2(xj —x;4)% (89)

and

7 = / dzq / A6 (20 — ) (ol |2,)

(90)
= (et [ [ g Sy — e e,

This section was prepared by Kenneth Jung.
The discrete path integral representation of the partition function is given (in units of 7 = 1) by

N/2
J = (QWB) /dxl/dxg /d:):Nexp{ 5NZ —mwi (Tj41 — j)2+V(xj)}
N/2
_ (w) / i, / 0z - / d e o) o)

where NV is the number of imaginary time slices (also referred to as beads) used to construct the
path, By = B/N, wy = 1/By and V () is the external potential. The second line was introduced
to make the expression resemble a classical configuration integral. It is important to note that the
path integral representation in Eq. (91) is cyclic and exact in the limit as N — oo.
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Thermal expectation values can be similarly written in a path integral form by path integral
discretizing the expression

(Ay="Tr [e_ﬂﬁfl} /Tr [G_BH:| = %Tr [e_ﬁﬁfq , (92)

to get

N/2
<A> N (277'/8) /dxl/dx2 /d'rNe AU, AN(xlv'er xN)J (93)

N
An(zr, @, an) = Y Alzy), (94)
=1

where

is the bead averaged observable. Eq. is also exact in the limit as N — oo and relies on the
assumption that the operator A is a function of the position operator. A similar expression can also
be found for cases where A is solely a function of the momentum operator.

Path integral Monte Carlo (PIMC) gives a way to evaluate Eq. (93) using standard sampling
techniques to generate paths (which are commonly referred to as polymer configurations). A matlab
implementation of a basic PIMC algorithm for computing the average energy of a 1-D harmonic
oscillator can be found here . Before running the code:

(1) Derive the expression for the average energy of a harmonic oscillator using the standard
definition of the partition function.

(2) Take the classical limit (3 — 0) and see that it agrees with the equipartition theorem.

Now run the code with the default parameters and compare the PIMC result of the average energy
to the analytic expressions obtained. Then change the temperature 3 from 2.0 to 8.0 and rerun the
code. Why doesn’t the result agree at this lower temperature? Try to interpret this in terms of paths
and configurations. How can this be fixed?

12 SOFT Computations of Thermal Correlation Functions
The goal of this section is to introduce a generalization of the SOFT method for the description
of thermal-equilibrium density matrices, finite-temperature time-dependent expectation values and

time-correlation functions. Thermal correlation functions C'(¢) can be obtained according to the
following symmetrized form of Eq. (63)):

_1/dx/dx'/dx"<x|e_§H°|X’)A(x’)<X/|eiH1tBe_iﬁ1t|x"><X”|e_§H°|x>. (95)
The computational task necessary to obtain C'(t ( ), according to Eq. (95)), requires obtaining the ma-

trix elements A(x’)(x[e” 2H0|x) and (x"|e” 2H0|x> and the subsequent real-time propagation for
time t, according to H,. The matrix elements are computed, as described below by imaginary-time
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integration of the Bloch equation according to H,. The extension of the SOFT method, intro-
duced in this section, involves the numerically exact treatment of both the real- and imaginary-time
propagation steps as described below for the imaginary-time propagation. The real-time propaga-
tion is analogously performed by simply implementing the variable transformation 5 — —it from
imaginary to real time.

The Boltzmann-operator matrix-elements are obtained by solving the Bloch equation,

0 1
{55~ gm Vx T Vool x5 6) =0, (96)

for p(x,x’; ) = (x]e‘5ﬁ0|x’ ) subject to the initial condition given by the high-temperature ap-
proximation,
plx,3¢30) = ()7 00l e o7
Y 7 27TE 7

where ¢ defines a sufficiently high temperature 7" = 1/(kge).
Equation (96)) is formally integrated as follows,

p(x,x: B) = / dxp(x, X" B — )p(x", X ), (98)

where the propagator p(x,x"; 5 —€) = <x]e_(5_6)ﬁo|x” ) is imaginary-time sliced by repeatedly
inserting the resolution of identity,

= [ ax) 99)
yielding,
(e~ (B oy — / X 1o / iy (x|e= 0, ). (3 |e= 0 ") (100)
where 7 = —i( — €)/s is a sufficiently thin imaginary-time slice.

Each finite-time propagator, introduced by Eq. (100), is approximated for sufficiently small
imaginary-time slices 7 by the Trotter expansion to second-order accuracy,
—1 HOT

. s o=t ORIT/2 =i B =i Vo(R)7/2. (101)

12.1 Computational Problem 14

Item (A): Generalize your program developed in Problem 6 to perform 1-dimensional wavepacket
propagation of a state WU(z, 2’; t) that depends parametrically on z'.

Item (B): Make the variable substitution 5 = it/h and use your program to propagate the
density matrix of a particle in a harmonic potential from a high-temperature 7; to a final temperature
Ty.
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Item (C): Compare the density of states P(z;3) = Z 'p(x,z;3), obtained in (B) at 3; =
1/(kgT;) and By = 1/(kgTy), to the corresponding analytic expressions given by Eq. at T;
and T, respectively.

Item (D): Compare the density of states P(x;3) = Z 'p(x,x;[3), obtained in (B) at 3; =
1/(kgT;) and B = 1/(kpTy), to the corresponding classical expression P.(z; ) = Z texp(—LV (x)).
Item (E): Repeat items (B)—(D) for the double-well potential and analyze the importance of

quantum effects, such as tunneling, at high and low temperature.

It is important to note that a problem requiring O(l) grid points for an accurate propagation
of the state in 1-dimension, requires O(I") points for the solution of a similar problem in N-
dimensions. Therefore, the applicability of the grid-based SOFT method in full-rank representa-
tion is limited to systems with very few degrees of freedom since both the storage and manipu-
lation of multidimensional grids is prohibited for other than very small values of [ and N. This
problem, however, can be partially overcome by using compact coherent state representations as
implemented in the MP/SOFT approach/ [and here] or low-rank decomposition methods as imple-
mented in tensor train representations.

12.2 Relation of Kubo Transforms to standard TCF’s

This section was contributed by Kenneth Jung

There exists a general relationship of Kubo correlation functions to standard correlation func-
tions through Fourier space which can be found by working in the energy representation of the
Kubo transform.

Caplt) = —tr [e—ﬁﬁA(O)é(t)}

tr [e’ﬁﬁfl(())eim/hé(O)e’mt/h}

NN

=~ > (e A0) [m) (m]| ™ B0)e " ) (102)

n,m

1 ) )
_ E Z e—BEnAnmezEmt/thne—zEnt/ﬁ
n,m

_ % S e BngilBnBiln g B,

where A, = (n| A|m) and B,,, = (m| B|n). This provides a straightforward way to evaluate
the correlation function if the Hamiltonian can be efficiently diagonalized. Next we will Fourier
transform the correlation function to obtain
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OAB(w) = /dte_MtCAB(t)

_ % /dteiwt Z 67’8E”6i(Em7En)t/hAntmn
1 "

= 22 ¢ A B / dte ™! ! Fm=En)t/h (103)
1

= - > e Ay Bl [w — (B — E,)]

Next we will evaluate the Kubo form in the eigen basis

1 [P . -
KAB(t) = Z_ﬂ/o dMtr [e_(ﬁ—/\)HA(O)e—/\HB(t)}
1 ﬁ 3 N 3 e A P
= -3 dMt —(B=NH f () e~ M ciHt/h 3(()) o iHt/h
Zﬁ/o rle (0)e e B(0)e 1
B - o )
= _Zlﬂ / d}\z (n\ 6_(18—)\)HA(0) |m> <m| e—)\Heth/ﬁB<0)e—2Ht/ﬁ |TL>
0 n.m

B
— Ziﬁ / d\ Z 6—(,3—)\)En Anme—)\EmeiEmt/ﬁane—iEnt/ﬁ (104)
0

B
_ ZL@ Z/ d)\e)\(En—Em)e—BEnez‘(Em—En)t/hAntmn

6/8 En Em) _ 1

Zﬁz (E, — E,)
1—e" B(Em—En)
_ Z@Z

and again we Fourier transform to get

efﬁEnei(Emen)t/hAnt

e—ﬁEnei(Em—En)t/hAnt

f(AB(w) = /dte_mKAB(t)
1 1 — e AEn—En)
B Z_ﬁ Z (Em - En)
1 — ¢ B(Em—En)

1

G,BEnAntmn/dteiwtei(EmEn)t/h

e PEn A By [w — (B — E)) (105)

37



If we compare this result with the Fourier transform of the normal TCF and rename (E,, — E,,) as
hw we see that the Kubo TCF and the normal TCF are related through their Fourier transforms as

Bho -

OAB(W) = WKAB(W) (106)

12.3 Rates from two-point correlation functions

The goal of this section is to introduce the flux-flux, flux-side and side-side correlation functions
Cy, Uy s and Cs, respectively, and to show how to use them to compute the rate of a chemical reac-
tion k(T') correctly and directly (i.e., without approximations and without computing intermediate
quantities), as shown by Bill Miller, as follows:

k(T)—Z‘l/ dtCy(t),
0

_ 71y

=77 lim G (1),

(107)

where § = (kpT)~" is the inverse temperature T and Z = T'r[exp(— 3 H )] is the canonical partition
function when the system is described by the Hamiltonian,

H=p?/(2m) 4+ V(z). (108)

The flux-flux correlation function C' is defined as the time-derivative of the flux-side correlation
function C 4, as follows:

= Tr[e’ggﬁefgﬁe%mﬁe’%m], (109)

= —T'r’[engFenge%ch(:c — s)e’%m] = %Cﬂs(t),
with t, = t — ih/3/2, while C}  is the time derivative of the side-side correlation function Cj, as
shown later in this section. Note that the second line of Eq. (107) simply states that C's s(0) = 0
when the system is initially a reactant since lim, o Trle~ 28 Fe~2Heillth(z — s)e~#11t] = 0.
Here, F is the flux operator for reactants transforming into products as they cross a dividing
surface placed at x = s in configurational space (i.e., F gives the number of molecules crossing
per unit time the surface separating reactants and products).
As shown in the last line of Eq. , the Heisenberg flux operator FH = enfltfe—iHt jg
the time derivative of the Heisenberg projection operator h (z — s) = eith(x — s)e~# 1", with
h(z —s) = 1 when z > s and h(z — s) = 0, otherwise. Note that Tr[ph*!] gives the product
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population at time ¢, therefore its time derivative defines the flux, as follows:

Cb‘
T
T
®
Stle
|
@
Sl
5)
=
&
N
®
St
=

= _[Hu hH<x - S)]7 (110)

Substituting the Hamiltonian, introduced by Eq. (I08)), into Eq. (IT1]), we obtain:

- /) .9 B
- th[p ,h([L‘ S)]a

l

= h_Q_m(?[A’ Wz = )] + [p, h(x—S)]ﬁ? o
= 5 (Zipta =9+ bt )12 ), o
= % <%6(w —5)+0(x — s)%) :

where we have substituted [p, h(z—s)| = —ih (dh 29 4 h(z — )L — h(z - S)d(i«> with dh(r s) _

5z — s).

Note that the expectation value of the flux, is the current j(z) at x = s:

WIFI) = 2 (lal8(e - o)) + (wate - 5)151v)).
ih o o
— o (~(GH18te — 90 + (w5t - 15 )

2m (112)
(5 0(5) () (5)
— j(s).
To show that Eq. makes sense, we first note that according to Eq. (I09),
Crs(t) =Trle gAlffﬂe_gge%mh(x—s)e_%m}, (113)
and according to Eq. (107),
kT) =21 tlggo Tr[e_gﬁﬁe_gﬁe%mh(x — s)e_%ﬁt]. (114)



Furthermore, we show below that

ot —iht _ ot —1Ht
}E?oeh h(x — s)e n tlggoeﬁ h(p)e™n", (115)

SO

K(T) = 27" lim Trle —5H fro=SH i Htp (p)e= i Y, (116)
Now, using the cyclic permutation we get
K(T) = 27" lim TrFe 28 eifltp(p)eilte2H], (117)
and using that e=PH/2¢iHt/h — ilit/he=BH/2 e oet
KT)=2"" lim Tr(Ferfte=2H p(p)e~ 2l et (118)
Introducing G5 = efgﬁh(ﬁ)efgﬁ, we obtain
kKT)=2" lim Tr[Eerf'Gae 771, (119)
which according to Eq. (ITT), gives
Z-1 S
k(T) = o tlgcr}o Trpo(xz — s)e HtGge g ] + Tr[§(z — s)per' G et (120)

Using the fact that Gﬁ = e3H h(p)e™ 7 is Hermitian (ie., Gﬁ GT with { representing the
adjoint, or complex conjugate), we obtain:

Z-1 o ;

W(T) = 5 i Trle HI G a1 1S (2 — $)pI* + Tr(o(x — s)pei M Gpe i1,
7! o

" om tlggo Trio(z - S)ﬁeh Gﬁe g ] + Tr[é(z — s)ﬁeﬁHtGﬂe—ﬁHtL

=17 . £ %1‘:[15A —if
=7 tllgloRe{Tr[é(x s)mef Gge n"'},

! (121)
=17 . £ _Bg _Bg
=7 tlggoRe{Tr[(S(:v s)me 27 Pe 2]},
= Z_lRe{Tr[e_ﬁﬁé(x — 5)275]},
m
= Re{Tr[pd(x — 5)275]},
m
where Re dethes the real part of”, and P = limy_, o erll th(p)e” #Ht which commutes with e~ 27
(ie., enfltpetlte — eitipe=nHt — () because h(p) is Hermitian). Note that the projection oper-

ator P keeps only the molecules moving forward (i.e., towards the product side) at the asymptotic
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long time, while pd(z — s)p/m gives the number of molecules crossing the dividing surface per
unit time.
To prove Eq. (T13), we introduce the Mgller operator,

Q= e%ﬁote—%m, (122)
where Hy = p®/(2m). Substituting into Eq. (115), we obtain:
tliglo QTe%ﬁoth(:c - s)e’%HOtQ = tllglo QTe%H‘)th(ﬁ)e’%H{)tQ, (123)
and finally we show that the matrix elements of both operators are the same,
(aler™"hiz — s)e i [a') = (aler o' h(p)e i), (124)
in the limit when ¢ — oo.
Substituting H, into the r.h.s. of Eq. , we obtain:
(alet0t(p)e 0 |2') = (olebrh(p)e i Ex'la),
= (zlh(p)|z"),
— [ dptaln) ol (125)
0
_ % Ooodpe,ip(z ')

Inserting closure and H, into the Lh.s. of Eq. 1' we obtain:

. oo p/2
(et Moty — s)e ot ) / 0o / dpet Bt (zlp) (pla”) / dp (&) (2" H B,

o0

00 " 1 o0 p2 1 o0 , i /(2! —2') ,iﬁt
= [ @ [ dpeitrteire) [ e e,
s ™ _

[e.o] —00

21mh
_ /Ood ”ﬁmez ;($/2_$2)6%%($_$/)$//
s T
(126)
Introducing the change of variables p = ma” /t, with dp = dz"m /t, we obtain:
i 7 im0 1
(et (o — s)e#r|') = ehEE"h / dpel*), (127)

41



which in the limit when ¢t — oo is identical to Eq. (123).

The rate constant can also be obtained as the time-derivative of the side-side correlation function
Cs, considering that _QAH commutes with e —iHt and that according to Eq. , e~ wHt feiflt —
Lemi MU H bz — s)]eitlt = —de- e s)eth Le~ #t(] — oz — s))eth SO

K(T)=2" ' im dTT[@ gH — h(z —s))e” BHethh( s)e_%m] = 7' lim iC’S(t),

t—oo dt t—oo dt
=27 i [ [T e - ) e — o)),
—00
=7 1tll>r£10d—/ dx/ dx'{z|(1 — (.I—s))eth* o) (o |e” 7| ),
(128)
with C, = C, = Cy.
When the dividing surface is at the origin (s = 0), 1 — h(x — s) = h(s — z), so
d [° [
/{(T) =z ! thm d_/ dx dx’ ( #HL ’x >< ’6 FHte x>,
—00
(129)

— 7 1thmd/ dm/ 4 |(a|e~H 7 2) .
—00

12.4 Standard and Kubo three-point correlation function relationship

Analogously to the derivation in the previous section, we could derive the corresponding relation-
ship for the three-point correlation function, as follows:

1 T A > Al
Canolt,t) = tr [ HAO)BHC(W)]
= %tr [e_ﬁﬁA(O)eiﬁt/EB(O)Q_iﬁ(t—t’)/ﬁé(o)e—th’/h

= - Z (n| _'BHA 0) [m) (m| 1Ht/hB(0) —ift/h 1) <l|eim'/h@(o)e_im//n‘n)

n,m,l
= % Z e*ﬁEnAnmeiEmt/thlefiEl(tft’)/hClnefiEnt’/h
n,m,l
1 | | ,
_ E Z e—ﬁEnez(Em—El)t/hez(El—En)t /ﬁAntmlOln (130)
n,m,l
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which generates the the standard three point correlation function in frequency domain by Fourier
transform, as follows:

= 1 o .
CABc(w,u/) = (271'77,)2 /dt/e_zwt /dtB_MtCABc(t,t,)
_ %(2 1h)2 /dt/e—iw’t’ /dte—iwt Z 6—,8Enei(Em—El)t/hei(El—En)t’/hAntmlCln
s
n,m,l
1 1 , )
_ —,BEnA B Ol dt'e i(Ej—En—hw')t' /R dtez(Em—El—fl/.u)t/fL
Z (27Th 2 Z nm-mlYin
= Z P A B Cin (Bt — hw) 8 (Epyy — ho') (131)
n,m,l

Next we will evaluate the Kubo transformed in the basis of eigenstates, as follows:

1 (P A , .
Kap(t,t) = Z—Bz/ d)\/ d)\’tr H J(0)eOH B () HC’(t’)]
= dA / dN' Y (n] "BV A(0) [m)
77 /
Zﬁ nml
> < ()\ MNH th/hB(O) _ZHt/he_)\,HGiﬁtl/h‘l><l|é(0)e_ilflt//h ‘n>
— dA/ d/\/ —(ﬁ EnA —(A=XN)En, lEmt/ﬁB
7 /
Zﬁ nml
Xe—iElt/ﬁ -NE; iElt /}LC e—iE"t,/fI,
— = Z —BEn/ d)\/ d)\/ )\EnAnm —(A=X)En, zEmt/ﬁB
Zﬁ n.m,l
s~ Eit/hg=N By Byt [hey o =iBnt!/h
B
— AntmlClne BEn zElmt/h —iBE,t /h/ d)\e)\Enm/ d)\/ ~NE;,
ZﬁQ q;z 0
~BEn =iBimt/h ,—iBpt! [ g N | e *im —1]
— Antm Cn ne —Epmt/ N ,—1ln] Q d)\ nm
62 7%:1 e /0 ) Emi
BEn —iBimt/h,=iBnit' /h g Mo — AE"T"]
= AntmlClne me s Him T / d)\
ZﬁQ 7;1 0
1 AnmBruC —BEn ,—iEnt/h ,—iE g -
_ nmPm ne n o~ Eim /L6 1Bt /h/ d)\ MEi, AEnm]
ZBQ T;Z Eml 0
- — Z Aun B o~ BEn g=iBumt/h ,—iEut [h {6 = - e PEmm —1
ZBQ ol Eml nl Emn
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and computing the Fourier transformed with respect to ¢ and ¢, we obtain:

~ 1 A B lCl _ e_BEln _ 1 e_ﬂEnm _ 1
K noo— nmPmiVin _ _gE, .
AB(W’ “ ) Z52 ;l Eml ‘ Enl Emn
Xé(Elm — hw)é(Enl — hw')
1 [eAh" _ e ABnm 1
= =0 Antm Cn ~PEn -
73 gn:l T Thwhw' (B — B+ B — En)hw]
X(S(Elm — hlﬂ)(S(Enl — hw')
1 e Bl _ e PEnm _ 1
= oo, Antm Cn —BEn
75 n;l e T Thoh (Elm+Enl)hw}

X(S(Elm — hCU)é(Enl — hw/)
1 _ /
= - > " A BuiCine 05 (Epy — hw)6 (B — hw)

n.m,l

1 —Bhw’ __ 1 —Bh(w'+w) __ 1
« ¢ 4 © (132)
h?p3? ww' (w+ww
Substituting Eq. (I31)) into Eq. (132)), we obtain:
. 1 [e P —1 e h@+e) 17 |
K o= C . 133
ABc(w, W) 123 o + CESR } ABc(w, W) (133)

12.5 Detailed Balance Relation of the Second Order Kubo Transform

This section was contributed by Kenneth Jung

The Kubo transform and RPMD both share the property of detailed balance. The goal of this
section is to establish a detailed balance relationship of higher order Kubo transforms. We begin
with

1 B A . NAy A PPN
Kancltt) = 75 / i / ANTr[e~ -V jo= O X0 By o=V G (1]
0 0
(A0)B()C(t)) (134)
with ¢ in general being just an additive constant of ¢

H=t+r (135)
. giving (A(0)B(t)C(t')) = (A(0)B(t)C(t + 7)). Next we define

(A(=7)B(t = 7)C(t)) ) = b / ’ d\ / " ANTrle”FVHA(—r)e A E Bt — 7)o NG ()]
Z 2
5% Jo 0 136)
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, looking at the just the trace

I = Tr[e_(ﬁ_’\)ﬁfl(—T)e_(A_’\I)ﬁB(t - T)@‘A/ﬁé(t)] (137)
_ Tr[6—(B—A)ﬁe—iﬁf/hAeiHr/he—()\—)\’)Heiﬁ(t—f)/hée—iﬁ(t—r)/he—A’ﬁeiﬁt/haeiﬁt/h](l38)

using the fact the Hamiltonian commutes with itself and using cyclic permutations of the trace it
follows that

[ =Tr[e" BV fe=O-NHB e NAF(1 4 1)) (139)

which when substituted back into the integral gives
(A(—7)B(t —7)C(t)) = (A(0)B(t)C(t + 7)) (140)

. This can be seen as a multi-time version of the standard detailed balance relationship (A(0)B(t)) =
(A(—t)B(0)). Using this result it is easy to show that /5, (¢, ") also obeys this relationship.

13 Bohmian Quantum Dynamics

The goal of this section is to introduce the DeBroglie-Bohm formulation of quantum dynamics in
terms of the trajectories of auxiliary (i.e., “hidden”) coordinates and momenta ¢(¢) and p(t), as
presented by David Bohm in [Phys. Rev. (1952) 65:166-179] and [Phys. Rev. (1952) 65:180-193].

To introduce this formulation, we first review the Hamilton-Jacobi equation of classical me-
chanics and we show how to use it to compute the trajectory of a system in phase-space as defined
by the time-dependent coordinates and momenta ¢(¢) and p(¢). Then, we find a solution of the
time-dependent Schrodinger equation

in29 _ g, (),

ot
12 *0(q)
2m  0g?

(141)

+V(q)¥:(q),

in terms of auxiliary variables ¢(t) and p(t) that obey the classical Hamilton-Jacobi equation in
the limit when 7 — 0. Furthermore, we show that when & # 0, the equations of motion of ¢(t)
and p(t) satisfy the same Hamilton-Jacobi equation but with a potential that includes not only the
“classical” potential V' (¢) but also a “quantum” potential V,(¢) determined by the “quantum field”
U, (q) that is the solution of the time-dependent Schrédinger equation introduced by Eq. .

13.1 Hamilton Jacobi Equation

We consider the Hamiltonian
H(q,p) = ot V(q), (142)
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and we define a canonical transformation in terms of the classical action

tf
S =5(q.P.t) = / d[p(t)(t") — H(p(t'), a(t')], (143)
ti
as follows:
S(q, Pt
b= (qa )’
q (144)
Q_S(q,P,t)
9P
with
dS(q, P,t) dS(q, P,t)
==L H =0. 14
at+(q, aq)O (145)
and 95 (q, P.1) 95 (q, P 1)
T q, I, q, I,
HOQ.Pt)= 22070 4 g 2220707 14
QP 1) = =57+ Hlg, =5 ==, (146)

the Hamiltonian of the system for the transform variables () and P. We note that the new conjugate
variables () and P are constant in time since according to Eqs. l) and ii H(Q,Pt) =0.
Therefore,

. 8H(§J,DP, Dy
¢ (147)

For the free particle, with z(t) = x; + (xy — x;)/(t; — t;) * (t — t;), the action is a function of
the final coordinates, as follows:

1 (zp—x)?
lanty) = T8 14
Sacl,tl (fEf, f) 2m tf — tz 5 ( 8)
SO 59 )
08 _ e mw)” (149)
8xf tf — ti
and s 1 ? ’
98 _ 1 (p—w) _ »_ o (150)
th 2 (tf - ti)z 2m

Equation (145)) is the Hamilton-Jacobi equation and can be used to find the classical trajectory
of coordinates and momenta ¢(¢) and p(t), as follows: First, solve Eq. (145) for S(q, P,t). Then,
compute p(t) = 9S/dq by partial differentiation as defined in Eq. (351)). Finally, obtain ¢(t) by
first computing @@ = 9S/0P and then solving for ¢(t) as a function of () and P that are constant
in time (Eq. (147)). We illustrate this method, we consider a Harmonic oscillator with Hamiltonian
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H(q,p) = p?/(2m) + mw?z? /2, and initial conditions z(0) = 0 and p(0) = v/2Em for which we
check the solution z(t) = \/2E/(mw?)sin(wt). The Hamilton-Jacobi equation is

a8 1 [8S\® 1 4,
(= - =0 151

8t+2m (8:5) Tomen ’ (151)
which has a solution of the form S(¢,t) = S(q, E) — Et, since the equation does not involve ¢
explicitly. Therefore,

N\ 2
1 ([0S Loy
% (8_x> + imw x*=F. (152)
Solving for S’, we obtain:
S = /da:\/QmE — m2w?a?. (153)

Introducing the change of variables sin(¢) = \/m/(2E)wz, with cos(¢)dp = /m/(2E)wdz, we

obtain:

~ 2K
S = " dpcos(p)\/1 — sin?(¢p)
=22 [ dgeos?(9),
w
E
= Z/dgb(l + cos(2¢)), (154)
B sin(2¢)
- w <¢ + 2 )7
E , m
= {arcsm (wx\ / ﬁ) +m/(2E)wz\/1 — mw2x2/(2E)] :
Having found S, we can obtain z(t), as follows:
o
OF’
= warcsm wx”QE , (155)
n(wt) = oy 2
sin(wt) = 2\[ T
and p, as follows:
o
P= o (156)

as expected.
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13.2 Quantum Dynamics: Motion of Hidden Variables

To solve the time-dependent Schrodinger equation, introduced by Eq. (141), we write ¥;(z) in
terms of the amplitude A;(x) and phase S;(x) functions, as follows:

U,(q) = Ay(q)er™@), (157)

where A;(q) and Si(q) are defined as real functions. Substituting Eq. (157) into Eq. (141), we
obtain:

L 0W(q) . 0A(q) _ 95:(q) £5(q)
=g = | A | e
- R OPA ihdAdS b 92S 1 d5\? ig
H - - - A R - n +(q)
Vi(a) [ 2m 0> m dq Oq QTnA@q2 + 2m «(a) (8q> +A@Vig)] e '
(158)

Since the first line of Eq. (I58) must be equal to the second line, the real parts of the left hand
sides of Eq. (158]) must be equal:
05:(q) N 1 (85‘

2
a—q) V() + Vala.t) =0, (159)

ot 2m

where R A 1
Volg,t) = ——— 220D~ 160
a(at) 2m  0q* Ai(q)’ (160)

is a time-dependent “quantum” potential determined by A,. Note that Eq. (I59) is the Hamilton-
Jacobi equation for a system described by the Hamiltonian:

2
H(g,p) = 2= + V(g) + Volg 1), (161)

2m

with p = 95/0q, and V(q, t) the time-dependent “external” field potential defined by Eq. (160).
Furthermore, since the imaginary parts of the left hand sides of Eq. (I58) must be equal, we

obtain: OA(q)  DA(q) Si(q) 1
t\q t\q t\q .
ot + dq g m 92 2m 0 (162)

Making the substitutions A;(q) = v/ V5 (q)V:(q) = p,}/z and p = 05/0q into Eq. (162), gives:
1 _120p: n 1 _1/20p: 05:(q) 1 AT 9*Si(q) 1

ofr o Tl dqg 0q m Pr 0¢®> 2m 0
o On0S 1, ST

82515(([) 1

+ Ai(q)

ot dqg 0qg m Pr 04> m 0, (163)
dpy 3jt_
ot " og

that is the continuity equation for the classical current j; = p,v, with v = Z.
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13.3 Discussion of Bohmian Trajectories

The equations of motion of the auxiliary variables ¢(¢) and p(t) are Hamilton’s equations

OH
(t) = —8(2 2
164
(o)~ _OHa.p ey
p aq Y

with H (g, p) defined according to Eq. (161). The variables ¢(¢) and p(t) define the actual coordi-
nates and momenta of the quantum system with unlimited precision. However, they are not observ-
able but “hidden” quantities since measurements can only determine ensemble averages over all
possible trajectories, as determined by the initial conditions. Measuring devices interact with the
system by means of indivisible quanta that introduce irreducible disturbances during the measure-
ment process, or preparation of the initial state. Only if the precise effects of those disturbances
could be corrected for, one could determine ¢(t) and p(t) and have simultaneous measurements of
momentum and position with unlimited precision.

13.4 EPR Paradox

Gedankenexperiments (i.e., thought experiments) have been proposed to determine “hidden” vari-
ables. The most famous of these proposals has been the Einstein-Podolski-Rosen (EPR) gedanken-
experiment [Phys. Rev. (1935) 47:777-780], where a system of 2 particles is initially prepared
with total momentum p,. At a later time, when the two particles are far apart from each other, the
position x; is measured on particle 1 and the momentum p, is measured on particle 2. The paradox
is that the momentum of particle 1 could be obtained from the difference p; = p; — po. Therefore,
the coordinate x; and momentum p; of particle 1 could be determined with more precision than
established as possible by the uncertainty principle, so long as the separation between the two par-
ticles could prevent any kind of interaction or disturbance of one particule due to a measurement
on the other.

The origin of the paradox is the erroneous assumption that particles that are far apart from
each other cannot maintain instantaneous correlations. However, quantum correlations between
the properties of distant noninteracting systems can be maintained, as described by Bohm and
Aharonov [Phys. Rev. (1957) 108:1070-1076] for the state of polarization of pairs of correlated
photons. Within the Bohmian picture of quantum mechanics, these quantum correlations are estab-
lished by the quantum potential V;(g), even when the particles are noninteracting (i.e., V' (¢) = 0).

Quantum correlations between distant noninteracting photons were observed for the first time
by Aspect and co-workers in 1982 [Phys. Rev. Lett. (1982) 49:91-94], 47 years after the EPR
paradox was presented. These quantum correlations constitute the fundamental physics exploited
by teleportation (i.e., the transmission and reconstruction of quantum states over arbitrary large
distances) [Nature (1997) 390:575-579] and ghost imaging (i.e., a technique where the object and
the image system are on separate optical paths) [Am. J. Phys. (2007) 75:343-351].
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14 Phase-Space Representation

The goal of this section is to describe the Wigner-transform function, p}" (p, q), introduced by
Wigner ([Phys. Rev. (1932) 40:749-759]), and its time-propagation in terms of the evolution of
trajectories {q(t),p(t)} in phase-space, according to a Lagrangian formulation introduced by Wong
(see [Phys. Rev. C (1982) 25:1460-1475] and [J. Opt. B: Quantum Semiclass. Opt. (2003) 5:S420-
S428]).

Definition and Properties: Given a wavefunction W, (z), the Wigner transform p;" (p, ¢) is defined
as follows:

1 [~
p) (p,q) = Py / ds er?* Wi (q+5/2)Vy(q — 5/2). (165)

This quantity is similar to the phase-space probability density, since it gives the probability density
|U,(q)|> when integrated with respect to p:

/ dpp};v(p,q)— h/ dp/ ds ezps/h’\lft(q+s/2)\llt(q—3/2),

o ~ 2nh

_ /OO ds 8(s)W7(q + 8/2) (g — 5/2), (166)

—00

= U7 (q)¥(q),
= |‘1’t(Q)|2‘

In addition, p}" (p, q) gives the Fourier transform probability density ]\Tft(p) > when integrated with

respect to ¢ (where W is the Fourier transform of W):

/ dap;" (p,q) = 5= / dq / ds 7"} (q + 5/2)Ui(q — 5/2),
1 oo o0 . ,
=5 dm’/ dzeP @)y ()W, (2),
Q —00 —00
I ?
= ‘\/ﬁ/ dze™ PN, ()
= “T’t(p)‘Q-
where in the second line of Eq. (167) we introduced the variable transformation = = ¢ + s/2 and

¥’ = q — s/2, with Jacobian

(167)

)

det| aa((;”i))]‘ = 1. In addition, expectation values of any function
of coordinates and momenta (e.g., H(q,p) = p*/(2m) + V(q)) can be computed according to the

normal probability calculation:

b _ Jda [ dvpl” (p.q)H(q,p)
t [dq [ dppt¥ (p.a)

Therefore, p;" (g, p) has properties of a normal probability function. However, it can take negative
values! Therefore, it cannot be interpreted as the simultaneous probability for coordinates and

(168)
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momenta (i.e., as the probability density). Nevertheless, it is a useful function that can be used to
compute probabilities and expectation values.

Time Evolution: The equation of motion of p}" (p, q) can be obtained by computing the time-
derivative of both sides of Eq. (I65]), and substituting the time-derivative to the wavefunctions by
using the time-dependent Schrodinger equation

OWilq£s/2) 1 W PUlgEs/2) Lyt s/2)0,(g % 5/2),

; T el " (169)
1 R %Wy (q+s/2) 1
i e e AU CE RN USR]
where in the second line of Eq. (170) we have made the substitution —Nr(g;ts/ 2D — 0¥ileks/2) (g;ts/ 2),
Thus, the time-derivative of the Wigner transform is
apgv(p’ 9) _ ! > Lps V(g +s/2) # oV(q —s/2)
ot 2mh /_OO ds en?” | —————Ui(q = 5/2) + V(¢ + 5/2)—5, ,
(= il
=5 ds ezPS{ﬁ V(g+s/2) —V(g—5/2)] Vi (q+5/2)V,(q— 5/2)
_ih_24 Wi — /2)0_2\11*( +5/2) — Ui ( —1—3/2)8_2\11( —s/2)(}
h2m T A e\ os2 1\ ’
1 [= iyl
=5 ds 6%7’3{ﬁ V(g+s/2) —V(g—5/2)] ¥ (q+5/2)V,(q— 5/2)
i h* 0 B, 9
a9 _ 0 . o D e o
bt |Vl = /05 Va4 5/2) = Wila + 5/2) 5 ita — 5/2)] ).
1 > ips .
=5 | dse {5 [V(g+5/2) = Vig—s/2)] ¥i(g+ 5/2) V(g — 5/2)
i k2 0 9 _, ) o .
~ 7523, {\Pt@ - 8/2)8_q\11t (g+5/2) + V(g + S/Q)O—qllft (q— 3/2)] 1.
(170)
Therefore,
ap} (p, 1 [™ Lo )
pi (P, q) _ / dsen?* {=[V(qg+s/2) — V(g —s/2)| ¥ (q+ s/2)Vi(q — s/2)
ot 2rh J_ o h .
1 > i h 0 0
— d [ S —\ |} _ 2V * 9 ‘
o ) A ge ag (ila = s/2)Wila + 5/2)]}

Integrating by parts the second line of Eq. (171)), using f: udv = uv|’ — fab vdu with u = e#?* and
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v= 22 [Wi(g - 5/2)¥; (g + 5/2)], we obtain:

0m;f@::;ﬁ/j@s&w%w@+@p>—vm—smﬂwxq+wmwxq—wm

1 > i .p 0
_ ps Y . «
21h dser m dq [Pe(q = 5/2); (g +5/2)],
1 o0 i (172)
= Dy ds €Ep5ﬁ V(g+s/2) = V(qg—5/2)|V;(q+ s/2)Vi(q — s/2)
~pIp(p.q)
m dq )

14.1 Motion of Auxiliary Variables:

To find a solution of Eq. (172)) in terms of auxiliary “hidden” coordinates and momenta {R(t),P(t)}
that obey equations of motion similar to Hamilton’s equations, we introduce the phase-space vari-
ables {R(t),P(t)} with the following definition:

Uy (qg+s/2)V,(q— s/2) = /dRo/dPOe_;LPtS(S(Rt —q)py (Po, Ry). (173)

Substituting Eq. (173)) into Eq. (172) we obtain:

9pi” (p,
. tp N 27Th/ ds/dRO/dpoeh(p s [ (q+5/2) = V(g —s/2)]0(R — q)
08(R
- DO Dy 0 r )
(174)

Furthermore, substituting Eq. (I73) into Eq. (I65) gives:

Pt (paq o h/ dS/dRo/dpo €”p ) 5(5(R —Q)Po (P0>Ro) (175)

and computing the time-derivative of both sides of Eq. (175] we obtain:

apt D, q . i P)s [ 1 8Pt 35(Rt — Q) W
ot 27rh/ dS/dRQ/dP()€ i ﬁWS(S(Rt Q) T Lo (P(),R()),
[ i 0P, 00(Ry —q) OR
% dS/dRO/dPO Gh (p=Pt)s _ﬁa_ttS(S(Rt - q) + (ath q) att:| ng(POa RO
e ; [ i 0P, 95(R, — q) R
I R R o R R e !
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Comparing the third line of Eq. (176) with Eq. (174) we obtain the equations of motion of {R(t),P(t)}:

or, _ _(Vig+s/2) = Vig—s/2))

ot s ’
IR, - (177)

ot
In the classical limit, 2 — 0, Egs. (177) become Hamilton’s equations,

P
—.

or, _ 9V(q)
ot dq

178
ok _ P, o
ot m’

since the most significant contributions to p}* (p, q), as defined by Eq. (173)), result from P, ~ p
and s = 0. Therefore, in the classical limit, R; and P, become independent of s and

ot (p,q) = / dRy / APy 6(p — P)S(R, — q)py (Po, Ro), (179)

that is identical to the classical evolution of the Wigner-transform.

14.2 'Wigner-Weyl Symbols

The Wigner-Weyl quantization is another formulation of quantum mechanics in phase-space repre-
sentation of quantum operators, as defined by the Wigner-Weyl transform of any Hermitian operator

~

Q(z, p), introducing the corresponding Weyl symbol, as follows:

Qy (z,p) = / dsei™ (@ — Z|Q#.p)|x + 3). (180)
Such a representation is possible so long as the off-diagonal matrix elements of the operator in
coordinate space decay to zero. As reviewed in the (literature), we find that the Weyl symbols of
operators of coordinates (2(Z) or momenta €)(p) are the classical expressions of those operators:

Qw(x) = Q(z), (18D
Q (p) = Ap). (182
since
/dse;m(x §|f(x)|x + £> = /dsdx'efépS(fL’ — 5l @[z + §>f($,)a (183)
= /dseéps(;(s)f(x - g)
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and

[aseito =S+ 5y = [ dsdieirto = S wle+ 5)5)
1 !k (p—p')s £ (o) (189
=5 dsdp’en f') = ).

More generally, the Weyl symbols of fully symmetrized polynomials of coordinates and momenta
are obtained simply by substituting the operators by their corresponding classical variables p — p
and T — q.

Traces: Here, we show that traces of ensemble averages can be computed just like classical aver-
ages over the Wigner distribution, as follows:

S/
2

S

. / ~
/dmdppw(x,p)flw(%p) = /dwdpdst’egp(S“')(w - glﬁlw + oz = %IAISC +5)
!/

/
_ /dxdsds’é(s )= S+ D= DA+ 5y, ass)
2 2 2 2
S

S, s
2>(x+ §|A|x— 5}

= /d:vds(x— §|,6|x—|—

S

Introducing the change of variables 7 = xr — 5

obtain:

with d = dz and § = x + £ with d§ = ds, we

/ drdppw (z,p) Aw (z, p) = / dEds (P2 A1),
~ [ antalipdsa), (186)
= Tr[pA].

Sums and Products: The Weyl symbol of a sum of operators is the sum of the Weyl symbols,

(4 + D)w(g,p) = (Q)wlg. p) + (L)w(g,p), (187)

since the integral of a sum is the sum of the integrals. The Weyl symbol of the product of operators,
however, is less trivial. As shown below, it is defined as follows:

(Q)w (g, p) = (Q)w (g p)e 2 (Q)w(g, p), (188)
with A defined, as follows:

A=Y S S (189)

To derive Eq. (188)), we evaluate the Wigner transform of the product of operators, as follows:

i S A A S
(@ (a,p) = [ dsetria = Sindalo + 3),
(190)
= /dsda;'e;ﬁp(x — §|Ql|x'>($’|§22|x + §>’
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Writing the operators in terms of their Fourier expansions,

Q(z,p) /da/dTa o,7) Z(‘”UJFTP)/TL (191)
" 2nh

and

Qy(z,p) QWh/da/dTﬂ o,T) ello+To)/h (192)

and evaluating them in coordinate representation, as follows:
1 Lo
(a0 (2. 5)la") = 5 = / do / dra(o, 7) (]I 1y, (193)

using the Baker-Hausdorff theorem eAtB — oApB-lAB)/ 2, with [#, p] = ik, we obtain:

B
ethehzaﬂQ

<x’e%aa":+%7f>|x >

<x I’l>’
=

z|eroten ™|y ) ez

. 194
— ek T(x + 7|2 Ve T (159
= en"5(r — (2 — 2)e "
Substituting into Eq. (193)), we obtain:
1 i
(x|Q(2,p)]2")y = gy /da/dTa(a, e (1 — (' — x))ez ",
]_ i) i /
=5 /daa(a, z' — x)enoTeamno @) (195)
1
=5 /daa(a x — x)e?ﬁ”(”” ),
Analogously, we obtain:
1 i (] ’
(' (2,p)|2") = o h/da Blo’, 2" — a')em @+ (196)
Substituting Eqs. (195)) and into Eq. (190)), we obtain:
1 ) /
() w(x,p) = W/dsdx’eh”/daa(a, T —x+ 2)6%"(9” tz=3)
(197)

/daﬁ(a x+§—x)e2h o' @'+ +3)

Introducing the change of variables 7 = 2’ —x+Jand 7' = 2+ —2' = o +5—(7+2—5) = s—7,
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we obtain:

1 @ ! @ ! it /
(QIQQ)W _ (27Th)2 /dT/dTehp(-r—H ) /dUO{(O’, 7)650(295—7 ) /dU/ﬁ(O'/, T,)eﬁg (274+2z—s+7 )’
1 4 @ ! ! i
= E h)Q/deoeh(pT””)a(a, T)/dT/dU/B(U/,T')eh(pT +a0') o35 (07 or'),
T
1 i , o0 .n
— 2nh)? /deaeh(pT”")oz(a, T)/dT'da Bla', 7 eh (pr'+ao’) Z '2nhn (o't —or)",
1 [ . 7
= amh)? /deaeh(pT””)a(a, T)e_’gA/dT'da'ﬁ(G’, T')eﬁ(m taa’)
s
= (Q)we 2N Q)w,
(198)
with
90 90 (199)
- OpOxr OxOp
Commutator: The Weyl symbol of a commutator of operators is given, as follows:
(D1, Qalw = (Q)we™ 2 (Q)w — (L)we 3 (Q)w,
= (Q)we M Q)w — (Q)we (Q)w,
_;h ih
— (QI)W <€ 2A — € 2A> (QQ)W, (200)
L2 . (h
= —zhﬁ(Ql)Wsm (§A> (Qa)w
= —ih{{(Q)w, (Q)w}},
with 5 "
H©@w, ()w}} = @) sin(5A) (@), @on)

the Moyal bracket of the Weyl symbols of those operators (first introduced by Groenewold). We
note that the Moyal bracket becomes the Poisson bracket in the classical limit when 2 — 0 since in

that limit only the sine function can be expanded to first order in A.

Equation of Motion: The quantum Liouville equation can be formulated in Weyl-Wigner quanti-

zation, as follows:
i () (W = (1, [0 )
= —ih{{Hw(q,p), (|¥){¥)w(q,p)}},
= —inHy(a, )y sin( A1) (@ D 0,p),

with (|U)(V|)w = 27hp.(p, ), with p,, the Wigner transform of W. Therefore,

0
Zapw - pra
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with the Liouvillian defined, as follows:

2 h
iL = HW(q,p);Lsin(EA). (204)

14.3 Stochastic equation of motion

The equation of motion of introduced by Eq. (203)), can also be written, according to Eq. (2?), as
follows:

%% .
oo™ (p, q; t) (205)
ot ot

g ’

_ P
m

W e
0P _ / ds = V(g +35/2) = Vig = /2] (g + 5/2)¥(q — 5/2)

— 00
o0

= [ s s s2) [ Va2 - Vi /266 - )

— i [ @[ ds b /20 - 52000

= /dij(erj,q;t)J(q,j),
(206)

with

J(q,7) = %ﬁ/dy V(g +y/2) — V(g —y/2)] e i,
1

(207)
/ dy [V +3/2) — V(g — y/2)] sin(yj/h)

T o2

since [V (¢ +y/2) — V(g — y/2)] is an odd function of y.
Therefore, the equation of motion of the Wigner transform can also be written, as the following

stochastic differential equation:

p" (p, ¢;t) p 9" (p, ;1) / W .
ot m oq ; 208

where J(g, j) defines the probability of a momentum jump of size j at position g.
Another equivalent form is:

oo™ (p.g;t)  p oW (p,q;t) OV 9PV (p.q;t) W . L OV opV(p,qt)

Ed Bt IV : _ 2T ZF AT

5 +— 9 9 o / lip™ (p+3,q4:t)J(q,5) a0 op
(209)
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or

—dpw(di’ %8 _ /djpw(pﬂ,q;t)j(q,j), (210)
with
H0:3) = 5 | duVia+v/2) = Via—/2) = V@] sinlui /),

1 v(2n+1)(q) 00

L U v sintifn

=1 —00
1 (o] V(2n+1)(q) h 2n+1 2 a2n+1 0o .
SRl <?) 2i 92+ /_oo dy cos(yi/h) (211)
V(2n+1 (q) g2n+l oo
= R / dy cos(yj/h),
Z djntt J
E—— Z 1)+ V(QnH ( )hQn ot lim sin(jy/h)
8j2”+1 Yy—00 ,] ’
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15 Asymmetric Wigner-Weyl Representation

A simple phase-space representation can be introduced by the following symbol of an operator O:
O(x, p) = 27h(z|O|p) (p|z). (212)

In particular, the symbol for the density operator p = |¥)(¥| is defined, as follows:
pr(x,p) = 2mh(z|¥) (¥|p)(p|z). (213)

giving the density in coordinates or momenta upon integration over p or x, respectively, as follows:

(2rh)~ [dppu(z,p) = (x|V)(¥|z) and (27h) " [ dzpu(z,p) = (p|V){(¥|p).
Next, we obtain the symbol of a product of operators
(AB) = 2mh(al ABIp) (plx).
. . (214)
=2t [ da'ds" al ') '\ Bla") " ) o).

To substitute (x|A|2’) and (z/|B|z"), we introduce the Fourier expansion of the operators
A(z,p) and B(z, p), as follows:

1 o
Az, p) = g / do / dra(o, 7)eles+/h (215)
and
(%,p) =5 h/da/dTﬁ o, )l oHTE/h (216)
we can be evaluated in coordinate representation, as follows:
1 o
(el A, ') = o / do / dra(o, 7)(z] @D/ 217)
Using the Baker-Hausdorff theorem ¢4+5 = eAeBe~[AB/2 with [#, p] = ih, we obtain

cm: 77—p€h2 amg

<x|e%acé+%7ﬁlx >

z'y,

(x|en
=

:1:|eh xeh”’|$ >e2h

; (218)
=er?(x +T\:U)e2h
— RO 6t — (2 — :L‘)e2h T
Substituting into Eq. (217), we obtain:
1
@A p)) = 55 [ do [aratoniions(r - (@~ e
1 i i ’
=5 /daa(a, z — x)erTen @) (219)
1 i ’
= %/daa(aw — x)e2no @t



Analogously, we obtain:

1 i () ’
(2'|B(z,p)|z") = 5 h/da’ﬁ(a',x"—x')eﬂt” (@42 (220)

Substituting Eqs. (219) and (220) into Eq. (221)), we obtain:
A A 1 i / i S /
<AB)H =57 /dx’dx”dada'a(a, t' — x)en @B (! 2 — 2 )ewT @) (2 ) (p|x),
(221)

Introducing the change of variables 7 = 2/ — z and 7" = 2" — 2/ = 2 — 7 — x, we obtain:

A A 1 i T () /
(AB) =5 drdr'dodo’ oo, 7)e2 " T2 B(o! 7 )ean TH2D ( r 4oxlp) (pla),
H T

_ ﬁ deT/dUdO/CY(J, 7_)6%0(7—1—290)/8(0/7 7_/)62%0/(7/-1-295/) <7_ + 7_/|p>’
T

1

i A I N i i
/ drdr'dodo’ oo, 7)em T2 B(o 7 )ear (TH2) i TPeRTP

- (2mh)?
]_ i i i o' !
= (2nh)? /drdaa(a, T)eh(”“”)e%”/dr’da'ﬁ(a'm') RO+ D) g5 T
7r
]_ 4 i @ i !
= (2nh)? /drdaoz(a, T)eh(”“”)e%”/dT’dU'ﬁ(U',T') HO A TD) 0370 00T,
m
(222)
which gives
P no d
(AB) — Ayeionos By, (223)
H
since Ay = 27h [ da' (x| Al2’) (2’ |p){p|z), and according to Eq. (219),
Ay = (27rh)_1/d0/d7'04(0, T)eTiﬁ‘”e%(mJ“”),
(224)
By = (2mh)™ /da /dTﬁ o’ 7')62710,7—, R (pr'to'z),
and
eiPTer Ter T = ehPT i l'ﬁa’"T”eE” e
mar KR (225)

Equation 223] can be used to obtain the Liouville equation in phase-space representation, as
follows:

ih— = [H, ), (226)



giving

5 3 v 3
h?%?::ﬂgeﬂ?apH-—mﬂﬁiwzHH (227)
Expanding the exponentials, we obtain
apH Zmngan B Ziﬂzan
Hu n!in Opn GanPH T PH 2 op" &E” i
hp (9pH 5 1 82pH 0 hopy .1 9" " éV‘pH
=H - —h'— —H - —V@)-———-) ——V
HpH+ m Or 2m Ox? HPH ™ 5 (x)z dp = nloa" (@) 5 i op
_ 0o o L O pn OV hOp Z LOWV I 0.
tm Ox 2m Ox? or 1 Jp n! dxn in 8p
(228)
or
_(Opy  pOpg OV py B2 0%y = 1 0"V B 0"py
hl—+——————— | =—— -y — — .
! ( ot + m Ox oxr Jp 2m Ox? z; n! dx™ m Op" (229)
15.1 Traces
Furthermore, we can show that Tr[p p"i"] = (2rh) ! [ dadp p™a™pp, as follows:
2t [ dadp " pn = [ drdp e ol W) ) (0]
— [ dndplala %) ple) (W15 )
(230)
— [ dataarw)wlpm ),
= Trlz"|w)(¥|p™],
=Tr[pp"z"].
More generally, Tr[p"i"] = (2nh)~" [ dwdp p™a™, since 1 = Y i 1¥5)(¥;| and
= Tr[E" W) (W |p™]
J
= (2rh)™ ) / dxdp p"z" ply,
J
— [ dadp " (a] 37 10000 1) ol @31)

j
- / dxdp p"x"™(x|p) (p|z),
= (27rh)_1/dxdppm$".
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15.2 Equation of Motion

The equation of motion of py (z, p) can be obtained, as follows:

i 0

5 g (. p) = {al H|W) () {plx) — (] 0)(¥|H|p) (pla), (232)
giving
0 o o
%afm@p) V(@) (2| W) (Y[p) (plz) — Z .V |\If>—a—m/dx’<\lf|x’>eﬁp(mx)

+/@§#m@mwm@@—mmwwwm§;

(233)
Expanding the kinetic energy in powers of p — p, we obtain:
Z' 8 hn a" 4 -
5 gl (@p) = V(@) (V) (¥ p)(ple) - Z ‘V >_na_pn da' (W] yer? ™' =)
1 . - )~
+5E/@@ﬁ+w@mmmwmmm
(234)
or
i 9 — 1 LT P’ opn o (PIp)(plr) 07
or ot z::n_ z" op" 2wh  2m2mh o 2m Qa2 (2l¥). (@35)
We note that
9, ov i
9 — ornlel 2w ot 236
2 () = 25h(a] 22 () pl) — s . @36)
and
0? 0*v 1 , oV
527 (%) = 2mh(z| 5 ) (WIp) {plz) — pr 5P — idmp(x|——)(¥|p) (p|z),
el 1, i 0 i
= 2nh(z| 55 ) (Y Ip) (le) = prgp” — 2 20(5-pu(2,9) + prp)-
Therefore,
h? 0*v P n* Ppg . p Opu
_ i Ny S 238
27Th2m<\11|p)<p]a:><x] 6x2> PEOm om 82 'm0z e
Substituting the expression above into Eq. (233), we obtain:
L (Opy | pOpuy OV Opy\ =1 ) 0" pr h? 0%py
zh( ot + m 0x  Ox Op ) Z n!v (z) i Opr 2m Ox2’ (239)

n=2
which can also be written, as follows:

i =1 1 O"py  RE 1 0%py
pu(t) = pu (0)%29(—%/0 dt [ Zn— x)z_”p_H G 2mopp 02t ). (240)
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15.3 Stochastic Equation of Motion

The equation of motion of py(x,p) can also be written as a stochastic equation with momentum
jumps, as follows.

%%M@m:mmmwm@@—mw@mmww

N %%pH(m’p)+/dﬁf—m<f’f|ﬁ><ﬁ|‘lf><‘1flp><p|x> — (2l ©) (W ]p) (plar) 5 —.

(241)
where
o Sepu(ep) = V() 0Tl ole) — [ dsV(s) (o1 0){015) (sl 1),
= 2 o) — [ V() ) (W13 51 ),
ggp(Lm—/ﬁmdw/ﬁw@—w@WMW$SM@M%
2 oo = oy [ @1 [ @) [ dseHe il wy sl i),
= S o) = 5y [ [ @i [[asei lwels i)
o ) = o [ [ [ astal) @ls) sl + ) ol
(242)
%%M@m:ggwmpjﬁdw/@veﬁmmmeﬁmm
= ) - S [ AT+ ) 0le),
_ V(z) B GV () 2|0 (T : : :
=53 Pr(z:D) \/ﬁ/ GV ()W) (Wp + 5)(p + jl){plz)(zlp + 7),
:%%%m@my—%%ﬁ/ﬁVUNWW@@+ﬁ@+ﬂ@®U%
= ) - / 41,0 22T
(243)
with J(j, x) the *probability’ of a momentum jump of size j at position x, defined as follows:
J(j,x) = —V(j)er®
g 2nh (244)

= (27Th)_3/2/dyV( )ef 2=y)J
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Therefore,

L (Opu  pOpu\ W Ppy
Zh(0t+m3x B

Completing the Poisson bracket, we obtain

de = hQ 82'0H N C .

‘We note that

Opn

L arh{al¥) 5 (V1) (ol

— 9rh(a| D) / ds<ms>%<s|p><p|x>,
_ <x|\Il>/ds<\I/] )-perm(s o),
:f<x|\11>/ S(Ds) (s — 2)ehreD),

—27rh (x| 0) p|x/ (s|p) —ﬁ$pH,

—27rh (x| 0) p\x/ / Uls)(s ‘p>—}—i$l)H,
ﬁ< x| 0) (p|a / / / er (I (W s) (s |p>_ﬁpo7
— a0k} [ [[age i / As{Wls){slp+ ) — Tapu
i [ /dyye O Wlp + ) (p + 1) 1) — 32
i i [ d e’%(y’z)j< ) (0] ) ) i
-2 — (z + ) p+ jlz) — —zpm,
h/ﬂ/yy\/ﬁ [N lp +7)(p + jlz) — zapn

i e 7= py(x, p+j) i
=—[dj[d —

] 0] i e
= ﬁ/de(%J)pH(x,pH) — 3 TPH;

with
j(:v,j) = /dyye_;(y_z)j(Qwh)_?’/Q.
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Substituting into Eq. (246), we obtain

d,OH h? anH , 8pH . . .
W — SV @) — iV (2) 0~ [ i)t ),
— 000 y(a)pn — i ><i/d‘f< Voulr.p+3) — >—/d‘J<' Jou(x.p+ )
T 9m 02 T)PH — 1 z h JJN\L, J)PH\T, P T ] thPH I\, X)PE\L, P T ]),
h2 82pH ! . ! T . . .
— o TP V(a) = Vi{ahalpn + [ V@) (w5) - TG Dlpulzp + ),
h? anH / LT . .
=532 + [V(z) = V(x)x]pr + /de(a:,])pH(x,p—l—j),
(249)
with
Tad) = [ dylV'()y = Vigle Ko (2nh) o,
| (250)
— [V + ) = Vi + e 2mh) 5
15.4 Splitting integration of Hyperbolic PDEs
As an example of a hyperbolic transport equation, we consider the following PDE:
a_f — g + D_f’
ot 8x 0x?
9 (251)
“\ o ox2 )"’

2
with initial condition f(x,0) = fy(z). The formal solution is a f(z,t) = e<7a3%+D%)tfo(x) =
~ ~ ~ 2
e*aa%tf(as, t) = f(x — at,t), with f(z,t) = eDaa?tfo(x) the solution of the equation,
. )
g p— Dﬂ.
ot Ox?
The solution is f(x, t) = [ dyfo(y) (4rt) V2= 8@=/t since I = [ dy fy(y)(4mt) "/ 2e @0 /(¢ (v —
y)?/t?—1/(2t)) and Dg;; = fdyfo 47rt)’1/26’5(“’y)2/tD(( 26(z—y) /t)2—2¢/t), with DE =
1. Therefore, the solution can be written, as follows: f(x,t) = [ dyfo(y)(4mt)~"/2e~(@=v)?*/(Dt) —
[ dyfo(x — y)(4nt)~/2e=v*/(PY) Therefore, the solution of Eq. (251) is: f(z,t) = [dyfo(z —
at — y)(4nt) =2~/ (D)
Analogously, we can integrate Eq. (249)), as follows:

(252)

dpr 1 W Ppuy i / .
=3y ae V(@) =V (@)lpn — h/de(x J)pu(z,p+J),

— ih_Qasz _if( )
~ h2m Ox2 h T P)PH

(253)
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with

, 254

flz,p) =V (z) = V'(z)x + /djj(x,j)

i 02 T~ ~ )
The formal solution is pg (z,p, 7) = €” <h£+D5””2> P, where D = % and py = e~ 1/ @P)Tpp (2, p, 0),

while i £ is the classical Liouvillian i£ = 22 — 9V 0
m Ox dx Op ‘
—1/2 %

The solution is p(x, p-, 7) = [ dypu(y, po,0)(47t) en2m@o=)*/t with 24 and p, the coor-
dinates and momenta obtained by backward classical propagation of x and p.
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16 Golden Rule

The goal of this section is to introduce the so-called Fermi Golden Rule expression, given by first-
order time dependent perturbation theory.

We consider a system initially prepared in state |i). At time ¢ = 0, we turn on the perturbation
W (t) and we analyze the decay to the final state |f), as described by first order time-dependent
perturbation theory:

I

sty = =1 [ i@ ieitEr, (255)

Assuming that the perturbation involves a single frequency component, W(t’ ) = Ae= | we
obtain:

. _ ei(wﬂ—w)t
er(t) = (1Al & |

Awgs =) (256)
i(wpi—w)t/2 Sil’l[(UJﬁ — U})t/2]
= — LAl
(wp —w)t/2

Therefore, the probability of observing the system in the final state is

t? sin’[(wy; — w)t/2)]
Ppi(t) = — 2 257
(1) = galt LA e @57)

To compute the survival probability that the system remains in the initial state, we must add up the
probability over all possible final states,

_1_h22‘ ‘2811’1 (wfi_w)t/Q]

: — w)t/22
2 [(wy; —w) /2[]( o (258)
t_ ) ~ 2S1n Wy — t)2
=1- 5 dEfp(Ef)|<f|A| )] [(wyi — w)t/2]2
If the very short time limit, P(t) = €$p(_at2) ~1—ot®+:, where
10 v 2 gy S LBy — Bi = )t/ (21)
o i n2/ BN P ED B~ hay/@h)E 259)
1 [~ il
== | dEf|<f|A|z>|2p(Ef),

In the longer time hmlt, the kernel of Eq. (258) is approximated as the delta function to obtain:

o0

P(t)=1- % d(tEf)p(Ef)l(f|A|i>|27T5((Eft — (B + hw)t)/(2h))

=142 / AEp(€20/0) (1A PB(E — (B -+ huo)t/ (28) (260)

2 R
—1- t%p(Ei + hw)|(E; + hw|Ali)?
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so P(t) = exp(—I't)~1—Tt+---, where

2 N
= %p(E + hw)|(E; + hw|AJi)[?,

2T 11012 2eh
= | dEp(En)[(fIADIS(Ey — (Ei + hw)),

or as a discrete sum over states,
2w
P===> [fIARPI(E, — Ei — ), (262)
!

which is known as Fermi’s Golden rule]
Substituting the delta function in Eq. (262)) by its integral form, we obtain:

1 o

Lpi= gz | AR GIAIR)eRErm s,
1 [ SRt R TR s A e —iw
= | et A iy LA e
1 e (265)
ﬁ dt€_zthfi(t)Aif(O),
1 OO —iw

2Without introducing the approximation of the kernel of Eq. (258), we obtain:

2= - asin?[(wy: — w)t/2)

- BB (AP

o sin®((Ey — E; — hw)t/(2h))
(E; — B — )t/ 2h))?

P(t)=1-

2 oo ~
—1-2 [ amgpEp) 1Al

(263)

B 2 [ o gsin? (€ — (B + haw)t/(2h))
S G e

2 0o 2
1= [ agpteammingd

which gives, in the time-range when the decay is exponential (i.e., P(t) = exp(—I't) ~ 1 — I't),
oo 2

=2 [ deensoiane g,

—oo (264)

osin®((Ey — E; — hw)t/(2h))
(Ey — E; — hw)?t/(2h)

-2 / " 4B p(Ep) (1Al
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The equilibrium ensemble average is
1 - —tw
) =35 [ dte ™ Y palalAn(0) 4 0)fa),

= % / dte™™" (Afi(t) Aif (0)), (266)

—0o0

[1 + eiﬁhw]il > —twt
= dte™"" ([Afi(t) Aip(0) + Afi(0), Ais ()]),
where p, = Z e PP with Z = Y e FEe,

The rest of this subsection shows that, according to Eq. ll (I't;) can be written as follows:

[1 + e—ﬁfuu]—l OO —twt
(Lpi) = ———5—— [ dte™™{[As(t)Ais (0) + A5i(0), Ais (1)), (267)
where the symmetrized correlation function C'(t) = Ay;(t)A;(0) + A(0), A;() is real, and is
an even function of time just like its classical analogue correlation function. Therefore, Eq.
has often been used for estimations of (I's;) based on classical simulations. However, it has been

pointed out by Berne and co-workers that the classical version of C'(¢) underestimates (I'y;) by a
factor of (Shw/2)coth(Bhw/2) [J. Chem. Phys. (1994) 100: 8359-8366].
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The step-by-step derivation of the last line of Eq. (267) is as follows:

T = [ dte ™ S palal A1) Gl 0)a)

a,y

1 > —iwt [1 +e /Bﬁw
N R ;pmmﬁ(tw<wAif<o>m>,
2m 1 )
TR Lt e P Zpoz<04|f4fi(0)|’Y><7!A¢f(0)|oz>5(E7 By — hw)[1 4 e ),
h[l+e
27 1

) mZm al A (0)|7) (7] A (0)| @) (Ey — By — hw)[1 + e PFr—Fa)],

1+ e P —iw —B(E,—
= e [ e S patal A1) (A1 + 5

—00
a’7

1 —Bhw]—1 00 ]
_ [ +e ] / dte—zwt

[ > palal A1) (1A (0)])

a?’y

+ Zpa<a|Afi(t)|V> <7|Aif(0)|oz>e_5(EW_Ea)] :

a?’y

e—ﬂhw -1 oo )
= [ | Sl 10
+Zp#;—j<7|Az-f<o>|a><a|Afi<t>|v>e-ﬁ<Ev—Ea>] ,
v (268)
e—ﬁhw -1 o) )
e [Zpa<arAﬁ<t>w><v|Aif<o>|a>+ZW\AMra><a\Aﬁ<t>w> ,
. | Rt ay
= [ S Bl R s 0)e) + (@b O A0l
[1+€fﬁh¢u] 1 9

_re / e 3 pa (alAn () Ais(0) + A A (O]l

dte " ([Api(t)Aip (0) + A (0)Api (1)]),

= : dte_iwthfi(t)Aif(O) + Az’f(o)Afi(m),
(269)

70



17 WKB Approximation

The goal of this section is to introduce the WKB approximation proposed by Wentzel, Kramers and
Brillouin to solve the time-independent Schrodinger equation:

12 2y -
“omdz + V(x)y = Ev,
d*>y  2m
w + ﬁ(E - V(ZL’))@/J = 0, (270)
2
prcis k(z)*y =0,
or
d*y 2 — 271
@ + k‘(:IJ) ’(/J = O, ( )

with k(z) = |/22(F — V) when E > V and k(z) =i, /2%(V — E) when V > E.
When k(x) = k(xo) = ko, the solution of Eq. (271)) is

() = p(ag)eolem), (272)
which can also be written, as follows:

() = p(wg)e™ o 0. (273)
Substituting Eq. into Eq. (271)), we obtain:
i(iz’lﬁ/}) + k%) =0,

dx
(—k* £ ik )(z) + k* =0,

(274)

showing that the solution introduced by Eq. (273)) that is valid not only when k = & but also when
|k'| < |k?|. That solution (Eq. (273)) is the so-called WKB approximation.
More generally, the WKB approximation can be written, as follows:

b, t) = P(xo)er S e 1Pt (275)

with S(z) = f;o drhk(r). Substituting Eq. 1} into the time-independent Schrodinger equation,
we obtain:

P Lleny len (V) - B) =0
om" h2 I v B
1, T . 2m
(=557 + 78" + 5 (E = V(2)) =0, (276)

—S”? +ihS" + 2m(E — V(z)) = 0,
—S”? +ihS" + R2K* = 0.
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Considering the expansion S = Sy + hS; + h2S, + - - - and substituting into Eq. (276)), we obtain:
—S@¢ — B*SPE — 2hS)S) + - - + ihSy + ih*S] + 2m(E — V) = 0, (277)

and making equal terms of equal power of /i, we obtain: Sy = +/2m(E —V) or Sp(z) =
[* da’hk(2) and S} = LdinSy, or Si(z) = LInS) = Linhk(z).
Therefore, the WKB approximation to second order in /2 is:

U(x,t)

T[T / / ik L i
’(ﬁ(l’o)&ﬁ fmo dx'hk(x )Jrghglnhk(a:)e_%Et

9

LT gy hk(x!)+in—=L ;

= ¥ (x0) :

_ (o) ooy k(@) ~ 1Bt
/ hk(x)

17.1 Connection Formula

We now consider the WKB solution on both sides of a classical turning point z.., where V (z.) = E.
We expand the potential around z., as follows: V(z) = E + V'(z.)(z — x.), for example with
V'(x.) > 0 satisfying the Schrodinger equation:

d? :

az TR =0, 279
d*y 3
dr2 o (I —SL’C)Oé TP = 07

where k* = 22(E — V) and o = 22V"(z,) > 0.
The WKB solution of Eq. is

¢( Clei f;c drk(r) + C2€_i f;c drk(r)’ fOI' T < e (280)
xXr) = E
036_ fCEc drk(T)’ for T > L.
with k(z)? = o®(z, — z), or
w( ) cleiffc drad/?(ze—r)1/2 4 Cgeiifjc dra3/2(szr)1/2’ for x < T (281)
xTr) = z
cse” ffEc droc3/2(1”—1’5)1/2’ for z > L,
giving
i2(—2)3/2 —i2(—2)3/2
163 + e "3 7fOI‘Z<0
b(z) = o (282)
cse” 377 for 2> 0
3 ) ’

with z = a(z — z.). Introducing this change of variables, with dz/dx = «, we find that Eq. (279)
can be written, as follows:

d2
(@ - Z> b(z) =0, (283)
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which is the Airy equation (or Stokes equation) whose solution is the Airy function,

W(z) = Ai(z), (284)

defined, as follows:

1 [~ -
A’L(Z) _ %/ dt ez(zt+t3/3),
P (285)
1 oo
=5 i dt cos(zt +1*/3),

with asymptotic expansions

o (e MO O e 2 o0
Ai(z) = 21 " o
2
2 V14757 \when » — oo.

27 ’

Comparing the WKB solution, introduced by Eq. (282)), with the asymptotic expansions of the
exact solution, introduced by Eq. (286)), we see that the coefficients ¢y, ¢, and ¢; can be defined, as
follows:

o-1/4 -
= — - /4 oy
1 Qiﬁ(xc x) e,
—1/4 y
C2 = ;—ﬁ(fcc — )", (287)
o 1/4 1
— ) -1/4
c3 N (x — @)%,
giving
1 T 2 .
sin | — + = (z. — 2)*%a%? ), when z < z,
) Vr(re — x) et/ (4 3
Hee ! 2@zt - (288)
2ﬁ($—x0)1/4a1/46 , when = > z,
or
! cos _r + g(x — :z:)3/2a3/2 when z < z., (i.e.,V(z) < E)
R . e L R A , o (i, ,
- 1 —2(p—x.)3/203/2 .
2 /(r — xc)1/4a1/4e 5(@—ec) when z >z, (i.e.,V(z) > E).
(289)
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which can also be written in terms of k(z) = /2m(E —V)/h? = \/a3(x. — z), as the WKB

solution: .
ﬂcos (_E —i—/ dx'k(x’)) , when V(z) < E,
mk(x) 4 Je

Y(z) = (290)

Le_ﬁc k@Dldr" when V(z) > E.
2¢/m|k(z)]

The WKB solution for V' (z) > E can be used to estimate tunneling probabilities through potential
energy barriers (e.g., V(z) > E when a < z < b), as follows:

_ )P
[ib(a)]?’ (291)

b
_ 672 fa |k(z")|dz’

P

~—

Y

which provide a description of tunneling currents, as shown in Sec. 20}

17.2 Normalization

The bound states of a potential well with V' (z) < E in the classically allowed region with left and
right classical turning points x; and x,., respectively, can be approximated according to Eq. (290),
as follows:

N T / o
() = cos [ —— + da'k,, (o ) , 292
o) = oo (<5 [T k(@) 92)
where N = /2mw/hm is the normalization constant.

To obtain the normalization constant N, we first note that the solution must be the same when
written in terms of either of the two turning points,

() = ]if(x)cos (—Z+ / dx’k:n(x’)),

:\/]jvn_@)cos(—h/:d:v’kn(x’))’

(293)

=~
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SO

. . (294)
—sin —% —/ dx’kn(:c')> sin (/ dx'k,( )) } ,
x xy
N Ty Ty
— {cos (—z —/ da:’k:n(a:’)) cos (/ Ak ( ))
k() 4 - .
+cos (—% / dx'kn(x’)) sin < / dx’kn(x’)> } .
x x]
To make the last row of Eq. (294) equal to the first row of Eq. (293)), we must have:
Ty 1
/ dx'hk,(2") = (n + §)h7r, (295)
xy

introducing the energy quantization of bound states (e.g., E,, = hw(% + n) for the harmonic oscil-
lator), as shown in Sec. [17.4]
Next, we obtain the normalization constant /N of 1,,, as introduced in Eq. (292)), as follows:

1= <wn|wn>>

1 . . rx / - . rT ’ - - [T / - T . [T /

2 —ig3+i [, kdzx 13—t [, kdzx 13— [, kdz —i53+i f, kdx

=N dx {e il +e1 Jzy }{64 Jzy +e 4 Sz },
4k(z)

1 1 o [T L' o [T
_ N2 N2 . 2 [7 kda i2 [ kdx
/dx%(a:) + /dxélk(x){ e e }
Tr h 1 . x / . x /
_ NZ/ dr +N2/d$ {_612f kdx _'_eszf kdx }’
. 2v/2m(E, — mw2a2/2) 4k (z)

g [Tt /VEmE h 2 [* kda! 2 [* kda!
- /mm/m dr2\/2mE V(I =1?) / ° e }

_ N /1 +N2/ { z2fzkdx —z?fmkdm’}
2v2mE, V) ’

hr N2 h?TN 2
2\/ 2mw

(296)

giving N = \/2mw/hm, where we have introduced the change of variables r = mwz//2mE,, =
cos(6), with f_ll dcos(0)/sin(f) = [ df = m, and the turning points z, = v/2E,m/(mw) and
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T = \/ / (mw) We note that the integral in the second term of Eq. (296) vanishes when

17.3 Overlaps

The WKB bound states for the harmonic oscillator are defined, as follows:

() = Ws;m(}x)cos (—% +h! / ' dx’ﬁkn(x’)) ; (297)

with Ak, = \/ 2777]7,&1(l + n) — m2w?x?, which are very good approximations to the actual eigen-

states, and can be used to approximate the overlaps (¢;[1s) = [ dzi} (x)s(x — z;s). introduced
by Eq. (309), as follows:

mw A L 1C _in da Tk (2!
<¢z|¢f>:/ {e f ( )+6 +nf (z )}
o xzf) (298)
X {677 o g (2! =) tet = [, da' ks 2! xbf)}

Neglecting highly oscillatory terms, we obtain:

_ mw b Jay da'hlki(a") kg (2’ )] }
; = e " + c.c.
Wilis) / onh /R (ks (& — 2y) {
(299)
mw i
= /d {e n@) —l—c.c.}
2rhn/ki(x)kp(z — z44)
with ¢(x f da'hlki(x") — kg(«’ — z;7)]. To evaluate the integral by the stationary phase

approx1mat10n method we find the point z, such that ¢'(x,) = 0 and we expand the phase to
second order relative to that point, as follows: ¢(z) &~ ¢(z,) + 3¢"(z.)(z — z.)*

Note that iik;(z.) = hks(z. — zif), or \/2mE; — m?w?x? = \/2mE; — m?w?(v, — x;f)? =
hk.. Furthermore, ¢"(z.) = hkj(x.) — bk} (z, — xi5) = 5(2mE; — m2w2x2)_1/2( 2m?wz,) —
L@2mE; — mP*w?(z, — 2;5)%) V2 (—2mPw? (z. — xyp)) = L(hko) TN (—2mPw?z, + 2mPw? (@, —
zip)) = —(hk.) " tmPwizy.

Evaluating the resulting Gaussian integral, given by the stationary phase approximation, we
obtain:

<¢z|¢f> = I* + C'C'a
\(ilg)|? = LI+ LI+ I L + IIT7, (300)
~ 2117,
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where

MY i)

I — Jpe- 3 @) a—a.)?
onhk, e ’

—

MW i) 2hm

= onhk, € i (z)’
_ MW i) 2hm
2mhk, i(hk) " 'm2w?a,y’

I N N
i2nk.xip’

[(ileps)|* = 2L ~

(301)

SO
1

Wk*xzf ’

(302)

The overlap introduced by Eq. (302) can be expressed in terms of the vibrational quantum
numbers n; and ny by considering that

h2k? 1 1
Qm* = hw(§ +n;) — Emngz,
1 1
= hw(§ +ny) — §mw2(x* —zi1)? — AE, (303)
1 1
= hw(§ +nys) — §mw2(az* — zif)?,

where ny = ny — AE/(hw). Solving for x,, we obtain:

_ 2hw(n; — ng) + mw?c};

z, Ty , (304)
and substituting into Eq. (303), using nyh = 3mwz?;, we obtain:
h2k2 1 1 2hw(n; — ny) + mw?a?
= = hw(= +n;) — —mw?( ( /) £y2,
2m 2 2 mw?2x;
2 $27.2 2 2 2 s | MWy 2
wi Tk = maghw + 2ma;hwng — (R (n; — ng)” + 1 Jir T A(n; — ng)mwry,),
2 2 2 2 MW
= mxjhw + majhw(ng +ny) — (A" (ng —nyg)® + 1 Tip), (305)

= 2nyh? + 2np B2 (n; +ny) — (R (n; — nyg)? + n3h?),
xffkf = 2ny + 2ny(n; +ny) — (n; —ny)? —n3,
= 2ny + 2nyn; + 2nany — n? — nfc + 2n;ny — ni,

~ (ng+ny+2y/nmy —n;)(n; —ng —ny + 2/nmy),
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where in the last line we have neglected n, as compared to the other terms. Substituting Eq. (303)
into Eq. (494), we obtain:

1
71-\/(nmaac - nz)(nz - nmin)’
With 1,0, = 1y +ny + 2 /M0y and Ny = Ny + 0y — 2, /1My

| (Wilop) [P =~ (306)

17.4 Energy Quantization

In this section, we show that the WKB approximation predicts that the energy levels of the harmonic

oscillator V' (z) = Lmw? are discretized, as follows: E,, = hw(3 + n). According to Eq. (295),

Ty 1
/ Ao’ Bk (') = (n + )b,
Ty
Ty , 1
dx \/ZmEn —miw?a? = (n + §)h7r, (307)
z

]{p(:v)dsn =(n+ %)h,
where the contour integral in the last row corresponds to a complete loop in phase-space integrating
the classical momentum p(x) from x = z; to x = x,. and back to z = x;.

The integer numbers n = 0, 1,2, --- introduce the energy quantization, since they define the
possible discrete values of F,, associated with the bound states. To show that, we Introduce the
change of variables r = mwz’//2mE,, = cos(f) and we obtain:

/_1 dcos(@)%En (1 —rcos?(0)) = (n+ %)Fm,

T 2 1
/ dfsin*(0)=E, = (n+ =)hm,
0

w 2 (308)
T2 1
1
En = (n + §)hw

17.5 Computational Problem WKB Approximation

(a) Write a program to obtain the WKB approximation of the eigenstate of the harmonic oscillator
with v = 20 and compare it to the exact solution.
(b) Write a program to compare the WKB approximation of the vibrational overlap factors for two
displaced harmonic oscillators, as described by Eqs. (302) and (306) and compare them to the exact
numerical values of the squared overlaps.
Solution:

The link item (a) and link item (b) provide Matlab solutions to items (a) and (b), respectively.
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18 Electron Transfer: Marcus Theory

This subsection shows that the WKB approximation of the bound states of a Harmonic oscilla-
tor can be used to estimate the non-radiative transitions between two weakly coupled harmonic
oscillators, as described by the Golden rule of first order time-dependent perturbation theory:

2 R
Do~ 2D UANPS(ES — lws +w)),
. d (309)
~ o Hil” > Nwrla)Po(Er — B — AE),
!

where (1p¢|1);) are the overlaps of harmonic vibrational states, H;; = (es|Ale;) is the coupling
between electronic states, assumed to be independent of vibrational coordinates, and AF = Aw is
the change in vibrational energy.
Substituting the WKB approximation of |(¢¢[¢;)|* = (mk.z;;)~", introduced by Eq. (302),
into Eq. using an approximate density of states of 1/(7uww) when E;, E; > E*, with hk* =
2m(E; — E*) and x;y = \/2E)/(mw?), we obtain:

1

2
Iy~ o |Hi P ——,
g 1] hwth, i

(310)

1 2 1
~ — if .
h (E; — E*)VE)
Computing the thermal average over all initial states, we obtain the overall rate, as follows:

1

1 deie-Tp<_ﬁEi)\/m

~ 12

[~ [Hi| NIoN [ dE;exp(—BE;)
. 1 . deexp(—ﬁE)\/LE
I~ ’Hlf’ h\/E—/\exp(_ﬁE ) deexp(—BE)

T o dp2pexp(—pp*);
~ |Hzf| h—\/E_Aexp(_BE ) deexp(—ﬁE)
1 =2 dpexp(—5p?) (311)

s e iy ey ey
~ !Hz'fﬁh\/lE—Aexm_ﬁE*)@

~ |yl ean(—6E)

~ |Hif|2§w@ﬁexp(_ﬂE*)
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Figure |18 shows a schematic description of the energy diagram, assuming that the potential
energy surfaces along the vibronic coordinates are parabolas displaced in zy; = xy — x; with
frequency w, we have V; = 1/2mw?(z — x;)* and V; = 1/2mw?(z — z;)? — AE, which cross at
x* with energy

E* = (Ey — AE)?/(4E)). (312)
To derive Eq. (312), we observe that E* = 1/2mw?(z* — 2;)? = 1/2mw?(z* — x; — y4;)* — AE.
Therefore, E* = 1/2mw?(* — ;)* + 1/2mw?x?; — mw?(2* — 2;)xp — AE which gives E* =
E* + E\ — mw*(z* — x;)zp; — AE. Simplifying, we obtain: E\ = mw?(z* — x;)zp + AE =
mw?\/2E*/(mw?)/2Ey/(mw?) + AE.

19 Landau-Zener Equation

The goal of this section is to derive the famous Landau-Zener formula,

nA2

Pry =e 2 (313)

for the probability that a system, initially prepared on a diabatic state, undergoes a nonadiabatic
transition and is found on the other diabatic state at an asymptotically long time when described by
the following time-dependent model Hamiltonian:

= St(on)oi] = loa) (onD) + 5 (600 0a] +162) 6]

The Landau-Zener formula was published by Clarence Zener in 1932, as the exact solution
to a one-dimensional semi-classsical model for nonadiabatic transitions [Zener, C. Proc. R. Soc.
London A 1932, 137, 696] of a model where nuclear motion was treated classically with constant
velocity v. Therefore, the parameter ¢ = v 5 corresponds to the velocity v times the difference of
the forces on the two diabatic surfaces Fio. If the surfaces are parallel to each other, or the system
enters the electronic transition with low speed, the transition probability is small and the system
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remains on the same diabatic surface. The parameters of the Hamiltonian are constant, assuming
that they change over distances that are large compared to the interaction region near the crossing
point. The effect of the interaction vanishes when ¢ — oo, far from the crossing point, since the
energy difference between diabatic states is much larger than the coupling (i.e., et > A). As
Landau had formulated and solved the same model independently (albeit in the perturbative limit
and with an error of a factor of 27) [Landau, L. D. Phys. Z. 1932, 2, 46], the equation came to be
known as the Landau-Zener model.

We follow the derivation by Ho and Chibotaru who implemented the contour integration method
proposed by Wittig [J. Phys. Chem. B 2005, 109, 8428-8430] to find the transition probability
without having to solve the Schrodinger equation.

We consider the dynamics of the wave packet for the 2-level system, evolving according to the
time-dependent Schrodinger equation,

h— = H 14
Zhat W, (314)

as described by the time-dependent wavefunction,
(1)) = cr(t)|d1) + c2(t)[¢2)- (315)
Substituting |4 (¢)) and H into Eq. (314)), we obtain:

ihia(t) = e () St + o) 2
2 2 (316)
€ A
ihéa(t) = —co(t) =t + 1 (£) =,
2 2
which gives
o . LA
iy () = cl(t)%t + ) +a (t)%,
o € A\ € € A\ A €
thl(t) = (Cl (t)§t + Cz(t)§> Eit + (—C2<t>§t + Cl(t)5> % +C (t)§, (317)

. et? A2 1€
Cl(t) = —Cl<t) W + W + ﬁ .

The desired quantity is the value of ¢;(t — oo) after the interaction is over. Remarkably, ¢; (t —
o0) can be found directly, so it is not necessary to find ¢; () by solving the Schrédinger equation.
This is accomplished by showing that,

') . 2
/ dtE = lim ln( a(?) ) _ 48 (318)

o (1 to0 c1(—t) 4he’

so assuming that lim; , ., ¢;(t) = 1, we obtain lim;_,., |c1(¢)|* = exp(—”z—A:), as the only possible

physical solution, which is the familar Landau-Zener formula introduced by Eq. (313]).

| 2
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To derive Eq. lb we assume that % = %ln(cl), which is a well-behaved function in the

real axis of time, can be analytically continued into the complex plane to use the Cauchy integral

theorem, as follows:
?{ dz2 =0,
v G

/ at +/dz2 —0, (319)
—c0 C1 Q C1
/oodté—l——/dzé—l,

—00 C1 Q C1

where 7 is the closed curve defined by the real axis from — R to R and the semicircle €2 of radius R
from R to —R in the complex plane when R — oco. Equation (319)) allows us to by-pass the need
of solving the Schrodinger equation to find % in the real axis when we can evaluate the integral of
its analytically continued form over the semicircle 2 : z = Re? in the complex plane.

To evaluate the integral over the semicircle, we show below that

1 1 A?
i e fen — i g LAY )
Jm e/er == (szH 4R et ) G20
giving
1 1 A?
lim /¢ =—i | — —— . 321
|z|irftloo 01/01 ! (2h€2 + 4h 62) ( )
Therefore,
i i A? £ i A i A2 TA?
dz | — —— ) =1l doi | —eR%*™ + —— ) = +—. 322
/Q 2(2#”471 ez) e J, Z(Zhe T 4he (922)

To obtain Eq. (320), we note that at ¢ — oo the |c;(¢)| is constant, so ¢1(t) = |c1|e”*™® and

¢

— = —ip(t). (323)
C1
Substituting into Eq. (317), we obtain:
242 2 :
. .9 €t A 1€
—ip—p ===+ -—=+=]- 324
Wwoe (4h2 T 2h> (324)

Separating real and imaginary parts, we obtain:

€

Sb:_v

2h
L oer A (325)
LTI
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Therefore,

€ A?
=+ —[th/1+ = (326)
7 271’ Wi €t?
and expanding the square root in the limit when ¢ — 00, we obtain:

2

€
5= +—|t|(1
0= £ (14 5s) +

57
) 2et? (327)
~ —1(1
2h (1+ 262252)’
which can be substituted into Eq. (323) to obtain Eq. (320).

19.1 Marcus Formula
The Landau-Zener formula, introduced by Eq. (313), can be used to compute the probability of
electron transfer, as follows:

_2m(a/2)?

Pszl—e he

I S L0 (328)
- D d R
hiy Vi=Vy)a

and can be expanded to first order when | H;| is sufficiently small (weak coupling limit), as follows:

2r| Hiy (329)
if — gl
hit (Vi = Vy)a
where & = hk,/m is the velocity at the crossing point and
L)l (o (1)
—(V; — vz, = mw”(x — (z — x;7)),
dx 17 =it d (330)
= mw?z;y,
giving
27T|Hif|2
Py=—— 331
T hw?zi bk, (331

Considering that the vibrational period is 27 /w and that the crossing is reached in half a period, we
obtain the rate (i.e., transition probability per unit time), as follows:

r w2 Hyl®
4T hwtaiphk,
_2m |Hyl?

" homwaichk,

(332)
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20 Tunneling Current

This subsection shows that the WKB tunneling probability can be used to estimate tunneling cur-
rents. We consider a 1-dimensional electron tunneling

- n* 02
H)=|—-———+¢eV 333
w 2m axg + € (x) 1/]’ ( )
problem described by the Hamiltonian
- R o2
H=———+¢V 334
2m O0x? +eVi(@), (334)
where e is the charge of the electron and
V,oif z <0,
V)= WV if 0<z<a, (335)
V. if x> a,

where V}, defines the tunneling barrier, and AV = (V; — V,.) defines the voltage drop across the
barrier. Outside the tunneling interval x; < x < z,, the solutions of the Schrodinger equation are
superpositions of plane waves since the potential is constant. For energy £/ > eV and F > eV,
there are two independent solutions 1; and 1), for incident electrons from the left and from the
right, respectively.

Considering the solution for incidence from the left, we obtain:

& + gy if z<0
P(x) = { Aet® 4 Bem™e if 0 <z <a (336)
o if z>a

where gbji = kj_l/ eEikiz | are defined divided by the square root of %; so they are normalized to
carry the unit of current density /i/m, as shown below, and ensure that the S matrix is unitary
(Conservation of charge). The labels j = [, r indicate the left (/) and right (r) side of the barrier,
= /2m(E — eV;)/h? and k, = \/2m(E — €V,)/R2.
Applymg the continuity conditions for ¢; and 9v;/Ox at x = 0 and « = a, we obtain:

kP kP = A+ B,
Aezkba + Be™ ikpa _ k;1/2tr€ikra,
k> (1 — 1) = ky(A - B),
kb(Aeikba . Be*'ikba> — ki/Qtreikra.

(337)

The transmission amplitude ¢,., reflection amplitude r; and coefficients A and B can be obtained by
solving for them from Eq. (337).
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The probability flux (or current density ) of incoming electrons from the left, described by the
incident wave ;(z, t) = k; "/ eik==v1) with momentum k; and energy E(k;) = eV; + h2k2/(2m),

1S:
i) = g (it 220 a2 (338)

2mi T ox
or

h 0

_ Lo P 339
—22/1i(x,t)mz/12(1:,t)+c.c., (339)

= Refuf (x, )i (2, 0] = -

The flux of transmitted electrons described by transmitted wave ¢, (z,t) = t,.k, V2 gilkre—wt) | ith
momentum k, and energy E(k,) = eV, + h*k2/(2m), is:

| . ho
o) = uitont) (=it 2 ) vl ) + e o

h
= |tr|2_-
m

Therefore, the transmission coefficient 7; = j;/j;, defined as the transmitted flux j; over the inci-
dent flux at energy F is: T} = |t,|?. The reflection coefficient R; = 1 — T is the reflected flux over
the incident flux.

Analogously, we consider incidence from the right of the tunneling barrier, as follows:

o +rrof if ©>a
Pp(z) = ¢ Ae™® 4 Bem™™T if 0 <z <a (341)
tor if 2 <0

Solving for ¢;, we obtained the transmission coefficient 7, = |, 2 due to incidence from the right.

More generally, we can consider incoming waves from both left and right (¢,” and ¢, , re-
spectively) with amplitudes c;, = D et that generate outgoing waves to the left and right (¢,

W

and ¢, respectively) with amplitudes c,,; = ¢,, Corp- The amplitudes of outgoing and incoming

waves are related by the linear transformation defined by the scattering matrix (or, ’S-matrix’) S,

as follows: ¢, = Sc;p:
! !
Cout _ T tl Cin
()= () () =

Due to the conservation of probability, the S-matrix must be unitary: S™' = S'. Therefore,

SSf=1: .
T tl s tr o
() ()= =
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which gives

rrf + it} = 1. (344)
In addition, STS = 1:
togt
T tr T tl .
() (o) 9
which gives
thty +rlr. =1 (346)

Therefore, according to Eqgs. (344) and || we obtain: 1 — tlt; = rlr; = rirr. For our 1-
dimensional case, we obtain:

lri|? = |r|* = R. (347)

Under stationary state, dp/dt = 0, with p = |1)*1|. Then, according to the continuity equation
Jp/0t = —0j/0x, we obtain: 0j/0z = 0. Therefore, j; for x < 0 must be equal to j; for z > a.
Also, j, for x < 0 must be equal to j, for x > a:

(1= rl?) = [t (348)
and
(1= |re]?) = [t (349)
Dividing Eq. (348) by Eq. (349) and using (347)), we obtain:
t =t,. (350)
Therefore,
T,(E) = |t
= [u]" =T.(E),

so the transmission coefficient is the same for both directions of incidence and R + 7" = 1.
Considering that the number of electrons with energy £ incident from the left and right of the
barrier are n;(E) and n,.(E), respectively, the net flux of charge from left to right is:

e hk o hk,
[ = 26/ dklnl(k:l)—sz - 26/ dkrnr(kr)_TT7
0 m 0 m

2 [ hk, | Ok hk, | Ok,

=5 i dET(E) (nl(E)E 9E ”r(E)W OF ) ) (352)
9¢ [ hk; | m hk, | m

_ e ET(E E)— || —n(E
2m Jo B TE) (nl( ) m | h2k o) m | Rk ) 7
2¢ [

== | dET(E)(m(E)—n.(E)),

hJo
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where factor of 2 accounts for the two possible spin states, the first term on the r.h.s. accounts
for the forward flux (i.e., from left to right) and the second term accounts for the backward flux
(i.e., from right to left). Note that in the second row of Eq. (352)) we used the following equality:
1= [dE|E)(E| = 2x [ dk|k){k|.

At equilibrium, the population of energy levels is determined by the Fermi-Dirac distribution:

1

E) = FEEn 1

(353)
where Er is the Fermi level and the factor of 2 in the numerator accounts for the 2 possible spin
states. Considering the potentials for electrons at either side of the barrier, we obtain n;(E) =
n(E — eV)) and n,.(E) = n(E — €V,.). Therefore, we can expand these distributions, as follows:

on(E
n(E)=n(E — Er)+ n( )GVML--- :
)
on(E) (354
and write the Landauer formula, giving the current in the form of the Ohm’s IAF, as follows:
2e [
I = ” dET(E) (n(E) —n.(E)),
0
2¢? on(E) (355)
=— | dET(E AV,
- (B)—5 AV,
= G(E)AV,

E
Gy = % = [12.906 k]! the quantum unit of conductance. Note that G, defines the maximum

conductance (minimum resistance) per conduction channel with perfect transmission, 7'(E) = 1
(i.e., if the transport through the channel is ballistic and therefore the probability for transmitting
the electron that enters the channel is unity), as observed in experiments.

Atlow temperature (i.e., 5 — 00), the Fermi-Dirac distributions become step functions n;(E) =
2H(Ep — (E —¢€V)))and n,.(F) = 2H(Er — (E — €V,.)), with H(x) the Heaviside function equal
to 1 for z > 0, and O for z < 0. Therefore, % =§(Er — F), and

where G(E) = R™' =Gy [dET(E) % is the conductance, or inverse of the resistance R, with

2
I= 2% dE T(E)§(Er — E)AV,
o (356)
- % T(Ep)AV.

In this low-temperature limit, the conductance is the transmission times the quantum of conduc-
2
tance, G(E) = 2= T(Ep).
The transmission coefficient 7'( ) can be estimated, under the WKB approximation, as follows:

T(E) _ €—2f0ad:c 2m|E—§(J})\/h2’ (357)
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Fig. 1. (A) Schematic diagram of the experi-
mental setup. QPC conductance is measured as
a function of AFM tip position. (B) Point con-
tact conductance G versus gate voltage V, with
no tip present at temperature T = 1.7 K. Pla-
teaus at integer multiples of 2 e?/h are clearly
seen. The inset shows a topographic image of
the point contact device.

where () = V}, describes the tunneling barrier according to Eq. (335)).
To derive Eq. (357)), we consider the WKB approximate solution of Eq. (333)), with the follow-
ing functional form:

W(x) = et Jo HeDd" (358)

where k(z) = +/2m[E — V(z)]/h?. Note that when V(z) is constant, ¢)(z) corresponds to a
particle moving to the right with constant momentum k. Substituting ¢/(x) as defined in Eq. (358),
into Eq. (333), we obtain:

W 0*(x)

2m  Ox?

+ V(z)p(x) = EY(z) — A, (359)

with A = ik’ (x)%w(x) Therefore, the WKB solution is a good approximation when |k'(z)| <
k(z)2.

According to the WKB solution, the probability density |¢(x)|* remains constant on the left of
the tunneling barrier, when E > V}, since )(2) = ¢)(—o0)e ™"/~ 4% for 1 < 0. Inside the barrier,
however, the probability density decays exponentially:

(x) = (0)e o &VEMIEZEEIE, (360)
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since ' < &(x). In particular, at z = a, the probability density is
()| = [ (0) [P0 #H, (361)

In the region with 2 > a, the probability density remains constant again since 1(z) = tp(a)e =" Ja @'kr
and |¢(z)|? = |[¢(a)|*. Therefore, estimating the transmission coefficient as the ratio of the proba-
bility densities to the right and to the left of the barrier, we obtain

[¥(a)?
[4(0)]2’ (362)

— 6—2f0ada: 2m|E—§(m)\/h2.

T(E) =

21 Grover Algorithm

The goal of this section is to explain the Grover algorithm as applied first to a system of 2 qubits in
a uniform superposition with N = 22 states. We also discuss the straightforward generalization to
a system with an arbitrary number qubits and for applications to optimization problems.
Algorithm: Given a so-called oracle O that changes the sign of a target state (e.g., |11)) in a
uniform superpositionE]

ls) = \/—_(]00) + [10) + |01) + |11)), (363)

as follows:

Ols) = (]00) + [10) 4 |01) — [11)), (364)

1
VN
the Grover algorithm reveals the nature of that target state by rotating the uniform superposition |s)
to align it with that target state |11). The rotation is performed by applying the product of operators
DO, where D is the so-called Grover’s diffusion operator that changes the sign of the component
perpendicular to the initial superposition state, as follows:

|D) = 2|s)(s| — 1. (365)

Note that in the basis of qubit states (i.e., the computational basis), the matrix elements of D are
defined, as follows: (j|D|k) = 2 — 4. Full alignment can be verified by checking that the
oracle changes the sign of the resulting state. The nature of the target state is revealed by making a
measurement giving the expectation value corresponding to the target state.

Analogous to D, the oracle can also be represented as a Householder transformation O =
I —2|11)(11], or as a matrix in the basis of qubit states with (j|O|k) = d;,(1 — 24;11). In general,

the oracle can also be represented, as follows: O = ¢t ), where f(j) = 1 for the target state (e.g.,
|7) =]11)) and f(j) = 0, otherwise.

3 An oracle in quantum computing is a ’black-box’ operator that takes n g-bits and performs a unitary transforma-
tion, analogous to the oracles of classical computations that take as an input an n-bit number = and output a function

f(@).
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The uniform superposition can be prepared by starting with all qubits in the ground state and
applying the Hadamard operator to each qubit, as follows: H|00) = H; ® H1|00), since the
Hadamard operator H; = 7 (6, + 6,) transforms |0) into the symmetric linear combination |+) =

1(10) + 11).

Remarkably, the state DO|s) is more aligned with the target state [11) than the initial state |s),
as shown geometrically in the figure below. The procedure can be repeated n times to maximize
the alignment, with n determined by the number of qubits as explained below.

11)

a

Ols)

Figure 1: Geometric representation of the first iteration of Grover’s algorithm. The initial superpo-
sition state |s) is rotated by an angle 6 towards the target vector |11) by first applying the oracle O
that inverts it along the direction of the target state, and then the diffusion operator D that inverts it
relative to the direction of the superposition state.

Oracle operator: To explain how to construct O in terms of unitary operators for the example
described above, we note that

—|1) = Hi6,Hi|1). (366)
since the Hadamard operator H; = \%(62 + 0, transforms |1) into the antisymmetric linear
combination |—) = —5(|0) —[1)), the NOT operator & changes the sign of the state [—) = —5(|0) —
|1)) (by changing |0) into |1) and |1) into |0)), and applying the Hadamard operator to |—) returns
the original state |1). By using CNOT instead of NOT, as shown in the circuit, below:

we change the sign of |1) in the second qubit only when it is preceded by the control qubit |1),
as necessary when applying O to the uniform superposition, according to Eq. (364)).
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Diffusion operator: The diffusion operator changes the sign of all of the terms orthogonal to the
uniform superposition. Therefore, it is possible to implement it by first orienting the state along a
convenient direction where it is easier to change the sign of all of the orthogonal state and the rotate
it back to its original orientation. For example, rotating the state O|S> so that its component along
the direction of the uniform superposition points along one of the computational states (e.g.,, along
the |00) direction) so one can change the sign of all of the terms that are orthogonal to that direction
(e.g., |00)) and then rotate the resulting state back so that the superposition state component points
along its original direction.

The circuit given above can be used to change the sign of the component along the |11) direc-
tion. In addition, the analogous circuit but with a NOT gate previously applied to the first qubit
(and subsequently applied as well to avoid modifying that qubit) would change the sign of the term
along |01), as follows:

o
L

and the same circuit but with exchanged the control and target qubits would change the sign of
the term associated with the direction |10), as follows:

at
L

so, the complete diffusion operator D can be implemented, as follows:
]
—H [ H O H [~ H [

which can be simplified, as follows:
-4
5 & H X {xXH

since HH = I.
Number of steps n: Here, we show that n = 1 for a system of 2 qubits, thus outperforming a

classical search that would need at least 2 steps to search a state component in logarithmic time
—i.e., logs(#qubits). We note that

B

N

#

1
(11)s) = (367)
SO R 9
Ols) = 1) = =), (368)
and
D (19 = i) = @yt = ) (19— i) ) (369
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Therefore,

DOJs) = (2]s)(s]) (\s> - %ﬁ\m) - (ys> - %ﬁym) (370)
= (2ls) = §ls) — 1) + K1) (371)
= 5ts) + &I11) (372)

so for a system with 2 qubits, N = 4, making (DO)"|s) = |[11) when n = 1.

More generally we note that, according to the figure given above, the projection of (DO)™|s)
along the direction of |11) is sin((2n + 1)%). To maximize the projection, we need to have (2n +
1)% = I with g = \# So, (2n + 1)\/% = Z and when n is large, Qn\/LN ~ I, giving n ~ %ﬁ.
So, remarkably, n =~ v/N when N is large —i.e., quadratically faster than the classical search where
n is of order V.

IBM Experience: The YouTube videos 24 and 25 show how to implement the Grover algorithm
for 2 qubits, as described above, on the IBM Quantum computer.

Matlab function: The gsa.m Matlab function simulates the Grover algorithm.

Grover Optimization: Grover’s quantum computational search procedure can provide the basis for
implementing adaptive global optimization algorithms. An example of such methods is the Grover
adaptive search (GAS) algorithm where the global minimum of a cost function V is iteratively
searched for with an adaptive oracle, as follows. Given an initial state |jy) and its corresponding
expectation value Vo = (jo|V|jo), the oracle O = ¢/ is defined with f(j) = 1 for states |;)
with expectation value (j|V|j) < V. Applying the Grover algorithm to a uniform superposition,
we find a state |j;) whose expectation value V; < Vj after r = v N /4 rotations. The oracle is
then adapted with f(j) = 1 for states |j) with (j|V|j) < Vi, and the process is iterated m times
until convergence to find the global minimum state |m) with V,,, < V,,_; < --- < V}.

As an example of Grover minimization, we consider the problem of finding the configuration
of a conjugated polyene chain with Cartesian atomic coordinates 1, - - - T, assuming that bond-
lengths and bending angles are known but the 1-4 dihedrals are yet to be determined since their
7w or —7 (cis or trans) configurations must fulfill a constraining set S of interatomic distances
d;; = ||x; — ;|| determined by NMR. If all interatomic distances are determined, then the problem
is trivial and can be solved in n steps. However, the problem is NP-hard when only some of the
distances are known.

Therefore, we need to find the coordinates x4, - - - x,, that minimize the following cost function:

g('rl’x??"' 7xn) = Z (dij - ”xi_xjH>27 (373)
(i.5)eS

and thus make g = 0. We note that only n— 3 dihedrals have to be specified to define all interatomic
distances, since all bond-lengths and bending angles are given and the positions of the first 3 atoms
are defined by the bond-lengths and bending angles. Since each dihedral can be either cis or trans,

we have a total of 2”3 possible configurations, with only some of them satisfying Eq. .
To implement the Grover optimization algorithm, we prepare a register with n — 3 qubits in a
uniform superposition, where the state |0) of the j-th qubit corresponds to the cis state of the j-th
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dihedral and |1) corresponds to the trans state of that dihedral. The oracle O = ™) is defined so
that f(j) = 1 if state |j) satisfies Eq. (373)) and f(j) = 0, otherwise.

22 Second Quantization

The goal of this section is to introduce the single-particle basis {1, (r), 1., (r), ¥, (r), - } for
representation of the N-particle state W(ry, ro, -+ ,ry) in terms of symmetrized product states
Sy H;V:1 1., (r;), and its correspondence to the occupation number representation [1,,,, 1., , My, = = - ),
where n,,; is the number of particles in state ¢, (r) in the product state representation. Furthermore,
we introduce the creation d} and anihilation a; operators (i.e., operators that raise or lower the occu-
pation numbers n,; by one unit) and we show that any single particle operator A can be expressed

ijwkdf-dk, with AVjJ/k = <l/j|A|Vk>.

: N A
in terms of @} and a;, as follows: A =} i

Vi,Vk

22.1 Single-Particle Basis

The state of the N-particle system W(ry, ro, - -+ ,ry) can be represented in a complete orthonormal
basis composed of single-particle states {1, (r)}, satisfying that

D by, (¢) Wy, (x) = 6(r — 1), (374)
and
/dr Yy, (1) 1y, (r) = 0y, - (375)
To represent W(ry, 1o, -+ ,ry), we first project the state along the basis set of ry, as follows:
\I[(rh r/27 e 7r,N> = Z 77Z}V1 (rl) /dr/1¢ul (rll)*\ll(r,h r/27 e 7r,N>7 (376)
V1
and then we proceed analogously with the other coordinates, so we obtain:
N
U(ry, v, TN) = > Corewn | U0 (r)), (377)
V1, UN 7=1
with
Cuy,o vy = /dr’1¢yl (I’ll)* cee / dI'/N@/JVN (I'/N)*\I/(I'll, I'IQ, cee ,I',N). (378)

While the product states vazl ., (r;) form a complete basis for the N-particle Hilbert space, they
do not necessarily fulfill the indistinguishability requirement of bosons (or fermions) so they need to
be symmetrized (or anti-symmetrized). Applying the bosonic symmetrization §+ (or the fermionic
anti-symmetrization S0) operator, we obtain linear combinations of product states with the proper
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symmetry to describe systems of N-bosons (or fermions), according to the following normalized
permanents (or Slater determinants):

N . . %/1 (1‘1) wul (1‘2) T wlll (rN)
S Ilvn ) = o | o e
= Yoy (T1) Yoy (r2) - Gy (rn)],

= <r|wu1wug t ¢VN>7
which are linear combinations of product states corresponding to all possible permutation on the

set of NV coordinates. Each term of the Slater determinant has a sign (—1)?, corresponding to the
number of permutations p, while the bosonic permanent terms are all sign-less.

)

(379)

22.2 Occupation Number Basis

The product states, introduced by Eq. (379)), are linear combinations of occupied single-particle
states. The occupation number representation |n,,, 1,,, 7., - - - ), simply lists the number of par-
ticles Ny, in each occupied state v;, with My, = N. Such states are eigenstates of the number
operators,

ﬁl’k’nV17ny27nl’37 e > = nl’k’nyl7nl/27nl’37 e > (380)

For fermions, n,, = 0, 1 while for bosons n,, = 0,1,2,--- is a positive integer.

22.3 Creation and Annihilation Operators

Bosons: The creation and annihilation operators of bosons, l;; and Bj, are defined to ensure that the
number operator n,,; = l;j l;j gives the number of bosons in state v; as follows:

ﬁVj‘nV17nV27”.an7'..> = nyj|ny1’ny27...nuj’...>7 (381)

and raise or lower the occupation of that state, as follows:

B}lnlj17nl/27 o 'nl/j7 o > B—l—(nl/j)lnlj17nl/27 e (nl/j + 1)7 o '>7

(382)
B*(n'/j)lnl/NnVQ? T (nl/j = 1)),

bj|nV17nV2>"'an>"'>

where B, (n,,) and B_(n,,) are normalization constants. We further demand that the occupation
number of an unoccupied state (e.g., n,, = 0) cannot be further reduced, which is equivalent

to demand that Bj|nyl, Ny, -+ 0,+-+) = 0. Furthermore, we define the normalization constants
B.(0) =1and B_(1) = 1 so that

[}annw...o’... = |nyy, My o 1,0 ),
i )= ) 55

D[Py Mgy 1) = My My -0, - ).
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Therefore,

bjb; s My 0y ) = My, My -+ 0,0 ),

In
Sia (384)
bl My 1,0, ) = 0,

which can be summarized as I;jI;; =, + 1 and [b;, IS;] = 1. When j # k, however, [b;,bl] = 0.

The normalization constants for other states are found from Eq. @), as follows:

<nlj17nl/2a o 'nl/j7 e |l;;‘l;j|nl/1anl/27 o 'nl/jv o > = nl/jv (385)
<n1/17nl/27 t 'nl/j7 T |b}bj|nl/17n1/27 o 'nl/ja o > - B—(”l/j>27
so B_(n,,) = \/My,. Analogously, we obtain
<nu17nuza T My, |bjb;r‘|n1/17nu27 My, > = B+<nuj>27 (386)
(nV] + 1) = B+<nl/j>27
B (ny;) = \/ny, + 1. Therefore,
(I;;)nu‘nllnnllzv T 07 o > =V nV!’nVnnl/Qa My, > (387)
or
()
(120, Mty My, -+ ) = [ [ ~2=-10,0,0,---). (388)
|
V!

Fermions: The creation and anihilation operators of fermions, éj and ¢;, are defined to ensure that
the number operator 7, = é;éj gives the number of fermions n,, = 0, 1 in state v;. This requires
that &;1) = 0, ¢5|0) = |1), ¢;|0) = 0, and ¢}|0) = |1). Therefore, ¢;¢}|0) = |0) and ¢;¢]|0) = |0),
or éjé; + é;fé] =0.

22.4 Operators in Second Quantization

In this subsection we show that any single particle operator A can be expressed in terms of l;; and

l;j, as follows: A = Zuj,uk Av l;;l;k, with 4, ,, = <Vj|A|l/k>. As an example of a single particle
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~ A ~ A2
operator, we consider the kinetic energy 7" = Z]kvzl Ty, with T}, = ;n—’“k:

<I"T|2/J,/1w,,2 o 'wVN> = Z<r|wl’j><wyj |T|1/1u1¢u2 o '%zv)

vj

N
- Z<r|wy] Z ¢VJ |Tk|wV1¢V2 e wVN>
vj k=1

2

- Z<r|¢” Z 77D"J|,I}C ¢Vk ’BVIC|/I7Z}VI¢V2 e ¢VN>

k=1

N
- Z Z<r’ij>5Vz7Vle/j,Vz (r\i)uk\%ﬂ/’w o '¢VN>

v,y k=1

N
= Z Z 6Vl:VkTVj’Vl <r’b;r/j b’/k W}mwl@ o .wVN>

v,y k=1

Therefore, summing over k£ we obtain:

T ZVVlV

Vi,V

Analogously, any 2-particle operator V such as the pair-wise additive potential,

N

Z > Vi),
=1 ktj

can be written in second quantization, as follows:

Z V”jvl’z VisVk bz/ bj,lb b

Vj,Vi,V],Vk

V(.’ﬂl, xQ)IlewV;J-

l\DIH

where Vyj,yi,l/l,l/k = <wl/jwl/i

22.5 Change of basis in Second Quantization

(389)

(390)

(391)

(392)

We consider two different complete and ordered single-particle basis sets {|1/,,) } and {|¢,,,) } with
jJ = 1-N. Using the completeness relationship we can write any element of one basis set as a linear

combination of elements of the other basis set, as follows:

W) = D [t ) (W, [y,)
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where [¢,,) = a/, [0) and |¢),,,) = a], |0). Therefore,

d,uj |O> - Z<ka |¢#j>&l/k ’0>7

k
or
&;U«j = Z <¢uk Wuj >&Vk7
k
and

&Lj = Z<w’/k ‘wﬂj>*&ik,7

k

22.6 Mapping into Cartesian Coordinates

i

Introducing the Cartesian operators Z,, = % [BL + l;Vj] and p,, = b — l;,,j], we obtain:

V2

vj

[‘%Vj o iﬁ'/j} )

N
Sl
[\

and
(B, + i8]

Sl

Therefore,

R 1 5 . - .~
an = §($VJ - Zpyj)(ajVJ + ZpVJ)

1 ~2 [~ ~ ~2
- §(xl/j + Z[xl’j7pl’j] +pl/j)

L _ .
= 5(5’% +1y, — h)

Substituting into Eq. (400), we obtain:

T 1 ~, .~ ~ .~
T = 5 Z Tyj,yl [CL’VJ. — Zpyj} [:L"Vl =+ zpyl} ,

vj,v
1 . " 1 . 11~ .
=3 Z Tl,jﬂ,j(:c,%j —i—plz,j —h) + 3 Z Z Ty [T, — D, ] [T, + D]
v Vi V#vj
1

s _ 1 N _
=5 Tl’jvyj(x’%j +pl2’j —h)+ 92 Z Z Toyn [T, Ty + Doy

v Vi V#vj

since [7,,, p,,] = ihdy,,, while [7,,2,,] = 0and [p,,,p,] = 0.
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22.7 Classical Electron Analog Hamiltonian

The Meyer-Miller classical electron analog Hamiltonian H™ is essentially the ’classical Hamil-
tonian’ (H), introduced in the previous section, minus the ’zero-point energy’ of that system of
coupled harmonic oscillators with coordinates and momenta z; and p;:

(%,p) = Z Z Tjx + Pipe) Hjr — %Z Hyy, (401)
k

The Meyer-Miller Hamiltonian, introduced by Eq. (40I)), can be obtained by first writing the
Hamiltonian in second quantization, as follows:

N N
ZZ Hiilg){k
7j=1 k=1

N N
ZZHkCL A,

J=1 k=1

H

(402)

and then substituting the creation and anihilation operators of the harmonic oscillator, as follows:

1 N N
5 Z ZHJk ij (xk + Zﬁk)a

=1 k=1

NN (403)
5 Z Z H]k I]Ik + p]pk - 5jk’)
7=1 k=1

DN | —

Note that the delta function, in Eq. (403)), is introduced by the commutator [Z;, px] = id; 5. There-
fore, the ’zero-point energy’ term effectively introduces the commutation relation between the co-
ordinates and momenta,

e
2.2 (404)
15] = ﬁ[&T - dj]»
with
S fw
b h1 | (405)
P;j =Dj m»
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and [, p;| = ih, corresponding to the single harmonic oscillator Hamiltonians,

A2
Dj 1 .
H; = ﬁ + §mw2x§,
~'2
Pk L2 g2, (406)
2m 2 mw
hw 5 o
=5 7} + 23]
Considering that
iy = ala;,
.
= 5(%‘ — ip;)(T; + ip;),
1o, - (407)
= 5(% + i[Z5, py] +pj)7
1, 5
we obtain the usual expression of the Hamiltonian in terms of the occupation number,
1
H, = hw (ﬁj ; 5) , (408)
with eigenstates
mw 1/4 mw o
0= (T5) x5
1
v+1) = ally ,
1) = il
1 mw 1 mw 1/4 mw
- (o ) (5 oo
1) =5 (25 i) (2) " exnl- )
I 1 /. [mw B 1 0 <mw>1/4 ( mw 2y (409)
=— |2 — Xp(———1
2\ "Vmwh oz, ) \wh PV )

= E 72%‘
with matrix elements (u|a}]u> = V0,41 and (p|a;|v) = (V]a;\u).
The second quantization mapping |j) (k| — &;dk, introduced in this section, is often known as
the Jordan-Schwinger representation [P. Jordan, Z. Phys. 94, 531 (1935); J. Schwinger, in Quantum
Theory of Angular Momentum, edited by L. C. Biedenharn and H. V. Dam Academic, New York,
1965], a transformation of a Hamiltonian from the basis of angular momentum into the basis of the

Harmonic oscillator.
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22.8 Wigner Transform Propagation based on the MM Hamiltonian

The equation of motion for propagation of the Wigner transform

dS 2S-P d i281p1 d i252p2
W(R,P,x,p>=/ : / / Wz + )iz —s),

s ™ ™

with z = (R, z1,22) and s = (S, s1, $2) according the Meyer-Miller Hamiltonian,

/\

2
1
2

P?
oM

pe
2M

1
5 (@2 + pipr — k)

PR
i

can be obtained as follows:

%W_/d&mp/@ﬂw(WNwm)

ot T T ot

wz_@+¢mz+@9ﬂiiﬂ>.

ot

Considering that

=1 k=1
Noog 1 L
R O, 2 DD Hu(R+S)(wjzy — )™
=1 P =1 k=1
N N N N
0 01
N Pl Ty H . _ 5. *

and

-k aw(z_s) 1 alge *
Wz +s)— — = 5 Z Z Hjp (R — S)(xjzy + pipe — Ojk) Py

ot
j=1 k=1
AR R .l
=1 P =1 k=1
N ) N
. ; ; o laxl 89515 ; ; Hju(R = S) (e — 05)01)
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gives

op" dSe?SP [ dseiP SN H;
gt B / / ¢ Z Z k Jks2) [ijpkw — " pjpk¢ + (Sjl‘k + SkIJ)Zﬁl/J ]
k=

™
j=1 1

dSe?8P [ dsep XK H' 1 ) o )
+ / / ¢ Z Z S 2¢(xjxp, — 8ji)™ + Ypipe™ + Y pipr) + 207 s 50

T 2
7=1 k=1
(415)
where the first bracket gives
0 0 g 0 «
[--]= ( a_a—q/; — " 833 95, ) + (s5@8 + 2Py ] )
0 0 . .
= |— % 8—w — —1/) + (Sj$k+8k$j)¢¢ )
) (416)
— |- % ( ¢ + —@D) (sjzr + Sk%‘)@/)w*] ;
0 *
_ __ 8_338_90;.3 (") + (sjar + spxj) vy } ;
8pW o OH 8pW Al " 82 8p ap
ot~ OP OR +ZZ e HJ’“@PQ){ jaxk—i_apk }—i_“.?

j=1 k=1
OH 0p*" —_0H dp" 8PW OH o h2 02 8p"  9pW
op Z Opr. 0$k Opy Oxy, ZZ gkaPQ =+ Tl 4,

IR aZEk apk
417)

=1 k=1

22.9 Wigner Transform Propagation for the electronic MM Hamiltonian

The equation of motion for the propagation of the Wigner transform

ds, ets1p1 d ISNPN
P iep) = [ [ s/ 20 5/2), “18)

according the Meyer-Miller Hamiltonian without nuclear coordinates,

N N
Z Z ij :ijk +p]pk - 5]]@)

j=1 k=1

N N
1
=5 ZZhHgk (zjzr + pipk — Oji)

h)l}—l

(419)
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can be obtained as follows:

op" / dsiet1PL /dsNeiSNpN <8w*(x+s/2)

ot 2 27

Considering that

. N N
i) (x — s/Z)M = _% Z Z Hj(xjzn + pjpr — 0 )¢™

ot 7j=1 k=1

A .

- Z éax B Z Z Hij(wjm, — O )™
i=1 P i=1 k=1
N N N N

s;s1 0 01

=22 99 03 2 2 Tl = )y

i=1 = PER2 521 k=1
and
N N
X—5s/2 1 .
Vi (x+s/2) i 5 /2 —52211%(%% + pipe — Ok )Y

j=1 k=1
Noog LN

-2 éax 2 > > Hilwja, = 0y’
i=1 YT =1 k=1
N N

sisg 0 01 .
+;;550_x1%§;; k(2T — 0) Y
gives

) IP(x —s/2)
B (x—s/2)+ 1 (X+S/2)T).

(420)

421)

(422)

opW ds,es1P1 dsnesNPN N Y H
= [ S [ Y T e i + (s s,

where

0 «
8skw — " a—sja—sklb) (sjx) + spx;) ] )

Vgt w—w) (ijwskxj)w*},

-4 (v
0

7 (V2

0

205, (10—10 +4" —@D) (sjzx + Skl"j)@/ﬂ/)*] :
= |2 aiai (Vi) + (sjn +3k$j)w’*} ’

9 0 L0y
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N N W 8p
3t [ n+ oo
(425)

oH 0p"V n op"V OH
apk 0

Il
Mz I

8pk al'k ’

i

1

Equation (425) shows that classical propagation of the Wigner transform p"V gives a rigorous
description of quantum nonadiabatic dynamics since the Hamiltonian is quadratic in coordinates
and momenta, x; and p;.

The survival probability Py(t) = (¥
evolved state [U(t)) = > ;c;i(t)]j), ¢

PV (x, p;t), as follows:

(t)|k)(k|¥(t)) = c(t)ck(t), corresponding to the time-
an be obtained from the time-evolved Wigner transform

= (2rh)™ / dp / dx (ppn(x,p))" p" (x, pit), (426)

where
/

S
2

1 i / S/
W !, 3PS
(X, p) = —(27rh)N /ds enPs (x — ) k) (k|x +

P opit) = e [ dset = SO W0+ ) @27)

2W,WVZch]/dsenps 21 e+ 3

We note that .

(2rh)N / dsetP(x - ;I0><0lx + §>, (428)

represents a stationary (vacuum) ground state, with no quantum of excitation in any harmonic

w _
Poo =
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oscillator, while state £ is represented, as follows:

1 e s s
ol = e [ dsei = Slallo) Ol + 3).
1 2/ 1\ M2 s Shy 1 ((xn 2\ 2a(x2)2
2 (1\V?* 1 y 1,2 Py el
=2 = —rX WPSeTim — eTRX = Psg2o—]
N (Wh) i)™ {mke Z /dseﬁ e 4 —e h 4/dseh sp€ h],
2/ 1\ 1 1,2 IR s ; 2
= 7—1 (%) (27Th)N |:.ZTJ£;€ h (7T4h)N/26 noH4e h Za_pl%/dsehp e 4h:|
2 (1Y (man)"? o, 2 B2 02 _p (429)
=— | — x R —e R
h (Wﬁ) (2mh)N ‘ e Ty 8p26 1 ’
2 (AN LT, e N R0 [ 2pp _»?
~n\xh Qrh)N © | Lop \_ h© :
2 (NP L, e L 2pe\* 2\ e
~n\xh (2rh)N e 4 h )
2 1 _1l(x24p2 h
:ﬁ(ﬂ-h)Ne Ree) [xz+17i_§],
Note that by substituting Eq. (427) into Eq. (426), we obtain:
1 1 i /
Pi(t) = (2rh)Y epm——— [ ds [ dp [ dx—— [ ds'erPE)
(1) = (27h) ZZC]C] (QWh)N/ S/ p/ X(Q?Th)N/ s'en
i (430)
!/ /
x (x+ ZIk) (ki = ) (x = 1 il + 5).

Integrating over p, we obtain:
A=Y e, /ds/dx/ds’d(s xS xSy — S Gk 4+ )
e 2 2 DENAULREDTA

:ZZC;CJ//dS/dX<X+;’kﬂk,x_§><X—3!j’><j[x+§>,
- (431)

Introducing the substitution r = x — s/2, with dr = dx, we obtain:

Pult) = 323" ciey [ ds [ dute ) ble) ol e + ), @)
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and introducing the substitution 1’ = r + s, with dr’ = ds, we obtain:

ORI [’ [ el el 1),
=33 ey [ delbleely) [ ar )l
- Z Z ey (k1) (1K), (433

*
= Ck.Ck,

which proves Eq. (426).

22.10 Computational Problem 2-level WT

Write a program to propagate the Wigner transform of a 2-level system, described to the MM
Hamiltonian introduced by Eq. #19), with Hy; = —Hay = Hjy = Hs = 1.0, initialized in one of
the 2 states according to Eq. (429) and evolving by Velocity Verlet according to Eq. (#25). Com-
pare the Rabi oscillations of the time-dependent survival probability to the corresponding results
obtained by SOFT quantum propagation.

Solutions in Sec.

23 Spin-Boson Model

Consider the spin-boson Hamiltonian

“ 2 “ N N
== [esz +JS, + 8. % f(y)} + Hy(y.py), (434)

with f(y) = Zf\il ciyi, and Hy(y,py) = Zi]\ilpf/@mi) + 1/2m,w;y?. For example, for a spin
S =1/2, H can be written as follows:
—€

H = {(6) O} T B ﬂ + [é _OJ x f(y) + Hy(y, py), (435)

which is written in the Zeeman basis set of 2.5 + 1 eigenstates of S, with eigenvalues m¢h ranging
from —AS to hS, as defined by the eigenvalue problem:

S.|S, my) = hm,|S,my). (436)
The raising St =8, + igy, and lowering S =5, — iS’y operators satisfy the commutation
relations: [S,, ST] = hS™, [S.,S7| = —hS—, [ST,S7] = 2AhS.,.
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Matrix elements in the Zeeman basis are defined, as usual:

A 1
(m]|Szlms) = B(Omy m, 1 + 5m;+1,ms)§\/5(5' + 1) — mlmg

1
(g mot1 — 5m;+1,ms)g\/5(5 +1) —mims

Ot s M (437)

(m!|S~|m,) = Ot +1,me v/ S(S + 1) — mim,

S

so the same Hamiltonian introduced by Eq. (434) can be used to model a spin-boson model with
an arbitrary large number of states, as for example for 6 energy levels (S=5/2) with

1 T
o O o O O
=

OOOO&O o O O O oo

(438)

OOOOO&
OOO%OO

OOOO%O
OO%OOO

OOOEOO
O%OOOO

aooooo
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and

0 v5 0 0 0 0
VB 0 V8 0 0 0
g _hj0 V8B 0 V9 0 0
U210 0 V9 0 V8 0|’
0 0 0 V8 0 5
0 0 0 0 V5 0
[0 VB 0 0 0 0]
-5 0 V8 0 0 0
g | 0 VB 0 V900 (439)
2 | 0 0 -9 0 V8 0
0 0 0 —V8 0 5
0 0 0 0 —/5 0
5 00 0 0 0]
030 0 0 0
S_§0010 0 0
7210 00 -1 0 0]
000 0 =3 0
000 0 0 =5

According to the second quantization mapping, the spin-boson Hamiltonian can be written as
follows:

~

= Hy(y,p,)+ 3 (ml(c+ f(y))

/
ms,m

A

2 .

and in Cartesian coordinates,

B = Hly,py) + Y 3 (c+ J(9) ma|Slm )2, + 72, — 1

ms

2 A
D D G malSelm)T [T T, + P

ms miF#ms

(441)

24 Holstein-Primakoff Mapping

According to the Holstein-Primakoff (HP) transformation, we re-write the spin operators in terms

of boson operators, as follows:
St =hn\/28 — Na, (442)

S~ =a'h/25 — N, (443)
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where N = a'a is the usual number operator counting the number of bosons, as defined in terms
of the creation a' and annihilation G operators satisfying [a, a'] = 1.

We note that S, = %[S*,S‘_] =2(v28 - Naatv/2s — N —afv/25 — Nv/285 — Na) since
S, =14(V25 - N1+ N)V2S — N—af (25— N)a) = 2((2S — N)(1+ N) —afa2S +af Na) =
12§~ N4+2SN —N?—N2S+atNa) = (25— N+2SN — N2~ N2S+ N2 —N) = /(S — N).
Therefore,

S. = (S — N), (444)

Sgc:%[ﬁﬂré}:g[\/zs—NaJraWzS—N , (445)

The HP transformation corresponds to a change in basis, mapping the basis set of eigenstates
of S, into the basis of the number operator /V, limited to a range of eigenvalues determined by S.
Introducing the operators & = —=[a' + a] and p = =[a' — aJ, we obtain:

and

V2 V2
i —ip=/2al, (446)
and
7+ ip = V2a. (447)
Therefore,

N = (&~ ip)(& +ip)
= %(izz +il#,p] + 7°) (448)
_ 1 ~2 ~2
= 5@+ = h)

Therefore, S, = h(S — $(i? + p* — h)). Analogously, we obtain:

S, = g’ [\/S — %(:ZQ +p? — h)(T +ip) + (T — iﬁ)\/S — i(ﬁ + p? — h)] . (449)

and

H = Hy(y.p,) + (e + f(y))(2S — (&% + p* — )

\/S— }l(@z R -G +ip) + —iﬁ)\/S— i(ﬁ 4 h)]

which in the classical limit (i.e., with [\/S - N/Q,ﬁ} ~ 0, and {\/ S—N/2, f} ~ 0)), gives:

~

H = Hy(y,p,) + (e + f(¥)(2S — (#* 4+ p* — h)) + J2\/4S — (&% + p? — h) (451)

450
+J 450
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In the limit of S >> 1, we can approximate the raising and lowering operators, as follows:
ST = hav2S and S~ = ha'v/28S, since the square roots can be expanded in Taylor series, as
follows:

A A~

N 1
S—5 = VS + 5(25*)—1/2’(—
~ VS

Therefore, truncating the expansion introduced by Eq. (#52) after the first term and substituting
into Eq. (450), we obtain the ’simple spin-wave (SW) theory’ expression:

2)+... (452)

A

H=Hy(y,p,) + (e + f(y)(2S — (22 + p* — h)) + 2JVSi (453)

25 Schwinger Mapping

Spin operators can also be mapped according to the Schwinger-boson representation, in terms of
pairs of (constrained) bosons, as follows:

St = nbta,

S— = ha'b,

S:%[S+S :g(iﬁé—a*a), (454)
So= 1 (87 +8) =2 (Ma+ab).

S, = % (S+ _ S—> - = (bTa _ a%) ,

satisfying the usual commutation relations, [S;, S,] = ihS,. In addition S|x ) = A2S(S+1)|x4),
which establishes the constraint

1 ~.n
S = 5(bTb +a'a). (455)

A specific form of the constraint, introduced by Eq. 1} is when b' = b = /25 — afa, which
makes the Schwinger mapping identical to the Holstein-Primakoff transformation, defined by Egs.

(442)-(445).
Substituting the spin operators in Eq. (434)), according to the Schwinger mapping, introduced

by Egs. (#54), we obtain:

~

1= (e + fly)) (06— a'a) + 7 (' +a'd) + Hy(y,p,). (456)

1

v E [‘%Vj B iﬁl’j] ’

Changing variables, b= l;yl and a = Z;VQ, defined in terms of the Cartesian coordinates, as follows:
o=

(457)
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and

A 1
b,, = — |T,, +1D,. |, 458
J \/5[ J py} ( )
with
1
o, = 5@, + 1%, ~ h) (459)
we obtain

which is the same Hamiltonian given by Eq. (441)), according to the second quantization mapping,
although with the contraint

S ==&, +p, —h)+(Z, +p, —h)]. (461)

»-lkl>—‘

26 MP/SOFT Method

The Matching-Pursuit/Split Operator Fourier Transform (MP/SOFT) method is essentially the SOFT
approach implemented in coherent-state representations, i.e., where the grid-based representation
of p(x;,x'x; €) is substituted by coherent-state expansions generated according to the Matching-
Pursuit algorithm.

The MP/SOFT propagation of the initial state p(x, x’; €) entails the following steps:

Vo (x)7/2

o Step [1]: Decompose p(x,x';€) = e~ p(x,x’; €) in a matching-pursuit coherent-state

expansion:

p(x,x';€) ch@ x|, (462)

where ¢;(x) and ¢/;(x) are N —dlmensmnal coherent-states defined as follows,
H Ay, (R)e s ) (alk)=o; (0)) /2 i P (k) (alk) =z (K)) (463)

with complex-valued coordinates x4, (k) = rg,(k) + idg,(k), momenta py (k) = gg, (k) +
ify, (k) and scaling parameters 74, (k) = ag, (k) + ibg, (k). The normalization constants are
Ay, () = (ag, (k) /)1 4e b0 (s, (092 —da, (g, (0= (b0, (), (055, 19) (20, (1)

J J

The expansion coefficients, introduced by Eq. (#62), are defined as follows:

Iy, when j =1,
= : (464)
v { — S eloslon) (B1l0)), for j=2—mn,

where the overlap integral I; is defined as follows,
/dx dx ¢;(x)p(x,x'; €) [ (x)]". (465)
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» Step [2]: Analytically Fourier transform the coherent-state expansion to the momentum rep-
resentation, apply the kinetic energy part of the Trotter expansion and analytically inverse
Fourier transform the resulting expression back to the coordinate representation to obtain the
imaginary-time evolved Boltzmann-operator matrix elements:

p(x,x's €+ i) = Z cje_iVO(x)T/Qggj(x) [0 (x)]", (466)
=1
where
by (K) ?

. _ (%2~ o5, 0 =)
X)EHA(ZJ_(]{?) R A ~(k)exp T W)

k=1 Mg, _2 i 3

15, (k) om

(467)

Note that the MP/SOFT approach reduces the computational task necessary for the imaginary or
real time propagation of the Boltzmann operator matrix elements p(x,x’; 3) to the problem of
recursively generating the coherent-state expansions introduced by Eq. (462).

Coherent-state expansions are obtained by combining the matching pursuit algorithm and a
gradient-based optimization method as follows:

e Step [1.1]. Evolve the complex-valued parameters, that define the initial trial coherent-
states ¢;(x) and ¢’;(x), to locally maximize the overlap integral [}, introduced in Eq. (465).
The parameters x4, (k), pg, (k), 7g, (k) and 24 (), pg: (k), 74, (k) of the corresponding local
maximum define the first pair of coherent-states ¢; and ¢/ in the expansion introduced by
Eq. and the first expansion coefficient ¢y, as follows: p(x,x’;€) = ¢1¢1(x)[ (X)]* +
e1(x,x’), where ¢; = I, as defined according to Eq. (465). Note that due to the definition
of ¢y, the residue £ (x, x) does not overlap with the product state ¢;(x)[¢] (x’)]*. Therefore,
the norm of the remaining residue £, (x, x’) is smaller than the norm of the initial target state
px, X5 €) —ice., | 21 [1<]| 7 -

* Step [1.2]. Goto [1.1], replacing p(x,x’; €) by €1(x,x’) —i.e., sub-decompose the residue
by its projection along the direction of its locally optimum match as follows: &;(x,x’) =
C20a(x)[¢5(x")]" + e2(x, X'), where

cy = /dx’dx Pa(x)er (x, X" ) [ (X)]*. (468)

Note that || 5 ||<]| €1 ||, since e2(x, X') is orthogonal to the product state ¢o(x)[P5(x)]*.

Step [1.2] is repeated each time on the resulting residue. After n successive projections, the
norm of the residue ¢, is smaller than a desired precision e —i.e., || £, ||= (1 =>_" j=1 ;|2 < e,

and the resulting expansion is given by Eq. ( - Note that norm conservation of p p€ 1s maintained
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within a desired precision, just as in a linear orthogonal decomposition, although the coherent-states
in the expansion are non-orthogonal basis-functions.

It is important to mention that the computational bottleneck of the MP/SOFT method involves
the calculation of overlap matrix elements (¢; | e~Vi®™/2 | @) and (¢; | e ViRT/2 | ¢,
where |¢,) and |¢;,) are localized Gaussians introduced by Egs. and , respectively. The
underlying computational task is however trivially parallelized.

The overlap integrals are most efficiently computed in applications to reaction surface Hamil-
tonians where a large number of harmonic modes can be arbitrarily coupled to a few reaction
(tunneling) coordinates. For such systems, the Gaussian integrals over harmonic coordinates can
be analytically computed and the remaining integrals over reaction coordinates are efficiently ob-
tained according to numerical quadrature techniques. For more general Hamiltonians, the overlap
matrix elements can be approximated by analytic Gaussian integrals when the choice of width pa-
rameters 7;(k) allows for a local expansion of V;(x) to second order accuracy. Otherwise, the
quadratic approximation is useful for numerically computing the corresponding full-dimensional
integrals according to variance-reduction Monte Carlo techniques.
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27 Exam 1

Exam 1 CHEM 572a
Advanced Quantum Mechanics

Exercise 1:

(10 points) 1.1: Explain the fundamental principles of Quantum Mechanics.

(10 points) 1.2: Prove that if two eigenfunctions of a hermitian operator have different eigenvalues
then they are orthogonal to each other.

(10 points) 1.3: Prove that the Boltzmann operator exp(— BH ) commutes with H.

(10 points) 1.4: Prove that the momentum operator is Hermitian.

(10 points) 1.5: Prove that )

(4] G @)

Op|D,) =

where @, and ®,, are eigenfunctions of H with eigenvalues Fj and F,, respectively.

Exercise 2:
2.1. (20 points) Explain how to implement the Split Operator Fourier transform method to integrate
the time-dependent Schrodinger equation and propagate the initial state | V) in a digital grid-based
representation when evolving according to the Hamiltonian

N 252

H= % + V(f) + G(t).
2.2. (20 points) Having obtained the time-evolved wave function at |¥,) in a grid-based repre-
sentation, as described in item 2.1, explain how to compute the quantum expectation value of the
energy, [, = (U,|H|¥,).
2.3. (10 points) Explain how to implement the Velocity-Verlet algorithm and compute the clas-
sical time-dependent value of the energy, analogous to the quantum mechanical expression £y =
(W[ H[Wy).
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27.1 Answer Key

Exercise 1:
(10 points) Exercise 1.1: See lecture notes (pages 3-5).

Postulate 1|: Any system in pure state can be described by a function 1 (t, x), where t is a param-

eter representing the time and x represents the coordinates of the system. Function 1)(t, x) must be
continuous, single valued and square integrable.

Note 1: As a consequence of Postulate 4, we will see that P(t,x) = {*(t,z)1(t, x)dx represents
the probability of finding the system between x and x + dx at time t.

Postulate 2|: Any observable (i.e., any measurable property of the system) can be described by
an operator. The operator must be linear and hermitian.

Postulate 3 |: The only possible experimental results of a measurement of an observable are the
eigenvalues of the operator that corresponds to such observable.

Postulate 4 The average value of many measurements of an observable O, when the system is
described by function v(z), is equal to the expectation value O, which is defined as follows,

5 _ J A2 (@) Ou(a)
J de(@) ()

Postulate 5 |: The evolution of 1(x,t) in time is described by the following equation:

L O0Y(x,t) -
h —~ =H t
i = (e, 0)
where H = —%88—; + V(:c), is the operator associated with the total energy of the system, £ =

2LV ().

’ Expansion Postulate ‘:

The eigenfunctions of a linear and hermitian operator form a complete basis set. Therefore,
any function () that is continuous, single valued, and square integrable can be expanded as a
linear combination of eigenfunctions ¢, (z) of a linear and hermitian operator A as follows,

vlw) =D Ciosw),

where C; are numbers (e.g., complex numbers) called expansion coefficients.
(10 points) Exercise 1.2: See lecture notes (page 4).
If Oy, = Onp, and Oy, = Opyby, With O,y # Oy, then [ dxdy, = 0.
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Proof:

[ 26,00, [ / dwz&bmr 0,

0, — O,] / At by = 0.

Since O, # Oy, then [ dx¢?, ¢, = 0.
(10 points) Exercise 1.3: Note that

and

X 1
exp(—BH)=1—pH + EBZHQ + ...

where each term in the expansion commutes with H since it is a power of Hand H"H = HH".
Therefore, the complete expansion commutes with H.

(10 points) Exercise 1.4: In order to prove that the momentum operator is Hermitian, we integrate
(¢;]p|¢Pr) by parts as follows:

win [~ o0 2% ——in (@0 - [ dsoa) o).

where the first term in the right hand side of the equation above is zero since (according to postulate
1) ¢;(z) and ¢, (x) must be square integrable and therefore must vanish at + = =oo. Hence,
(01D ow)= (Pklplds)". A

(10 points) Exercise 1.5: Considering that ®; and ®,, are eigenfunctions of H with eigenvalues E
and F,, respectively, we obtain:

19, .
@12, =0,

since H|®,) = E,|®,) and (®;|®,,) = 0, when j # n.

Therefore,
0P; . 0H - 0P
d LHD, + & —, + D*H—= | =0.
/x<6t T Y at>

Considering that H is hermitian, we obtain:

OH
ot
Finally, note that (®;|®,,) = —(®;|®,) since 2(®4|®,) = 0. Thus,

B (®;]®,) + (0| |®,) + E;(®;]d,,) = 0.

oH

(Bn — ;) (510) + (@]

®,,) = 0.

Exercise 2:
(20 points) Exercise 2.1. See lecture notes (pages 14 and 15). The computational task necessary
to propagate W, () for a time-increment 7 involves the following steps:
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1. Represent U, (2) and e~*(V(#)+<())7/2 a5 arrays of numbers W, (z;) and e~V (@) +e(te))7/2
associated with a grid of equally spaced coordinates z; = ,,, + (j — 1)A, with finite
resolution A = (T — Timin)/(n — 1).

2. Apply the potential energy part of the Trotter expansion e~*(V@)+et)7/2 1o U, (2') by sim-
ple multiplication of array elements:

\jjtk (z;) = e*i(v(wj)Jrf(tk))T/Z\I]tk ().

3. Fourier transform W, (z;) to obtain ¥y, (p;), and represent the kinetic energy part of the

Trotter expansion e~ *T/(2m) g5 an array of numbers e~#;7/(2m) associated with a grid of
equally spaced momenta p; = j/(Tmaz — Tmin)-

4. Apply the kinetic energy part of the Trotter expansion e~’7/(2m) to the Fourier transform
U,, (p) by simple multiplication of array elements:

U, (py) = e 77O (p)).
5. Inverse Fourier transform \T!tk (pj) to obtain \Tftk (x;) on the grid of equally spaced coordinates
Ij .

6. Apply the potential energy part of the Trotter expansion e~V (#)+e(tx))7/2 tg \Tftk («') by sim-
ple multiplication of array elements,

\I/tk-ﬂ (1']) = e_iV(mj)T/2{Ivltk (ZL‘])

Make ¢, = tx,1 and go to step 1. Loop the process N times, with N = ¢ /7.
Exercise 2.2. (20 points) Having V; represented on a grid as a linear combination of delta functions
Vy(z) = >, Wi(x;)0(x — x;), we compute By = (V,|H|W,), by first obtaining

U, (z) = (% + vm) U,(z),

and then computing the internal product E;, = (| ¥,), as follows:

By = ZA‘W(%‘)@:&(%‘)
J
In order to obtain \T/t, we proceed as follows:
2

W) = [ dpda'(alp) 2ol )+ V (@) ),
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where (p|x) = (27h)/2e~#*/" Therefore,

- 1 o0 . 2 [ -
U, (x) / dpe’px/hp—/ dx' e /M (1)) + V (2) W ().

" 27h oo 2m J_o

Exercise 2.3. (10 points) The coordinates and momenta are evolved according to the Velocity-
Verlet algorithm, by repeatetly applying the following transformation:

pi+1 = p; + (F(z;) + F(241))7/2

469
21 = 2, + pyrjm + F(a,)r/(2m). (169

After applying the transformation N times, with N = ¢/7, we evaluate the energy of the system as
follows: E; = p%,/(2m) + V(xy).
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28 Discrete Variable Representation

The goal of this section is to introduce a generic discrete variable representation (DVR) method,
introduced by Colbert and Miller [J. Chem. Phys. (1992) 96:1982-1991] to solve the time-
independent Schrodinger equation,

HC; — C;E; = 0. (470)

The method obtains the eigenstates x;(z) in a grid-based representation: x(z) = > . Cjé(z —
z;) and the corresponding eigenvalues E; by simple diagonalization of the Hamiltonian matrix
H by using standard numerical diagonalization methods —e.g., TRED2, TQLI and EIGSRT, as
described in Numerical Recipes (Ch. 11, Numerical Recipes), or Lanczos-type (iterative linear
algebra methods) that exploit the sparsity of H. The representation is based on delta functions
d(x — x;), equally spaced at coordinates z; as follows:

Tj = Tpin + JA, With A = (Tpaz — Tmin) /N, “71)

with j = 1-(N-1).
The rest of this section shows that the Hamiltonian matrix elements can be written in such a
discrete (grid-based) representation, as follows:

h2 Y 7T2 2
<. —

H(5,7') = V(@j)85 + 55 (=1)" (%"g +(1- 5jj')m) : (472)
when the delta functions d(z — x;) are placed on a grid x; = j * A that extends over the interval
r = (—o0,00) with j = 1,2,.... Furthermore, we show that for the particular case of a radial
coordinate, defined in the interval x = (0, 00), the Hamiltonian matrix elements are:

Sy h2 =5’ ’ —1 2 2
H(j,J') = V()85 (1) (%" (% - 2j2) 1= 0) ((j —7? +jf>2)) ‘
(473)

To derive Eq. (472) and Eq. (473)), we consider the Hamiltonian,

H=T+V (), (474)

where V() and T = % are the potential energy and kinetic energy operators, respectively. The
potential energy matrix V(9 is diagonal, with matrix elements defined as follows:

VO, k) = (GV(E)|k) = /dxé*(x eV (@)5(x — ),
= V(%k)(SLk

(475)

The kinetic energy matrix 7°) is expressed in the same grid-based representation, by first obtaining
the kinetic energy matrix 7'?) in the representation of eigenstates ¢,, () of the particle in the box
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T = (Zmin, Tmaz), and then rotating T to the representation of delta functions by using the

following similarity transformation:

7O = p-l7@r, (476)
where I is the transformation matrix defined by the linear combinations,
= T(j, k)o(z — ;) A, 477)
J
where
F(j, k) = or(z;). (478)
Considering that 1 = [ dz¢j(x)¢y(x V2 [ da Y o) (e —x5) D7 k()0 —250) we
obtain that A’ = v/A since 1 = (A’)? /A Z] Ay () pr(x;).
The eigenstates of the particle in the box are:
2 - Ldmain
() =/ ————Sin (k—”<x Tmin) ) , (479)
Tmazr — Tmin (xmax - $min)
with ¢ (min) = 0 and ¢g(Zymaez) = 0. Therefore,
hﬂ'k‘
Pouw) = P, o), (480)
and T'?) is diagonal with matrix elements,
R R hk)? w2
T3, k) = (6| Flow) — & 8k 481
(.0 = (@ilTlon) = 5 ol @81)
Therefore, substituting Eq. (481) and Eq. (d78)) into Eq. (#76)) we obtain,
N-1 N-1
=Y T HTOk =Y T(HTO G k)T(k, 1),
j,k:l ] k=1
Ar® & (hk) 2 = 2
N (xmax - xmin)2 Z ¢j(x1) Jk¢k( ) (wmax xmzn 2 ¢k (xl)7
Jk=1 k=1
9 9 N—-1
= AR k*Sin —( i = Tmin) Sin kw—(x’ Tmin)
Qm(xmaaz - xmin)z (xmaz xmzn 1 (xmam - xmzn) (xma:c - xmin)
(482)
Finally, substituting Eq. (#71) into Eq. (482) we obtain:
h2m? kmj’
T4, ) = k*Si Si : 483
G:7) 2m(Tmaz — Tmin)? Z v (453
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To calculate the finite series introduced by Eq. (#83) we first note that,

s () s (A7) con (B0} _ i (5L7)
— Re {Exp ( —kﬂ(jN_j )) Exp (i—kﬁ(é\j— j/))} .

so that Eq. (483)) can be written as follows:

ReZkQEx( =7_9> ReZkQE (k”NJr]))

(485)

(484)

R

Then, we consider the geometric series Sy = Zk 0 x* and we note that Sy — zSy = 1 — 2V,

therefore Sy = (1 — 2V) /(1 — ). Also, we note that

5 V= N-1
(9_ Z zF = kx*,
onE 50
8_ $k = kb — kak,
k=0 k=0 k=0
Therefore,
N-1
82 (1—2M) o ((1—aN)
k2l = — . 487
2 K (u—w)*xm(<rﬂ») @8

=1

We evaluate the sums over & in Eq. (483)) analytically to obtain:

o (=17 g2 { 1 1 1
70) _ T - 488
5 T) = i — o 2 S0 = 7)) SwG ev)
for j # j' and
- h? (2N? +1) 1
O)(5 7} — T _
m™0.0) = 2 Tomae — Tmin)? 2 { 3 Sin? [ﬂ'j/N]:| (489)

Equation is obtained from Eq. (488) and Eq. (#89), by taking the limit z,,;, — —o0,
Tmaz — 00, at finite A. This requires N — oo. Furthermore, since A(j + j') = z; + £ — 2% pmin
and A(j — j') = x; — ;, this limit implies (j + j') — oo while (j — j’) remains finite.

Equation is obtained from Eq. (488) and Eq. (#89), by making ,,,;, = 0, and taking the
limit 2,4, — 00, at finite A. This requires N — oo. In this case, A(j + j') = x; + x;» and
A(j —j") = xj — xs, and therefore both (j + ;') and (j — j) remain finite.
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28.1 Computational Problem 15

15.1 Write a program to solve the time independent Schrodinger equation by using the DVR method
and apply it to find the first 4 eigenvalues and eigenfunctions of the Harmonic oscillator introduced
by Eq. withm = 1 and w = 1. Verify that the eigenvalues are E(v) = (1/2+v)hw, v = 0-10.
15.2 Change the potential of the code written in 15.1 to that of a Morse oscillator V(&) = De(1 —
exp(—a(z — x.)))?, with z, = 0, De = 8, and a = \/k/(2D.), where k = mw?, and recompute
the eigenvalues and eigenfunctions.

15.3 Generalize the program developed in 15.1 to solve the 2-dimensional Harmonic oscillator
V(x,y) = 1/2mw?(2* + y*) and apply it to find the first 4 eigenvalues and eigenfunctions of the
Harmonic oscillator introduced by Eq. (I0) with m = 1 and w = 1. Verify that the eigenvalues are
E(V) = (1 + v+ VQ)hw.

15.4 Change the potential of the code written in 15.3 to that of a 2-dimensional Morse oscillator
V(Z,9) = De(1 —exp(—a(z — z.)))* + De(l — exp(—a(j — z.)))?, with z, = 0, De = 8, and
a=+/k/(2D.), where k = mw?, and recompute the eigenvalues and eigenfunctions.

29 Tunneling Dynamics

The goal of this section is to show that calculations of eigenstates, based on the DVR method in-
troduced in the previous section, can be used to compute the time-evolution of a wave-packet as
an alternative approach to the SOFT method introduced in Sec.[9] Since the method is based on
the solution of the time-independent Schrodinger equation, it is often called the ’time-independent
method’ for wave packet propagation. Here, we illustrate the method as applied to the simulation of
quantum tunneling through a potential energy barrier in double-well potential energy surface. We
show that, according to the description provided by quantum mechanics, motion (including tunnel-
ing) is simply the result of interference. Furthermore, we show that motion (including tunneling)
can be manipulated by changing the relative phases of terms in coherent superposition states (see
[J. Mod. Optics (2007) 54:2617-2627]).

We consider a particle in a symmetric double-well, described by the following unperturbed

Hamiltonian,
2

Ho(wp) = 5 — a(a? — ), (490)

with o« = 1/2% and 8 = 1/2°. In the absence of an external perturbation, the initial non-stationary

state
Py(x) = W’l/‘le’(w*‘royﬂ, (491)

with zy = —4, has less energy than the height of the potential energy barrier centered at x = 0.
Nevertheless, ®q(x) evolves in time, tunneling and recrossing back and forth.

The description of tunneling can be explained by considering the evolution of a non-stationary
state (very similar to the initial state introduced in Eq. (91)),

Bo(x) = % (ool@) + () 492)
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where xo(z) and x; () are the ground and first excited states of the double-well that can be obtained
by using the DVR method introduced in the previous section. Since H|x;) = E;|x;),

90) = —= (xole)e HE 4 xa(a)e HE) (493)

V2
and

I 1
€@ = [{Do|®)[* = 5 + cos(Q), (494)

with the tunneling frequency Q2 = (F; — Ey)/h. Note that 2 is defined by the energy eigenvalues
Ey and E; and determines how frequently the particle recrosses the potential energy barrier by
tunneling and maximizes the overlap with the initial state | D).

An important observation, suggested by Eqs. (494) and (#94), is that tunneling is the result of
interference between the two components of the coherent superposition defined by Eq. (494)) since
changing the relative phases of the two terms would affect the underlying tunneling dynamics. For
example, introducing a phase of ¢ in the first term of Eq. we obtain,

1 i .
@) = 7% (xolw)e™HEe? 4+ (a)eHE1) (495)

and L
€@ = [{@o|®)[* = 5 + 5c0s(t +6). (496)

This equation indicates that the probability of having the system overalpping with the initial state
on the left of the barrier at time ¢ is a function of 6. Therefore, manipulating 6 with an external field
could be an effective method for coherently controlling the underlying tunneling dynamics.

29.1 Coherent Control of Tunneling Dynamics

As an example of coherent control of tunneling dynamics we consider the perturbational influence
of instanteneous 2-6 pulses described by the following operator:

U% = cos (%) (|Po)(Po| + [@u) (D) — isin (%) (|P0){(Pa| + [Pa) (Do) , (497)

with 7 = 20/I. In particular, when 6 = T,
U = — (|@o) (o] + [ @4)(Dal) , (498)

a pulse that induces a 7 phase-shift along the direction |®(). The goal of this subsection is to show
that (bound to bound state) tunneling dynamics in the double-well can be delayed (and eventually
halted) by coherently perturbing the system with a train of 2-7 pulses.

Applying the 2 7 pulse, described by Eq. (498), to a coherent state |U;)) = co(to)|Po) +
c1(to)|®1) + ..., that has neglible population in the auxiliary state |®,) (i.e., c,(to) = 0), we obtain

U |0,) = —co(to)| Do) + c1(to)|®1) + ... (499)
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The pulse can also be represented as
U™ =1 — 2|} (Do, (500)

since

027 |W,,) = (1 — 2|) (Do) | Ty) = —colto)|Bo) + c1(to)| 1) + . (501)

The propagation of the system under the influence of /V instantaneous 2-7 pulses, applied at 27
intervals, generates the time-evolved state,

L C\N .
) F)=c (e_%HTU%e_%HT> Do) + e HNT (01 D) + ),
[Desae) = o 20) (@) +..) 50

= CO(_l)Ne—%(Eo-i-El)QNT + ‘(I)O> + e—%HQNT (01@1) + ) ‘

The second equality in Eq. ID is obtained by substituting U?™ as defined by Eq. 1i and &

according to Eq. (#92).
Equation (502) shows that the square of the expansion coefficient associated with state @

remains constant, for as long as the train of 2-7 pulses is applied. This indicates that tunneling is
completely suppressed due to the repetitive change of the phase of the term associated with |®g),
relative to the other terms in the coherent-state expansion.

29.2 Computational Problem 16

Modify the program for wave-packet propagation developed in Problem 12 and simulate the prop-
agation of a wave packet in the symmetric double well

V(z) = —0.52% + 1.0/(16.0 * 1.3544)z*, (503)
using the initial state
CI)O(IL‘) _ 7T—1/46—0.5($—$0)2’ (504)

with Ty = —2.1.

16.1: Propagate the state for 1000 a.u., using a propagation step 7 = 0.1 a.u. and compute
£,

16.2: Compare your results with the corresponding results obtained by propagating the system
under the influence of a train of 2-7 pulses, as described by Eq. (500)), applied in the time-window
t = 305-500 a.u.

30 Linear Photoabsorption Lineshape: A Time Dependent Picture

The goal of this section is to show that the linear photoabsorption lineshape /y(w) of a system

(at 0 K) can be obtained from the Fourier transform of the survival amplitude (t) = (Vo|¥y) =
(Wo|e= /7| W) as follows:
3 o i
— fl(h/.u+E0)t
Ip(w) Py /_Oo dten (1), (505)
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where |U) = AE{ - ji|®,), with /i the dipole moment operator and |®,) the ground state of the
unperturbed system described by the Hamiltonian H.

Computations of P(w), based on Eq. (503)), can be performed by propagation of |¥y) (e.g.,
according to the SOFT method introduced in Sec. |§] ); computation of the survival amplitude £(t)
by overlaping the time evolved state |¥;) and the initial state |W;); and finally calculation of the
Fourier transform of £(¢) by using the FFT algorithm. The initial state |®,) can be obtained by
using the DVR method, introduced in Sec. [28] to solve the eigenvalue problem H|®g) = Ey|®,).

Calculations of the spectrum Ig(w), at finite temperature 7' = 1/(Skg), can be performed as
follows:

Is(w) = 3 pi(B)L;(w), (506)

where H|®,) = E;|®,), p;(8) = Z ¢ #P, and Z = >, ¢ . The computations of I;(w) are
analogous to the computation of I(w) but using |®;) as the initial state, instead of | ).

The total transition probability (at O K) due to the interaction of the system with the external
radiation field can be obtained by first computing the transition probablity to state |®;) as follows:

P (w) = lim [V (1), (507)

where c,(cl) (t) is defined by the Golden Rule expression of first order time-dependent perturbation

theory,

) t 2 ST i
() = —= / A (D e i H (e 78 |Dy). (508)

The derivation of Eq. (508)), presented in the following section, assumes that the photoabsorp-
tion results from the interaction of the system with the monochromatic radiation field,

6@ — )\€—(]>(€iwt + e—iwt)7 (509)
where A << 1 is a small dimensionless parameter that defines the dipolar interaction,
Hy(t) = —XE§ - (€™ + e™™t), (510)

in the weak field limit.
Substituting the expression of the dipolar interaction, introduced by Eq. (510), into Eq. (508,
we obtain:

. t N N
Cl({l)(t) — _%/ dt,<¢)k|>\€—0> . ,[L [e—%(H—Ek—fLw)t + 6—%(H—Ek+fbw)t:| ’@())7 (511)

— 00

and substituting Eq. (511) into Eq. (507) we obtain:

P (W) = [(@xhep - 4l Po)[2 [6(Eo + fiw — By) + 8(Eo — hw — Ey)]. (512)
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The total energy lost from the radiation to the system (at 0 K), due to the transition to state |Dy),
can be obtained by multiplying P by the energy of that transition (Ej — Fy) and summing over
all final states as follows:

ap(w) = Z(Ek - EO)’<<I)k‘)\—>5() - (1| @) [* [6(Eo + hw — By) + 6(Ey — hw — Ey)]. - (513)

The absorption spectrum ag(w), at finite temperature 7' = 1/(8kp), can be obtained from
Eq. (513) as follows:

Zpgz Ey — Ej)6(E; + hw — E)[{ x| A - il @)

(514)
+ZPJZZE;€— 8(E; — hw — E)[(i|E5 - i),

where f]|(I>j> = E;|®;), p;j = Z e P and Z = Zj e~ BE;
Interchanging the indices j and k in the second term of Eq. (514) and noting that p, =
pie B Ex—Ej) we obtain:

ZZPJ O(Ej + hw — Ey)| (P AZE - ] ;)
(515)
- Pje_B(Ek D(Ey, — E)S(Ej + hw — E)|(] - f|4) [,
which gives the absorption lineshape
3ov(w) = 2
I(w) = ho(l — e P) 3; Xk:pﬂ(ﬂ} + hw — B ) [(@r|AEG - 1] @5)]". (516)
At 0 K, the absorption lineshape is obtained from Eq. (516) as follows:
Io(w) =3 6(Ey + hw — Ep)[(Dr|AZS - 1] @o) %, (517)
k
that is equivalent to Eq. (505)), since according to Eq. (503),
3 [ i ;
hiw) =57 / A1, | (AT - ) P+ P DN - )] o). (518)
™ —0oQ
Note that introducing the closure relation, 1 = 3~ |®;)(®,] into Eq. (518)), we obtain:
Io(w) =3 (Q0IAE] - il @p) (P[0 (o + Fo — H)NE - ] By),
: (519)

=3 8(hw + Ey — Ep)(®o|AZG - 1 @) (Dr|AZF - 1] Do),
k
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that is identical to Eq. (517)).
Finally, we note that Eq. (519) gives the linear photoabsorption lineshape in terms of the dipole-
dipole correlation function as follows:

he) = 55 / e @l N - j)eH ) (@] (AF - 7)),
(520)
b [ e @l OF ) OF - 40|
" 2rh ’
as well as the finite temperature photoabsorption lineshape,
) = 5o [ e Trlpace)ico) (521)
slw) =5~ e T'r(pa(t)(0)],

where p = Z texp(—BH) and Z = Tr[p].

31 Time Dependent Perturbation Theory

The goal of this section is to derive the Golden rule of time-dependent perturbation theory, in-
troduced by Eq. as well as the corresponding expression at second order, necessary for the
discussion of non-linear (pump-probe) spectroscopy presented in the following section.

Given an arbitary state,R2(410)

t) = chcbj(a;)m“

for the initially unperturbed system described by the Hamiltonian H, for which H @j = I;®; and
ih%—zf —H 15, let us obtain the solution of the time dependent Schrodinger equation:

m%—f = [H + \o(1)], (522)

assuming that such solution can be written as a rapidly convergent expansion in powers of A,

=3 Calt) N (w)e . (523)
7 1=0
Substituting Eq. (523)) into Eq. (522)) we obtain,
e[ i |
ihy (Ckl(t)AlJerl(t))\ (—ﬁEk) ZZCJZ (D] ®;) E; + MDy|@|®,)) e~ #F5t,
1=0 j
(524)
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Terms with \°: (Zero-order time dependent perturbation theory)

FiR[Cly (e F B+ O () (=< Ey)e™ 78] = ST 0 (8)0, Eje 755t = O () Bye™ 70wt
0 0 h ]0 ] 0

J
Since, ‘
Cko (t) = 0, = Ckg (t) = Cko (0)

Therefore, the unperturbed wave function is correct to zeroth order in .
Terms with \°: (Zero-order time dependent perturbation theory)

S i 1 i i, _i
Fih[Cry ()75 4 Cy, Ol W] = " Oy ()0 Eje” 159 = Cy, (1) Bre™ #54.
J
Since, '
Cko (t) = O, = Cko (t) = Ckzo (0)

Therefore, the unperturbed wave function is correct to zeroth order in .
Terms with \: (First-order time dependent perturbation theory)

S i 1 i _ip, . _ip.

ih[Cy, (t)e” 1P + O, (t)(=7 Er)e R =3O (16 By # 4 Cji (1) < Bil@|@; > e w5,
J

. i

Ok1 (t) =~z

(Ej—Ep)t
n (c (0) < Bp|0|®; > e )
J

Therefore,

Ckl = h Z C]o < ®k|€%Ekt@€_%Ejt|q)j >= —1 Z Ojo (0) < q)k|€%ﬁt(:}€_%f{t|q)j >,

h J
- _ (525)
Equation (525) is obtained by making the substitution ¢~ 7¢[®; >= ¢~ #%'|®, >, as justified
in the note presented below. Integrating Eq. (525) we obtain,

. t
c,ﬂ(t)_—i/ dtZCJO ) < Bpler T et |}, > |

which can also be written as follows:

. t o o 5
Cr, () = —%/ dt' < ®pler ™ Gemw  4hy >

—00

This expression gives the correction of the expansion coefficients to first order in A.
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Note: The substitution made in Eq. (523) can be justified as follows. The exponential function is
defined in powers series as follows,

AT 1
A_ _
e’ = E o —1+A+2!AA+...., R4(169)

n=0
In particular, when A = —iHt/h,
_if T o~ 1, 4, 92~
e nttt = 1+(—ﬁHt) + 5(——75) HH + ...

Furthermore, since

and, o )
HH|®; >= E;H|®; >= E}|¢; >,
we obtain,
i 7y ) 1 ) 7
e D, >=[1+ (—%Ejt) + 5(—%@255 + |0y >= e 7B D, >,

which is the substitution implemented in Eq. (525).
Terms with \2: (Second-order time dependent perturbation theory)

ih[Cry (1) + Ch, (t>(_%Ek>]€f%Ekt = [Ch )0k E; + Cj, (1) < || @ >]e#5,

=

J

Cio, (1) = —% 3 < dylerftoe D, > O (1),
J

; 3 . L
Ch, (1) = (-%) / dt'y < Byler wem i ®; > Oy, (1),
J

—0oQ
i2 t t’ i Frel [ g i Ly i By~
Ok2(t) = (__) Z/ dt// dt" < CI)k|eﬁHt e wH! |(I)j >< (Pj|6?lHt e~ rHt |¢0 >
h —~ Jox -
Since 1 = Zj |P; >< D],

v i e LET (4 4 i Fran . ~
Cr,(t) = (—ﬁ) / dt'/ dt" < Oy |en G i W= Ge= w1 14y >
U

This expression gives the correction of the expansion coefficients to second order in \.

128



32 Nonlinear (Pump-Probe) Spectroscopy

The goal of this section is to obtain the nonlinear pump-probe photoabsorption lineshape [ (wo, At)
due to the interaction of a molecular system with the radiation field,

g@ = NFi(t — to)zore ™ + AFy(t — tg — At)eppe ™" + c.c. (526)

The field corresponds to pump and probe pulses with temporal profiles F; and F; centered at t = ¢
and t = ty + At, respectively. The time delay At between the pump and probe pulses allows
this technique to probe the excited state dynamics at various times At after photoexcitiation of the
system.

The total transition probability F; (at 0 K), due to the two-photon interaction of the system with
the external radiation field, is obtained by first computing the transition probablity to state |®;) and
then summing over all possible final states as follows:

= Z Po(k) = hm Z |c (527)
k
(2

where ¢, (t7) is defined by second order time-dependent perturbation theory,
ty t
T / dt’ / dt" (@

Hy(t) = —(A\eo - ) Fy(t — to)e ™1 — (Aeoh - ) Falt — to — At)e ™2 + c.c. (529)

Substituting Eq. (529) into Eq. (528) and then substituting Eq. (527) into Eq. (527) we obtain a
sum of 16 terms, associated with all possible pairs of interactions (£w;, +wy) with j = 1,2 and
k = 1,2. In particular, the term (4w, +wy) is

Po(+wa, +wy) = h~ / dt / dt’ / dt” / dt" et (" =) i =D By (1)

X F2(t —to — AR — to) Fa(t” — to — At)(Dolef M (Azg) - jr)e 1"

eHE L (1) e~ R =) L (1) HY |y, (528)

with

x er T (\egh - fi)e™ ﬁHte;LHt"()\eog - fL)e” %Ht,/e%Ht,()\sol ~;L)e_ﬁHt/|(I>o>,

(530)

and corresponds to the contribution due to absorption at w;, often promoting the system from the
ground state to an intermediate excited state, followed by absorption at w- to promote the system
to a final state of even higher energy. At low temperature, this term often dominates the total
transition probability since the integrands of off-resonant terms are more highly osciallatory. Equa-
tion (530) allows one to simulate pump-probe process in the time-dependent picture, as an alter-
native to density-matrix formulations [S. Mukamel, Principles of Nonlinear Optical Spectroscopy
(Roxford University Press, New York, 1996)].
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As an example, consider an experiment to probe the dynamics of a polyatomic system (/) in
an excited electronic state B. The pump pulse of frequency w; photoexcites the molecule from the
ground state X to that excited electronic state B, and the probe pulse photoexcites the system from
B to an even higher electronic state f as follows:

IQ(X) —+ hwl — IQ(B),

12(B) + hs — D(f). &3

Considering that the electronic transition dipole moments are independent of nuclear coordinates,
we obtain:

I(wQ,At) _ h74()\871> . ,U—BX)>2(>\5$2> . /Tﬂ3>)2 ij/ dt/ dt//efiwz(t//,t)
j -0 -0

¢ t” 3 " / (532)
X / dt’ / dt" e Eithe) "=y (1 10 Fy(t — tg — At)
X Fy (1" — to)Fy(t" — to — AOE (t — " " — ¢, — 1),
where . . .
fj (t . t”/, 7 ¢, v t”) _ <q)j|e—%HB(t—t’”)e%Hf(t”—t)Q%HB(t’—t”)|(I)j>. (533)
If desired, Eq. (532) could also be written as
(ws, At) = / dte™*'C(t, At), (534)

where C'(t, At) is readily identifiable from Eq. (532):

00 " t+t’ ,
C(t, At) = (Aol - sk *(Neos - 176) ) i / " / dt’ / dt" e (Eithon)(t"'—t)
i -0 —oo  J—oo

X Fi(t' —to)Fa(t" +t —tg — A FL (1" — to)Fa(t + 1" — tg — At)
X & ="t —t" —1).
(535)

33 Pump-Probe Photoelectron Spectroscopy

Pump-probe photoelectron spectroscopy is essentially the same technique discussed Sec. [32] but
using a probe pulse that can photodetach electrons. The pump-probe signal is reported in terms
of the distribution P (e, At) of kinetic energy e of the photodetached electrons as a function of the
time delay At between pump and probe pulses. The goal of this section is to show that these pump-
probe photoelectron detachment signals can also be modeled by using the same general formalism
of second order time dependent perturbation theory, introduced in Sec. as shown in [Batista,
V.S.; Zanni, M.T; Greenblatt, B.J.; Neumark, D.M.; Miller, W.H. J. Chem. Phys. 110, 3736-3747
(1999)].
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As an example, we consider the photoelectron spectroscopy of [, due to the photoelectron
detachment process

I;(X) + hwy, — 15 (A",

Iy (A + hwy — L(K,v) + e (e), (536)

where K and v indicate the electronic and vibrational states of /5, and e the kinetic energy of the
photodetached electron. The initial state of I, is

o) = [¥g)Xg) (537)

where |V ) is the ground (X) electronic state and |y,) is the ground vibrational state of /; in the
X state. Final states are of the form

where |1 ) is the electronic state K of I, and |xg, ) the nuclear state of I,. The corresponding
initial and final energies are Ey = E,, and By = Ex(v) + ¢

For simplicity, we consider only one intermediate state of the /,, populated by the pump pulse:
the A’ excited state where the system evolves according to the the time evolution operator as fol-

lows, . .
e FH—t) _ eﬁHA/(t”—t’)‘wA,><wA,” (539)

Here, |1 4/) is the electronic wave function of I, in the A’ state and H 4 is the nuclear Hamiltonian
for this electronic state.

According to Eq. , the transition probability to the final state |®) due to a 2-photon
excitation process is given by second order time-dependent perturbation theory as follows,

2

00 t’
Py = h2/ dt’/ dt" et Bt (@ (| [, (") e W = [ () e i Y | @) (540)

and the probability of a 2-photon transition to the electronic state K, leaving the photodetached
electron with kinetic energy € is

2

Pule) =n* [ dEx

/ dt/ At er PO | (e <t”—t’>H1<t'>e—%f”’|<1>o>|

(541)
Therefore, the total probability of a 2-photon transition, leaving the photodetached electron with
kinetic energy € is P(e) = >, Pk(e):

)=h" Z/dEK

2
/ dt/ e (@ gy (1) WO (1) e Y )

(542)
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Explicitly squaring the r.h.s. of Eq. (542) and using the relation,
/ AEK| Xy ) Xy e HP0 = ettt (543)

we obtain the (+w;, +ws) term, analogous to Eq. (530):

0o t oo "
=i / dt / at / dt" / e e e B (1 — 1) Byt — to — At)

X FL(#" — to)Fy(t! — to — At)en " =0 (dg|en Txt" (AZg} - T xar)e wHat”
X GEHA/%)\&“QQ . ﬁA/K €7EHK €ﬁHKt"()\€02 . ﬁKA/)ei%HA/tN

X GhHA,t ()\801 7A’X 6 71 |q) >
(544)

Here, we assumed that the transition dipole moments are independent of the kinetic energy of the
photodetached electron. Here, we have also neglected all other 15 terms associated with the remain-
ing pairs of interactions (fw;, +wy) different from (+ws, +w>), assuming the so-called 'rotating
wave approximation’ —i.e., that such other terms correspond to off-resonance transitions (absorp-
tions, or emissions) for the specific example of /.

Finally, considering that the transition dipole moments are independent of nuclear coordinates,
and that the system is prepared at finite temperature 7' = 1/(3kp), we obtain a compact expression
of Ps(e, At) analogous to Eq. (532):

Py(e, At) = i (Aeo] - i) (Aeoh - fic ') ZPJ/ dt/ dt" !zt =)

% "4t (545)
X / dt’ / dt" en Pithe) " =) oy (f 10V Fy(t — tg — At)
X Fi(t" —to) Fa(t" — tg — At)&;(t — " t" — t, ¢ —t"),
where o . .

Sj(t . t/”, 7 ¢, t t”) _ <CI>]~|6_%HA'(t_tw)G%HK(t”_t)G%HA'(t/_t”)|CD]~>, (546)
and p; = Z 'exp(—PE;), with Z = 3 exp(—BEj;). If desired, Eq. (545) could also be written
as

Ps(e, At) = / dte™ C(t, At), (547)

where C'(t, At) is readily identifiable from Eq. (543):
o0 t" t+t” .
C(t, At) = h*4<)\5$1> . /7)—(_B>)2(>\£5 . /152)2 ij/ dt/// dt// dt///e%(EjJrer)(tm*t/)
J e —o0 —00

X Fy(t = to) F(t" +t — to — AOF (" — to) Fa(t + " — tg — At)en?!
X fj(t// . tm,t,t/ o t).
(548)
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34 Direct Photoelectron-Detachment Spectroscopy

The goal of this section is to show that the one-photon photoelectron detachment spectrum can be
obtained according to the formalism introduced in Sec [30] As an example, we consider the direct
photoelectron detachment spectroscopy of I, , studied among others by Neumark and co-workers
[J. Chem. Phys. (1999) 110:3736],

I (X) + hwy = L(K,v) +e (€). (549)
As in Sec. [33] the initial state of [, is

Do) = |¢g>’X9>v (550)

where |W,) is the ground (X) electronic state and |x,) is the ground vibrational state of /, in the
X state. Final states are of the form

where |k ) is the electronic state K of I, and |xg, ) the nuclear vibrational state of I5. The
corresponding initial and final energies are £y, = E, and E; = Ek(v) + €, respectively.

According to Eq. (520), the photoabsorption lineshape (at 0 K) for the one-photon photodetach-
ment process is,

3 o
P()(ﬁ) = % E /dEK/ dteZWt<(I)0
K —0o0

and using the relation

eHTNEG - e TP ) (@4 |(AED - )] Do), (552)

/ AEx Xy ) (X e HR" = ehe, (553)
the finite temperature distribution is
1 o i

Ps(e) = — dte nC(t 554
o) = g [ dreTiC(), (554)

with _ .
C(t) =3 per Pty (&|(AE] - )e” KU NG - )| @;). (555)

J K

34.1 Computational Problem 17

17.1. Compute the photoabsorption spectrum of /5. Assume that the transition dipole moments
are independent of nuclear coordinates, and that the only allowed electronic transition induced by
photoabsorption of I is the B <— X excitation. Assume the ground (g) and excited (e) states of I
can be described by the Morse Potential V' (R) = D, (1 — (3_5(1“3—1”58(;))2 + Vb, where R is the bond-
length of I, and Vj(g) = 0.00 eV; Vi(e) = 0.94 €V; D.(g) = 18941 em™!; D.(e) = 4911 em™1;
B(g) = 1.517 A7Y; B(e) = 1.535 A7Y; R.y(g) = 2.66 A and R.,(e) = 3.105 A.
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17.2. Compute the direct photoelectron detachment spectrum of 7, assuming that the electronic
transitions induced by photoelectron detachment of /, (X) generate /5 in the electronic states X and
B.

Assume that the potential energy surfaces of the states I, (X), Io(X) and I5(B) can be de-
scribed by simple Morse potentials, as reported by Batista and Coker [J. Chem. Phys. (1997)
106:7102-7116].

Solution in Sec. :
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35 Exam 2

Exam 2 CHEM 572a
Advanced Quantum Mechanics

Exercise 1: DVR Method
(10 points) 1.1: Explain the discrete variable representation method discussed in class and how to
implement it numerically.

(20 points) 1.2: Prove that the elements of the kinetic energy matrix can be expressed in the
representation of equally spaced delta functions as follows:

h2r? 2 k k
TO(j, ') = oy 2k (7”)Sn(7”>, (556)

2m(xmaac CCmm k=1 N

where the delta functions §(z — x;) are equally spaced as follows:
Tj = Tin + JA, With A = (Tae — Timin) /N, (557)

with j = 1-(N-1).
Exercise 2: Tunneling (10 points) 2.1: Explain how to compute the tunneling splitting of a proton

in a symmetric double-well potential described by the following unperturbed Hamiltonian,
P
Ho(z,p) = 5 — a(z” - fz'), (558)
with « = 1/2% and 8 = 1/2°.
(20 points) 2.2: Prove that the underlying tunneling dynamics of a proton in a the double well

potential described in 2.1 can be coherently controlled by a sequence of sufficiently frequent 2-7
pulses when each pulse is described by the following operator:

U =1 — 2|do) (D), (559)
where ®((x) is the initial state defined as follows:

1
V2

with xo(x) and x;(x) the ground and first excited states of the double-well potential, respectively.

®o(7) = —= (xo(x) + x1(2)), (560)
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Exercise 3: Spectroscopy
(20 points) 3.1: Prove that the linear photoabsorption lineshape Io(w) of a system at 0 K can be
obtained as the Fourier transform of the survival amplitude £(t) = (¥o|¥,) as follows:

3

Ih(w) = 5= / dtet Mt Eole (1), (561)

21h

where | o) = A2 - ji|y), with /i the dipole moment operator and |®;) the ground state of the
unperturbed system. Assume that the photoabsorption results from the interaction of the system
with the monochromatic radiation field,

(1) = A (e + e7iot), (562)
where A << 1 is a small dimensionless parameter that defines the dipolar interaction,
Hy(t) = —AE0 - i€ + e, (563)

in the weak field limit.

(20 points) 3.2: The total transition probability F, (at 0 K) due to a two-photon interaction of a
system with an external radiation field can be obtained by first computing the transition probablity
to a generic state |®;) and then summing the contributions from all possible final states |®y) as

follows: " ( )
k . 2
Py = gk Py = t}lg(l)@ E ey (564)

Prove that, according to second order time-dependent perturbation theory, C;(C )(t ) is defined as
follows:

tf ¢ [ 3 SV LET (4! 4! /
D (tp) =n? / dt’ / dt" (D |en " H (¢ e 77 [ (#) e w1 | By, (565)

where H; (t) is the dipolar radiation-matter interaction.
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351 Answer Key

Exercise 1: DVR Method
(10 points) 1.1: Explain the discrete variable representation method discussed in class and how to
implement it numerically.

The DVR method solves the time-independent Schrodinger equation,

HC; — C,E; = 0, (566)

and obtains the eigenstates y () in a grid-based representation: x,;(z) = >, C(k,j)0(z — ), as
well as the corresponding eigenvalues £;, by simple diagonalization of the Hamiltonian matrix H.
This is accomplished by using standard numerical diagonalization methods —e.g., TRED2, TQLI
and EIGSRT, as described in Numerical Recipes (Ch. 11, Numerical Recipes), or Lanczos-type
iterative linear algebra methods that exploit the sparsity of H.

The grid based representation is composed of delta functions §(x — x;), equally spaced at
coordinates x; as follows:

Tj = Tin + JA, With A = (Tyae — Timin) /N, (567)
with j = 1-(N-1). In such a representation, the Hamiltonian matrix elements are:
H(j,j") = V(x;)d; +T(5,5), (568)

where T'(7, j') is defined in item 1.2.
(20 points) 1.2: Prove that the elements of the kinetic energy matrix can be expressed in the
representation of equally spaced delta functions as follows:

- H2r? 2 = oee (K75 o (RS
T, j') = 2 (Toan — T )? N D_ k’Sin (T) Sin ( N ) ’ (69
max min k=1

where the delta functions §(x — x;) are equally spaced as follows:

Tj = Tpin + JA, With A = (Tyae — Tomin) /N, (570)

with j = 1-(N-1).
We consider the Hamiltonian, ) )
H=T+V(2), (571)

where V(Z) and T = % are the potential energy and kinetic energy operators, respectively. The
potential energy matrix V(9 is diagonal, with matrix elements defined as follows:

VOUR) = GV = [ des' (e = )V (@5 - a),
= V(ZE}C)(;L,@

(572)
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The kinetic energy matrix 7% is expressed in the same grid-based representation, by first obtaining
the kinetic energy matrix 7® in the representation of eigenstates ¢, (z) of the particle in the box
T = (Zmin, Tmaz), and then rotating T@ to the representation of delta functions by using the

following similarity transformation:
7@ =p~i7@r,

where [ is the transformation matrix defined by the linear combinations,
= T(j, k)o(z — ;) A,
J

where

F(J} k) = du(x;).
Considering that 1 = [ dz¢j}(x)¢x(x VP ey on()d (e —w5) 325 dr(wy)0(x
obtain that A’ = /A since 1 = (A/)? /A Zj Ay (z;)Pr(x;).

The eigenstates of the particle in the box are:

B 9 , (T — Tpin)
o= [ ()

with ¢ (Zpmin) = 0 and @y (2 maz) = 0. Therefore,
(hwk‘)

Top(x) = Pr(2),

and T?) is diagonal with matrix elements,

) . fik)? ’
TG k) = (¢,|T|¢n) = <2ni (z isc n)®

Therefore, substituting Eq. (578) and Eq. (575)) into Eq. (573) we obtain,

6jk-

N-1 N-1
= > TG HTOG R (ki) = > T )T (G, k)T (k, ),
G k=1 G k=1
Ar® = (hk) =
max min ],k‘zl max mzn k=1
N-—1

Qm(xmam - xmin)Q (xmax - xmin) =1 (xmaaz — Tmin

Finally, substituting Eq. (570) into Eq. (579) we obtain:

o 22 kmq'
T(‘S)(],]’):2m(x — Zk2 ( )Sn(NJ>
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(573)

(574)

(575)

— ;) we

(576)

(577)

(578)

2

(),

(i — Tinin)

2.2
_ AR°T 2 Y k*Sin (kw—<x’ Tmin) )) Sin (lm (

Tmaz — xmin)

(579)

(580)
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Exercise 2: Tunneling
(10 points) 2.1: Explain how to compute the tunneling splitting of a proton in a symmetric double-
well potential described by the following unperturbed Hamiltonian,

P
Ho(x,p) = o a(z? — pat), (581)

with = 1/2% and 8 = 1/2°.

The tunneling splitting A = (E; — Ej) is the energy spacing between the ground and the first
excited state. One way of computing this level spacing is by using the DVR method described in
the previous problem to obtain F; and £ and then to compute the difference.

Another way of computing the tunneling splitting is by propagating a non-stationary state.
The lowest frequency peak of the Fourier transform of the survival amplitude £(t) = (V| U,)
is located at 2 = (E; — Ey)/h and therefore indicates the value of {2. To show this, we consider
the propagation of the initial state,

®o(x) = coxo(r) + erxa(w) + ..., (582)

where xo(z) and x;(z) are the ground and first excited states of the double-well. Since H Ix;) =
Ejlx;). , |
1) = coxo(z)e w0 + ¢ xy(x)e 75 (583)

and
1E()|? = [(@o| @) > = |col* + |ea]* + 2|coct [Peos[Q] + ..., (584)

where ) = (E; — Ejy)/h is the tunneling frequency. Therefore, according to Eq. , the Fourier
transform of £(¢) should have a prominent peak at €).

(20 points) 2.2: Prove that the underlying tunneling dynamics of a proton in a the double well
potential described in 2.1 can be coherently controlled by a sequence of sufficiently frequent 2-7
pulses when each pulse is described by the following operator:

U™ =1 — 2|0p) (Do, (585)
where ®q(x) is the initial state defined as follows:

1

Po(x) = 7 (xo(z) + xa(z)), (586)

with xo(x) and x4 (x) the ground and first excited states of the double-well potential, respectively.
The propagation of the system under the influence of NV instantaneous 2-7 pulses, applied at 27
intervals, generates the time-evolved state,

[1) = N g\ _iflaN+
) = (9702 i0) ) e ) ),

— CO(_1>N€*%(E0+E1)2NT + ‘(I)O> + e*%H2NT <01’®1> + ) .

(587)
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The second equality in Eq. is obtained by substituting U?™ as defined by Eq. and ¢
according to Eq. (586).

Equation (587 shows that the square of the expansion coefficient associated with state ®g
remains constant, for as long as the train of 2-7 pulses is applied. This indicates that tunneling is
completely suppressed due to the repetitive change of the phase of the term associated with |®),
relative to the other terms in the coherent-state expansion.

Exercise 3: Spectroscopy
(20 points) 3.1: Prove that the linear photoabsorption lineshape Io(w) of a system at 0 K can be
obtained as the Fourier transform of the survival amplitude £(t) = (¥o|¥,) as follows:

3

lh(w) = T / dter (et Bote(t), (588)

where |U) = A& - 1| @), with /i the dipole moment operator and |®;) the ground state of the
unperturbed system. Assume that the photoabsorption results from the interaction of the system
with the monochromatic radiation field,

e@ = A (™! + e7), (589)
where A << 1 is a small dimensionless parameter that defines the dipolar interaction,
Hy(t) = —A&0 - (€™ + e, (590)

in the weak field limit.
The total transition probability (at O K) due to the interaction of the system with the external
radiation field can be obtained by first computing the transition probablity to state |®;) as follows:

P (w) = lim [V (1), (591)
(1)

where ¢, ’(t) is defined by the Golden Rule expression of first order time-dependent perturbation

theory,
t

)= / a1’ (B

—00

e (e 7Y | @), (592)

Substituting the expression of the dipolar interaction, introduced by Eq. (590), into Eq. (592)), we
obtain:

. t o o
) =+ / A (NG - fo [ BB g (=B ) (593)

and substituting Eq. (593) into Eq. (591) we obtain:

P (W) = (@ heq - 2l Do) |2 [6(Eo + fiw — Ey) + 8(Eo — o — Ey)]. (594)
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The total energy lost from the radiation to the system (at 0 K), due to the transition to state |Dy),
can be obtained by multiplying P by the energy of that transition (Ej — Fy) and summing over
all final states as follows:

ap(w) = Z(Ek - EO)’<<I)k‘)\—>5() - (| @) [* [6(Eo + hw — By) 4+ 6(Ey — hw — Ey)]. (595)

The absoprtion spectrum ag(w), at finite temperature 7' = 1/(8kp), can be obtained from
Eq. (599) as follows:

ZpJZ By — E))3(E; + hw — By)|[(D4| NG - 1] ®;) |

(596)
+ZPJZZE;€— 8(E; — hw — E)[(i|E5 - i),

where H|®;) = E;|®,), p; = Z7'e PP, and Z = 37, e

Interchanging the indices j and k in the second term of Eq. and noting that p, =
pie B Ex—Ej) we obtain:

ZZPJ O(Ej + hw — Ey)| (P AZE - ] ;)
597)

- Pje_B(Ek D(Ey, — E)S(Ej + hw — E)|(] - f|4) [,
which gives the absorption lineshape

3a(w)

1) = i eoy = 32;@6@- + I — B)[(@AE - ale). (598)

J
At 0 K, the absorption lineshape is obtained from Eq. (598) as follows:

To(w) =3 8(Eo + hw — Ey) (@ AE] - 1| Do) |2, (599)
k

that is equivalent to Eq. (588)), since according to Eq. (588),

3

@) =50

/ dt(Py|(AZ] - fp)er Mt PN NED - f1)] D). (600)

(20 points) 3.2: The total transition probability P, (at 0 K) due to a two-photon interaction of a
system with an external radiation field can be obtained by first computing the transition probablity
to a generic state |®;) and then summing the contributions from all possible final states |®;) as

follows:
=Y R" = Jim Z e (601)
k

141



Prove that, according to second order time-dependent perturbation theory, c,g )(t ) is defined as
follows:

by v [ S TV T4 41 i Tl
—2/ dt’/ dt" (O len T Hy (1" e #HE = [ (1) e 71V | D), (602)
where H; (t) is the dipolar radiation-matter interaction.

Given an arbitary state,
t)=> C;®;(x)e
J

for the initially unperturbed system described by the Hamiltonian H, for which H i)j = E;®; and
ih%—f = H), let us obtain the solution of the time dependent Schrodinger equation:

m%—f [H + X))o, (603)

assuming that such a solution can be written as a rapidly convergent expansion in powers of A,

=> ) Calt)XN'd;(x) e nEit, (604)
i 1=0
Substituting Eq. into Eq. we obtain,

ih; (Ckz(t))\l + Cru(t)\ (_%Ek ) ZZCJZ (D] ®;) Ej + MDp| 0| @) ™ LBt

(605)
Terms with \?: (Second-order time dependent perturbation theory)

Zh[CkQ (t) + Ckz (t)(_%Ek)]e_%Ekt — Z[CjQ (t)ék]E] + le (t) < (I)k|(;)|q)] >]e_%Ejt’
J

Ch, (1) = —% S < @ylerfMoe D, > Oy, (1),
J

) t na Y
Ch, (t) = (—%) / dt'y " < Byler wemi M ®; > O (1),
J

. 2 t t
2 i Frel i fral i A i Frar . ~
Cra(t) = (—ﬁ) ) / dt’/ dt" < Opler T D D) > < Oyler G M |y >
j e Mmoo
Since 1 = E |P; >< @y,

Chy(t) = (__) / dt/ dt" < @y|e T Ge 7 g I |y >

This expression gives the correction of the expansion coefficients to second order in .

142



36 The Reaction Surface Hamiltonian Method

The goal of this section is to describe the reaction surface Hamiltonian method, introduced by
Carrington and Miller (J. Chem. Phys. (1986) 84:4364-4370) to construct ab initio Hamiltonians
for quantum dynamics simulations, as recently reported in several studies of hydrogen transfer
(e.g.,|[Phys. Rep. (2006) 430:211-276]).

Methods for simulations of quantum dynamics in polyatomic systems (i.e., /N atom systems)
require multidimensional potential energy surfaces to describe the energy of the system as a func-
tion of the 3/V — 6 independent coordinates {;, with j = 1,...,3N — 6. When the system remains
near its equilibrium configuration, one can assume that the motion results from small amplitude
displacements of its normal mode coordinates relative to their equilibrium configurations 5]0. The
energy of those configurations can be described by an ab initio potential energy surface constructed
as a quadratic expansion in powers of the normal mode displacements (£; — 5?):

3N—6

V(£17£27 "'7£3N76) = V(ﬁ??ﬁ%? ey g‘ng6) + % Z Mjw]z (5] - 5?)2’ (606)
j=1

with y; and w; the reduced masses and frequencies of the normal modes, obtained from accurate
ab initio quantum chemistry calculations. Similar quadratic expansions in terms of internal coor-
dinates (i.e., bond-lengths, bond-angles, etc.) can also properly describe multidimensional systems
near their equilibrium configuration as follows:

V(I‘, 97 ¢7 d) = V:etr.(r) + V;)end(e) + V;forsion(gb) + Vnon—bond(d)a (607)

in terms of quadratic expansions in powers of bond-lengths r, bending angles 6, torsion angles
¢, and distances d for non-bonding interactions. The model potential introduced by Eq.
is inspired in molecular mechanics models where atoms and bonds are described as spheres and
spings. The expression of the energy is these systems is called molecular mechanics force field.
The parametrization of the individual terms in the quadratic expansions can be based on ab initio
calculations, or empirically based on the properties of the system as compared to experimental data.

Quadratic expansions are useful for describing the dynamics of the system near equilibrium
configurations, however, they are limited on their capabilities to describe chemical reactivity as
determined by bond-breaking and bond-forming processes (e.g., hydrogen transfer). An example
is the proton transfer between species between an acid AH and a base B~ during the titration:

B~ +HA — BH + AY ™. (608)

The potential energy profile for this proton transfer reaction is often modulated by displacements
along normal modes that affect the distance ¢; = d and the relative orientation ¢go = 6 between the
proton donor and acceptor, while the remaining degrees of freedom in the system remain fluctuating
as small amplitude harmonic oscillators. For studying this kind of reactive processes in polyatomic
systems, we need to generalize the quadratic expansions introduced above by modeling a small
set of large amplitude coordinates (e.g., ¢; and ¢3) as coupled to a quadratic expansion for the
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remaining degrees of freedom in the system. As an example, the complete set of 3N — 6 normal
mode coordinates can be partitioned into two sets of coordinates, including 2 “large amplitude”
reaction coordinates (r, = ¢ and ro = ¢o) and the remaining (3N — 8) degrees of freedom
{g;}withj =3,...,3N — 6.

To construct the complete potential energy surface, we first compute the 2-dimensional reaction
surface Vy(ry, r2), defined as the minimum energy of the molecular system with respect to relax-
ation of the remaining 3/N — 8 coordinates q, subject to the constraints of fixed values for r; and
N

3‘/(7’1, T2, ...,4;, )
0y

with ¢ = 3, ..., (3N — 6). The values of the coordinates ¢s, ..., gsn_¢ as functions of r; and r,, de-
termined by Eq , are the equilibrium positions qJ when the system is on the reaction surface
Vo(ry,re) = V(rl,rg,. qY,...). The complete potential energy V (ry, 72, ..., q;,...) is then ex-
panded, for the description of configurations where the coordinates ¢s, ..., g3y _g are not too much
displaced from their equilibrium positions, by expanding the g¢s, ..., g3x_¢ dependence to second
order around their equilibrium positions:

=0, (609)

0 9PV
Vv 5oy 3N—g) = W —(q¢; — ¢° —q¢%). (610
(71,72, 3, -, @3N —6) o(r1,7m2) + J;s 2 (5 — ) (aqu?Qk)qj/kq?/k (ar — qp) (610)

The potential has no linear term in (g; — ¢\) because the first order derivatives are equal to zero
(see Eq. (609)) by definition of Vy(r) = Vo(r1,72).

The complete reaction surface Hamiltonian that can be used for mutidimensional quantum dy-
namics simulations is

p? 3N6P2

2
H(r,P,,q,P Z P, Z
7j=1

2#]
(611)
FV(r 3N263N26 T M(qk —P(r)).
=3 k=3 ! 0q;0qy,
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37 Exam3

Exam 3 CHEM 572a
Advanced Quantum Mechanics

Exercise 1:
(20 points) 1.1: Explain how to use the Hamilton-Jacobi equation to compute the trajectory of
coordinates and momenta ¢(¢) and p(t) for a system described by the Hamiltonian

H(q,p) = p*/(2m) + V(q)

(20 points) 1.2: Derive the equations of motion of the “hidden” variables ¢(¢) and p(t) as described
by Bohmian dynamics.

(15 points) 1.3: Explain why the trajectories of hidden variables in the Bohmian formulation of
quantum mechanics do not violate the uncertainty principle.

(15 points) 1.4: “Do you think the moon exists only when we look at it?” Explain your answer
within the context of the orthodox interpretation of quantum mechanics and the Bohmian inter-
preation of quantum mechanics.

Exercise 2:
(15 points) 2.1: Define the Wigner-transform of U, (z) and derive its equation of motion. Explain
how to compute the expectation value of H = p*/(2m) + V(&) by using the Wigner transform

instead of the wave function.
(15 points) 2.2: Explain how to compute the photoelectron detachment spectrum of 1 .

37.1 Answer Key

Exercise 1:
(20 points) 1.1:
Solving the Hamilton-Jacobi equation

9S(q, P, 1)
ot

9S(q, P,t)

+ H(q, 90

) =0, (612)

we can find the characteristic function S(gq, P, t). To obtain p(t) we compute the partial derivative
of S(q, P,t) with respect to q(t),

05(q, P, t)
p(t) = 2L 0 (613)
(1) = 2
and to obtain ¢(t) we first compute () as the partial derivative of S(q, P, t) with respect to P,
0S(q, P,t)
A L) 614
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and then we solve for ¢(t) as a function of () and P. Both () and P are constant in time since

7 aS(Qapat) aS(Q7P7t)
HQ,P)=——F—""—"+H(qg——7) = 1
(@ P) = =5, + Hlg.—5.==) =0, (615)
and
) _ OH(Q,P)
Q= P
- (616)
=0
The resulting equations of motion for p(¢) and ¢(t) are Hamilton’s equations:
OH(q,p
b 617)
B(8) _0H(q,p)
dq

(20 points) 1.2:
To obtain the equations of motion of the “hidden” variables p(t) and ¢(¢) as described by
Bohmian dynamics, we first solve the time-dependent Schrodinger equation,

ov .
im0 _ fragg), (618)

by substituting W,(¢), in terms of the real amplitude A;(¢) and phase S;(¢) functions,
i(q) = Ai(g)er™ @, (619)
The left hand side of Eq. (618) gives

L OW(q) [, 0A(q) 95:(q) 1S(q)
ih 5 ih % Ai(q) o | € (620)
and the right hand side of Eq. (618) gives
. R2 A ih9ABS 1 85\’ ig
- - N - 75t(a)
HY,(q) [ om0 maq oq T am A9 (aq) +A(Q)V(q) | er™?. (621)
Considering that the real parts of the r.h.s’ of Egs. (620) and (621)) must be equal, we obtain:
dS,(q) 1 [0S\? B
8t + % a—q + V(q) + VQ(q,t) = 0, (622)
where 2 PA 1
Volg.t) = t (623)

om 9¢® Ai(q)
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As shown in (1.2), Eq. (622) is the Hamilton-Jacobi equation for the time-dependent Hamiltonian
2

H(g,p) = 2= + V(g) + Volg 1), (624)

2m
with p = 05/0q and Vy(q, t) the time-dependent external field potential defined by Eq. . The
equations of motion of the “hidden” variables ¢(t) and p(t) are Hamilton’s equations (see Eq.
with the Hamiltonian defined according to Eq. (624).
(15 points) 1.3:

The orthodox formulation of quantum mechanics centers around the uncertainty principle and
assumes that the properties of a system can only be determined by measurements. These involve
interactions between the measuring device and the system that collapse quantum states into spe-
cific eigenstates of the operator that corresponds to the property being measured. The probabilities
of actual experimental results are determined by the wavefunction. This is an auxilary quantity
that provides the most complete possible specification of the quantum state of the system before
the measurement was performed. The quantum state determines an inherent uncertainty on the
precision with which we can conceive properties of the system such as postion and momentum as
simultaneously existing quantities. In contrast, the Bohmian formulation assumes that the prop-
erties of the system are intrisic to the system and independent of the measurement process. The
uncertainty with which we can determine those properties, however, is given by the irreducible
disturbance between the measuring device and the system. According to this formulation, the un-
certainty on the properties of the system is regarded not as an inherent limitation on the precision
with which we can correctly conceive the simultaneous definition of properties, such as position
and momenta, but rather as a practical limitation on the precision with which these quantities can si-
multaneously be measured. Therefore, Bohmian trajectories do not violate the uncertainty principle
because the variables ¢(¢) and p(t) are practically “hidden”(not observable) while the uncertainty
principle refers to observables —i.e., expectation values of these variables as determined by the av-
erages over the ensemble of Bohmian trajectories. The expectation values satisfy the uncertainty
principle since there will always be an irreducible disturbance associated with the measurement, or
the initial preparation of the system, with devices that interact with the observed system by means
of indivisible quanta. Only if the precise effects of those disturbances could be corrected for, one
could determine the “hidden” variables and have simultaneous measurements of momentum and
position with unlimited precision.

(15 points) 1.4:

Of course, we all think the moon exists even if we do not observe it. However, as discussed
in (1.3), the orthodox interpretation of quantum mechanics assumes that the wavefunction pro-
vides the most complete possible specification of the state of the system and only determines the
probability of actual experimental results. Within this interpretation, the properties of the moon
demonstrating its existance (e.g., coordinates, momentum, etc.) can only be conceived in a proba-
bilistic sense within the context of a process of measurement (i.e., when we use photons to observe
it). In contrast to that interpretation, the Bohmian formulation shows that there is an alternative
possible interpretation of quantum mechanics where the properties of systems exist regardless of
any process of measurement (even when we do not observe them) and the probabilistic aspect of
the theory is due to the unavoidable disturbances associated with the process of measurement.
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Exercise 2:
(15 points) 2.1:
Given a wavefunction W, (), the Wigner transform p}" (p, q) is defined as follows:

1 > i
pl (p,q) = o h/ ds er?* Uy (q + s/2)V,(q — s/2). (625)

The expectation value of H = 2 /(2m)+V (Z) can be computed by using the Wigner transform,
instead of the wave function, as follows:

(U, H|W,) = /dQ/de(q,p)pZV(p, a), (626)
since
[a [ avtitanol .0 =5 [ aa [ anl / dse™ Wi (g + 5/2) V(g - 5/2)
Lh/dp/dsemm/dq‘/ g+ s/2)%(q — s/2),
p—m— do' | dz"e™@ =g (2 )W, ()

//d3(5 dqgV (q)V;(q+ s/2)V,(q — s/2), (627)
= [ L G + [ av@viowo.

= [l o) + (v (@)1,

= (0w + (V) ).

(15 points) 2.2:
The photoabsorption lineshape (at 0 K) is,

3 *° A ) R
(@) = oy | e @O A1) OVF - (0)] )
; oo . PN . N (628)
“ 5 2 [t Bl M OR - e ) (@](0F - )],
where the final states are of the form
|Pr) = V) |XEK), (629)

where |1 ) is the electronic state K of I and |xg, ) the nuclear state of ;. The corresponding
initial and final energies are Fy = E,, and £y = Ek(v) + €. Therefore, the photoabsorption
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lineshape (at 0 K) for the one-photon photodetachment process is,
3 > ; i f i
Pu€) = gop 3 [ dBic [ e @l MG - e O o) (@1 (0 )] ), (630)
s
K —0o0

and using the relation

/ AEk|Xpie) (Xl = i, (631)
the finite temperature distribution is
Ps(e) = ! /oo dte™ v C(t) (632)
A= o . c ’
with ‘ .
C(t) =3 pen B0 N (/NG - p)e” iM (NG - 1)|®;). (633)
J K

Therefore, according to Eqs. (633) and (632)), the calculation of the photoelectron detachment
spectrum requires the propagation of the system in the neutral states K of I, for time ¢ and the
overlap with the initial state of /, for all populated initial states.
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38 Semiclassical Dynamics

This section describes the integration of the time-dependent Schrodinger equation,

2 92
G(z) = ihaa—@tb + ;—m% —V(x,t)y = 0. (634)

according to the thawed Gaussian or Gaussian beam approach, introduced by Heller [J. Chem.

Phys. 62, 1544 (1975)] and others, including Popov 4 (1982), 85-97; Cerveny, Popov and Psencik

[Geophys. J. R. Astr. Soc., 70 (1982), 109-128]; Ralston Studies in PDEs,” MAA. Stud. Math., 23,

Math. Assoc. America, Washington, DC, (1982), 206-248; Hill [Geophys., 55 (1990), 1416-1428],

Coalson and Karplus [J. Chem. Phys. 93, 3919 (1990)].

We propose the Gaussian-beam ansatz

W(x,t) = D p(z, ), (635)

with ,
o(z,t) = 7 VAR VAQ 1 2@/ Gh)+iple—q) (636)

with v = PQ~!, which should make G(z) vanish near ¢ to some order (e.g., second order).
A Taylor expansion gives,

1
G(z) = Glo) + G(9)(x — @) + 5G"(@) (@ = ¢)* + .. (637)
and making G(¢) = G'(q) = G"(q) = 0, we obtain a solution to third order accuracy (i.e.,
G = O(z — q?).
Considering that
) . ihC ) )
iﬁa—q’f = (—S - %% —i (PQ‘l - PQ‘2Q> (x—q)*/2+iPQ ™ (v — q)q — Pz — @) + g | ¥,
(638)
and B o2y 2 .
I am ([—PQl(x —q)/h+ %p]Q - PQl/h) ¥, (639)
we obtain
Gle) = (—S oo i(PQT - PQRQ) (e - 0P 2+ iPQ Mo — )i~ il ) + 0
h? 17k
to [—PQ_I(x —q)/h+ %P] - %PQ_I - V@)) (G
(640)
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with,

G (x) = G(x)% +(~i (PQ = PQ*Q) (v~ q) +iPQ "G~
(641)
—% [—PQ Yz —q)/h+ — } PQ™ Vl@)) Y.
and
1" o ¥ ! g i 77b,2
G@%Jﬂ)¢+G(I¢ ﬂ)¢2
+{G’-——G /ﬂ}w
¥ (642)
+(-i (Pt - PR Q)
1 "
- [PQT] =V >) v.
Therefore, making G(q) = G'(q) = 0, we obtain:
G'(q) = (iPQ'1— p— i2-PQ™ = V(@) tla) = 0. (643)

This equation must be satisfied even when v = PQ~! is real. Therefore, since the real and imagi-
nary parts of the bracket must be zero,

_ P
m’ (644)
p=-V(q)
In addition,
. il h 2
Glq) = ( S—%%— PQ” 1%—V<>—2]’—m+m)w(q>=o, (645)

which must hold true even when v = PQ ™! is imaginary. Therefore,

5=pd—(V@)+£i)

2m (646)

Q=1i—.
Finally,
) ) 1
6= (-1 (PQ™ - PQQ) + o [PQ7 - V@) ) vl =0, 4D
which is verified when

P =iV"(q)Q. (648)
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39 Semiclassical Dynamics in the Gaussian-Hermite Basis

Consider the time-dependent Schrodinger equation,

Loy PP
ihe =5~ +V(z,1)y, (649)
2

for the time-dependent harmonic potential with k(t) = mw(t)?,

V(1) = Volt) + K0 = 2(0)

An exact solution of Eq. (]@[) can be written, as follows:
Yo(z,t) = Oy (1), (650)
with ¢ the first element of the Gaussian-Hermite basis-set,
ooz, t) = H,(h*Q| " (z — q))A(Q, ,/)e—v(w—q)Q/(%)Jr%p(r—q)7 (651)

where v = 0,1,2, ... and the parameters v = PQ~!, P, ), q and p are time-dependent. Further,
H, are Hermite polynomials, and A((Q, v) are normalization constants,

A(Q, I/) _ 271//2(y!)71/27T71/4h71/4Q7(V+1)/2Q1//2’ (652)
with @ the conjugate of (). Therefore, since Hy = 1,
o, 1) = mVARTHAQ 2 m=0 )+ iaa—a), 653)

The action S(¢) and conjugate variables ¢ and p evolve classically:

2
. p
= —V(gt
S 2m (Q7 )7

P
9= (654)
.oV

Finally, the equations of motion for () and P are obtained by substituting ¢)o(x, t) into Eq. (649):

Q = i_7
m (655)

or,

k(1) (656)



with () and P defined as linear combinations of the partial derivatives of ¢(¢) and p(t) with respect
to their initial values, as follows:

dq(t) dq(t)
Q) = GHia0 + e PO, -
P(t) = ap(“”) (0) - 2;’((3@(0)

since () and P, defined according to Eqgs. (657), satisfy Egs. (655). According to Eqgs. (657), ) and
P satisfy the following relation: B B
QP + PQ =2, (658)

which is equivalent to Re[y] = |Q|~2 and determine the position and momentum uncertainties of

@, (x,1), as follows:
= Vh(v +1/2)|Q],
Ap = /h(v+1/2)|P).

Therefore, v(t) = |Q(¢)|~2 + iIm[P(t)/Q(t)]. Note that, according Eqs. (655), Q(¢) and P(¢)
remain real and purely imaginary, respectively, when choosing initial conditions with Q(0) =
Re[Q(0)] real and P(0) = sIm[P(0)]. With such initial conditions, v(t) = Q(¢)™2 + P(t)/Q(t).
In particular, when choosing P(0) = i/Q(0), with real Q(0), Re[y(0)] = Im[y(0)] = Q(0)"2, or
7(0) = (1 44)/Q(0).

Other possible solutions can be obtained by defining the raising and lowering ladder opera-
tors L, and L_, respectively, as follows [Hagedorn, G. A.: Raising and lowering operators for
semiclassical wave packets. Ann. Phys. 269, 77-104 (1998)]:

L, = (2h)2(P(z — q) —iQ(p — p)),

and

(659)
E_ = (20)*(P(x — q) +iQ(p — p)),
and noting that
L b ] =1,

660
%(L_L+ —+ L_:,_L_)l/)y = <l/ —+ %) 1/}1/7 ( )

we see that
Loy, =vr+1¢,4. (661)

Therefore,
Py () = B apo(a; 1) = VeSO, (2, 1), (662)

with v = 0,1,2,... are also solutions of Eq. (649).
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39.1 Multidimentional Semiclassical Dynamics

The 2-dimensional generalization of Eq. is:

wo(x,t) = /A /4 [det(Q)]—1/26—(X—Q)~PQ‘1~(x—q)/(25)+%p~(x—q)’ (663)
with n = 2. Here, P and Q are n x n matrices that evolve in time, as follows:
. P
Q = i_a
© T (664)
P — ikQ,
or,
. 1
Q=-—kQ, (665)
m
where k is the hessian matrix of second derivatives k (i, j) = 9*V (x)/0xz;0x;.
To calculate the det(Q) for Eq. (663)), we use the log-derivative substitution:
0
R=—Io ,
=QQ™,
giving, '
Q = RQ. (667)
Integrating Eq. (667), we obtain:
t
Q= exp/ dt'R(t"),
. (668)
— H eAtRk_
k=1
Therefore,
det(Q) = Hdet [eARx]
k=1
_ H eAt det[Rk]’ (669)
k=1
_ AT TR
— oAt I dt'Tr[R(t')]
The equation of motion for R is obtained from Eq. (666), as follows:
L , 2
R-QQ'-(QQ) . (670)
Substituting Egs. (666) and (656)) into Eq. (670)), we obtain:
R = —w(t)? — R2. (671)
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39.2 Log Derivative Propagation
For constant w, the propagation of R = QQ*1 can be based on Eq. lb

G=-%q (672)
m

Q(t) = Q(0)cos (\/%f) + %sin <\/§t) ,

with

(673)
Q(t) = Q(0)cos (\/%15) - Q(O)\/%sin (\/%t> :
Therefore, defining the matrix w = \/% , We obtain:
R(t) = (R(0)cos|wt] — wsin[wt]) (cos[wt] + R(0)sin[wt] /w) " . (674)

When w changes slowly with time,
R(t 4 6) = (R(t)cos|w(t)d] — w(t)sin[w(t)d]) (cos|w(t)d] + R(t)sin[w(t)d]/w(t)) ™.  (675)

When the instantaneous normal modes (i.e., eigenvectors of K) are approximately constant, we
can solve Eq. by transforming it into a problem of n 1-dimensional equations, as follows [[J.
Chem. Phys. (1999) 110:9922-9936]]:

Lo P,J)
Q) == (676)
P(j,7) = ik(7)Q(; 5),
where j = 1,--- ,n and w(j) are the time-dependent frequencies obtained, as follows:
LT -K(t) - L = ma(t)? (677)

where & is a diagonal matrix. The new variables Q and P, introduced by Eq. 1} are defined
according to the analogous transformations,

(678)

Assuming that L are approximately constant, we obtain Eq. (676) by computing the time-derivative
678)

of Egs. (678) and substituting Q and P according to Eqs. (664). Note that det(Q) = det(Q) since
the det(L) = det(L) = 1.
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An approximate solution of Egs. could also be obtained by solving them according to the
WKB approximation, as follows. Combining the Eqgs. (676), we obtain:

QU j) = —@(7)* QU 4), (679)
The possible WKB solutions,
B B t
Quisit) = Quligi Oesp (51 [ ot )ar'). (650)
0
satisfy Eq. (679), as follows:
Qa(j, ji 1) = —2(j; 1)’ Qalj, ji 1) + A, (681)

when |&0(j)| << @(5)? and therefore A = (7 t)Qa(j,j; t) can be neglected (i.e., WKB approxi-
mation).
To satisfy the appropriate boundary conditions, we have the following linear combinations:

Qu (4,43 t) = Qa4 4; 0)cos ( /0 t@(j;t')dt'> + 0 sin( /0 tcb(ﬁt’)dt’),

w(j;t)

. K (682)
Q.(j. j;t) = Qu(J. j; 0)cos ( /0 @(j;t')dt'> — Qa@,j;O)@(j;t’)sin( /O ov(j;t’>dt’).

39.3 Normalization of Multidimensional Gaussians

The goal of this section is show that the multidimensional Gaussian, introduced by Eq. (663), is
normalized as follows:

2 2
12 — /dﬂ?ldfﬂg 6701196176129611102*02196211*622902’

C11C12 | (1
—(z122)
Co1C T
:/dxldxge 21722 2/,
T

(683)

First, we introduce the orthogonal transformation x = I'¢,

T _ INTIRT 51 (634)
T T &)

156



where the columns of the matrix I are the eigenvectors of c, so that [ ~!cI’ = ), or

C11C12 INTIRT _ INTIRD A10 (685)
C21C22 ['51T9 ['51T9 0A2 '

Substituting Eq. (684) into Eq. (683)), we obtain:

I

—(5152)()\10 ) (51)
I = / sy |Gt e\ )8

d€1d£26 )\151 )\252 (686)

Neaes

Furthermore, according to Eq. (683),

det()\) = det(T") " *det(c)det(T)
= det(c),

Therefore, substituting Eq. into Eq. (686), we obtain Eq. (683).
Note: The Jacobian of the orthogonal transformation, introduced by Eq. (684), is equal to 1 since

(687)

0z x4
’3(9517902) |06 96
8(517£2> o 81'2 @(L‘Q
91 9% (055)
= det(I")
=1.

To show that det(I") = 1, we use that det(AB) = det(A)det(B) and we obtain:

1 =det(I'T),

= det(T"")det(T). (689)

In addition, T~! = T'7 for orthogonal transformations (i.e., transformations that preserve the norm
and orthogonality of vectors), and since always det(T'"') = det(T),

1

det(T") = Jet(T)’

(690)

that can only be satisfied by det(I") = 1.
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40 Solutions to Computational Assignments

40.1 Problem 1

Computational Problem 1: Write a computer program to represent the wave-packet, introduced
by Eq. (4) on a grid of equally spaced coordinates z; = %, + (j — 1)A with finite resolution
A = (Tpmaz — Tmin)/(n — 1) and visualize the output. Choose zq = 0 and py = 0, in the range
x=(-20,20), with « = wm, where m = 1 and w = 1.

To visualize the output of this program, cut the source code attached below save it in a file
named Probleml.f, compile it by typing

£f77 Probleml.f -o Probleml
run it by typing
./Probleml
Visualize the output as follows: type
gnuplot
then type
plot Y‘arch.0000"'

That will show the representation of the Gaussian state, introduced in Eq. (6) in terms of an array
of numbers associated with a grid in coordinate space. To exit, type

quit
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P1/Problem1.f),

PROGRAM Problem_1

call Initialize()

CALL SAVEWF (0)

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccceccececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax,dx,pi,mass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=0.0
mass=1.0
alpha=mass*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCctccccccccccccccccccccccceccccecececcecece
SUBROUTINE SAVEWF (3)

c Save Wave-packet in coordinate space

IMPLICIT NONE

INTEGER nptx,npts, kk, j

COMPLEX chi,EYE

REAL RV, omega, xmin, xmax,dx,pi,mass, xk, pk, x,alpha, Vpot, RKE
character+«9 B

PARAMETER (npts=10, nptx=2**npts)

COMMON / wfunc/ chi (nptx)

common /xy/ xmin,xmax

common /packet/mass, xk, pk

write(B, ' (A,14.4)") "arch.’, jJ
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OPEN (1, FILE=B)
dx= (xmax—-xmin) /real (nptx)
do kk=1,nptx
x=xmin+kk*dx
WRITE (1,22) x,chi(kk)
end do
CLOSE (1)
22 FORMAT (6 (el13.6,2x))
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCcCccccccccccecececececce
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40.2 Problem 2

Computational Problem 2: Write a computer program to represent the initial state, introduced by
Eq. (@), in the momentum space by applying the FFT algorithm to the grid-based representation
generated in Problem 1 and visualize the output. Represent the wave-packet amplitudes and phases
in the range p=(-4,4) and compare your output with the corresponding values obtained from the
analytic Fourier transform obtained by using:

/dx exp(—ax® + a1 + ag) = \/7/as exp(ag + a3 /(4ay)).

In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem?2.f, compile it by typing

£f77 Problem2.f -o Problem2
run it by typing
./Problem?2
Visualize the output as follows: type
gnuplot
then type
plot Y ‘nume.0000’’

That will show the representation of the amplitude of the Fourier transform of the Gaussian state,
introduced in Eq. (6), in terms of an array of numbers associated with a grid in momentum space.
In order to visualize the analytic results on top of the numerical values type

replot ‘‘anal.0000"’

In order to visualize the numerically computed phases as a function of p type
plot ‘‘nume.0000 u 1:3"7

and to visualize the analytic results on top of the numerical values type
replot ‘‘'anal.0000"'

To exit, type

quit
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P2/Problem?2.f),

PROGRAM Problem?2

call Initialize()

CALL SAVEFT ()

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCccccccccccececceececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax, dx,pi,rmass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/rmass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=5.0
rmass=1.0
alpha=rmass+*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCccccccccceceece
subroutine SAVEFT ()

C Save wave-packet in momentum space

IMPLICIT NONE

INTEGER nptx, kx,nx, npts, j

REAL theta,wm,p, xmin, xmax, rmass, xk,pi,alenx, pk, rm,re, ri
COMPLEX eye,chi,Psip

character+«9 B1l,B2

parameter (npts=10, nptx=2xxnpts)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx)

3=0
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write(B1, ' (A,i4.4)’) ’'anal.’, J
OPEN (1, FILE=B1)
write(B2, ' (A,1i4.4)’) 'nume.’, J
OPEN (2, FILE=B2)
CALL fourn(chi,nptx,1,-1)
pi acos (-1.0)
alenx=xmax—-xmin
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
p=0.
if (nx.ne.0) p = real (nx)+*2.*pi/alenx
c Numerical Solution
chi (kx)=chi (kx) ralenx/sqrt (2.0*pi) /nptx
re=chi (kx)
ri=imag (chi (kx))
IF (re.NE.O) theta=atan(ri/re)
rm=abs (chi (kx))
IF (abs(p) .LE. (4.)) WRITE(2,22) p,rm,theta
IF(nX.EQ.(nth/Z)) WRITE (2,22)
c Analytic Solution
CALL FT_analy(Psip,p)
re=Psip
ri=imag (Psip)
IF (re.NE.O) theta=atan(ri/re)
rm=abs (Psip)

IF (abs(p) .LE. (4.)) WRITE(1,22) p,rm,theta
IF (nx.EQ. (nptx/2)) WRITE(1,22)
end do

CALL fourn(chi,nptx,1,1)
22 FORMAT (6 (el3.6,2x))
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcceccccee
subroutine FT_analy (Psip,p)

c Analytic Fourier Transform of the initial Gaussian wave-packet

IMPLICIT NONE

REAL p,pi,alpha, rmass, xk, pk, omega
COMPLEX Psip,c0,cl,c2,eye

common /packet/ rmass, xk,pk
eye=(0.0,1.0)

omega=1.

alpha = rmass*omega

pi=acos (-1.0)

c2=alpha/2.
cl=alphaxxk+eyex (pk-p)
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cO0=-alpha/2.xxkx*2-eye*pk*xk
Psip=sqrt (pi/c2) /sqgrt (2.0xpi) x (alpha/pi)**0.25

1 xexp (clx*2/(4.0xc2) ) xexp (c0)
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccccececece
c Subroutines from Numerical Recipes

CCCCCCCCCcCccceceeeeeeeceeceeeececeeececeeeeeceeeceecceceecececeeecececececececcececececcececcecececcecececcecececceccece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL+8 WR,WI,WPR,WPI,WIEMP, THETA
DIMENSION NN (NDIM),DATA (x)

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11  CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+NPREV)
IP1=2+NPREV
IP2=IP1#N
IP3=IP2*NREM
I2REV=1
DO 14 I2=1,IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-1I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1) =TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF (IFP1.LT.IP2) THEN

IFP2=2+IFP1
THETA=ISIGN*6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0O*DSIN (0.5DO*THETA) **2

WPI=DSIN (THETA)
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WR=1.DO

WI=0.DO

DO 17 I3=1,IFP1,IP1

DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2

K1=1I2
K2=K1+IFP1
TEMPR=SNGL (WR) +DATA (K2) —~SNGL (WI) «DATA (K2+1)
TEMP I=SNGL (WR) *DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) —-TEMPR
DATA (K2+1) =DATA (K1+1) —-TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1) +TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI+WPI+WR
WI=WI+WPR+WTEMP+WPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE
RETURN
END
ccccecceccececeecccececceecccccccecccccccececccccccceccccccecccceccceccceceecccecccecccecece
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40.3 Problem 3

Computational Problem 3: Write a computer program to compute the expectation values of the
position z(0) = (¥o|Z| V) and the potential energy V = (Vo|V(2)| V), where V() is defined
according to Eq. (10)) for the initial wave-packet, introduced by Eq. (4], with various possible values
of ¢ and pg, with o = wm, where m = 1 and w = 1.

In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem3.f, compile it by typing

£f77 Problem3.f —-o Problem3
run it by typing
./Problem3

The printout on the screen includes the numerically expectation values (U,|V |¥,) and (U, || T,).
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P3/Problem3.f),

PROGRAM Problem3

IMPLICIT NONE

REAL x, VENERGY

CALL Initialize()

CALL PE (VENERGY)

CALL Px(x)

PRINT %, "<Psi|V|Psi>=",VENERGY

PRINT x, "<Psi|x|Psi>=",x

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax, dx,pi,mass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=0.0
mass=1.0
alpha=mass~*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCcCCCCcCcCCcctcccccccccccccccccccccccccccccecceccececcecee
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, k

COMPLEX chi

REAL Vpot, RV, xmin, xmax, dx, X
PARAMETER (npts=10, nptx=2x*npts)
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COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
dx= (xmax—-xmin) /real (nptx)
RV=0.0
do k=1, nptx
x=xmin+k*dx
CALL VA (Vpot, x)
RV=RV+chi (k) *Vpotxconjg(chi (k) ) xdx
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccceccccecece
SUBROUTINE Px (RV)

c Expectation Value of the position

IMPLICIT NONE
INTEGER nptx,npts, k
COMPLEX chi
REAL RV, xmin, xmax, dx, X
PARAMETER (npts=10, nptx=2xxnpts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
dx= (xmax—-xmin) /real (nptx)
RV=0.0
do k=1,nptx
x=xmin+k*dx
RV=RV+chi (k) *x*xconjg (chi (k) ) *dx
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCccccccccccccececee
SUBROUTINE VA (V, x)

c Potential Energy Surface: Harmonic Oscillator

IMPLICIT NONE

REAL V, x,mass, xk, pk, rk, omega

common /packet/ mass, xk, pk

omega=1.0

rk=massx*omega2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccecee
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40.4 Problem 4

Computational Problem 4: Write a computer program to compute the expectation values of the
initial momentum p(0) = (¥, |p|¥,) and the kinetic energy T' = (U,|p?/(2m)|¥,) by using the
Fourier transform procedure, where VU, is the initial wave-packet introduced by Eq. {), with 2, =
0, po = 0, and @« = wm, where m = 1 and w = 1. Compute the expectation value of the energy
E = (Uo|H|W,), where H = p?/(2m) + V/(Z), with V(z) defined according to Eq. and
compare your result with the zero-point energy Ey = w/2.

In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem4.f, compile it by typing

£f77 Problem4.f -o Problemd
run it by typing
./Problem4

The printout on the screen includes the numerically expectation values (W, |p|¥y), (T|T|W,) and
(U;|H|¥,). Note that the analytic value of (V,|T'|W,) is fiw/2 = 0.5 in agreement with the numer-
ical solution.
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P4/Problem4.f),

PROGRAM Problem4

CALL Initialize()

CALL Pp(p)

PRINT %, "<Psi|p|Psi>=",p

CALL KE (RKE)

PRINT x, "<Psi|T|Psi>=",RKE

CALL PE (RV)

PRINT *, "<Psi|H|Psi>=", RKE+RV

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccececece

SUBROUTINE Initialize()

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

IMPLICIT NONE
INTEGER nptx,npts, kk
COMPLEX chi, EYE
REAL omega, xmin, xmax, dx,pi,mass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2x*npts)
COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
xmin=-20.
xmax=20.
EYE=(0.0,1.0)
pi= acos (-1.0)
omega=1.
dx= (xmax—-xmin) /real (nptx)
pk=0.0
xk=0.0
mass=1.0
alpha=mass~*omega
do kk=1,nptx
x=xmin+kk*dx

chi (kk)=((alpha/pi) **0.25)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
end do
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCcCCCCcCcCCcctcccccccccccccccccccccccccccccecceccececcecee
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, k

COMPLEX chi

REAL Vpot, RV, xmin, xmax, dx, X
PARAMETER (npts=10, nptx=2x*npts)
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COMMON / wfunc/ chi (nptx)
common /xy/ xmin,xmax
dx= (xmax—-xmin) /real (nptx)
RV=0.0
do k=1, nptx
x=xmin+k*dx
CALL VA (Vpot, x)
RV=RV+chi (k) *Vpotxconjg(chi (k) ) xdx
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccee
SUBROUTINE KE (RKE)

c Expectation value of the kinetic energy

IMPLICIT NONE
INTEGER kk,nptx, kx, nx, npts
REAL dp,RKE, p, xmin, xmax, pi,alenx, dx,mass, xk, pk
COMPLEX eye,chi,Psip,chic
parameter (npts=10, nptx=2x*npts)
DIMENSION chic (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
COMMON / wfunc/ chi (nptx)
RKE=0.0
pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)
do kk=1,nptx

chic (kk)=chi (kk)
end do
CALL fourn(chic,nptx,1,1)
do kx=1,nptx

if (kx.le. (nptx/2+1)) then

nx=kx-1
else
nx=kx-1l-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)xdp
chic (kx)=p**2/(2.0+mass) *chic (kx) /nptx
end do

CALL fourn(chic,nptx,1,-1)
do kk=1,nptx
RKE=RKE+conjg (chi (kk)) xchic (kk) xdx

end do

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccee

SUBROUTINE Pp (pe)
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c Expectation value of the momentum

IMPLICIT NONE
INTEGER kk,nptx, kx,nx,npts
REAL dp, pe,p,xmin, xmax, pi,alenx,dx,mass, xk, pk
COMPLEX eye,chi,Psip,chic
parameter (npts=10, nptx=2xxnpts)
DIMENSION chic (nptx)
common /xy/ xmin,xmax
common /packet/mass, xk, pk
COMMON / wfunc/ chi (nptx)
pre=0.0
pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)
do kk=1,nptx
chic (kk)=chi (kk)
end do
CALL fourn(chic,nptx,1,1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic (kx)=p=*chic (kx) /nptx
end do
CALL fourn(chic,nptx,1,-1)
do kk=1,nptx
pe=pe+conjg(chi (kk)) xchic (kk) »dx
end do
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccccccceecee
SUBROUTINE VA (V, x)

c
c Potential Energy Surface: Harmonic Oscillator
c

implicit none

REAL V, x,mass, xk, pk, rk, omega

common /packet/ mass, xk, pk

omega=1.0

rk=mass*omegax*2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccece
c Subroutines from Numerical Recipes
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CCCCcCccCccCcccecceceeceececeececeecceceececeecceceececececeeececeecceceeceeececeececeecceeecceceeccecececcecececcecececcecececccece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL*8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM), DATA ()

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11 CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+xNPREV)
IP1=2+NPREV
IP2=IP1*N
IP3=IP2*NREM
I2REV=1
DO 14 I2=1,1IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV) =TEMPR
DATA (I3REV+1)=TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF(IFP1.LT.IP2) THEN

IFP2=2+IFP1
THETA=ISIGN#6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0*DSIN (0.5D0+THETA) % %2
WPI=DSIN (THETA)
WR=1.DO
WI=0.DO
DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2
K1=12
K2=K1+IFP1
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TEMPR=SNGL (WR) *DATA (K2) —SNGL (WI) «DATA (K2+1)
TEMPI=SNGL (WR) *DATA (K2+1) +SNGL (WI) xDATA (K2)
DATA (K2)=DATA (K1) -TEMPR

DATA (K2+1)=DATA (K1+1) -TEMPI

DATA (K1) =DATA (K1) +TEMPR

DATA (K1+1)=DATA (K1+1)+TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI+WPI+WR
WI=WI+xWPR+WTEMP+xWPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N+«NPREV
18 CONTINUE
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcccccccccccccccccccccccccccccccceccececcecee
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40.5 Problem 5

Computational Problem 5: Expand the exponential operators in both sides of Eq. and show
that the Trotter expansion is accurate to second order in powers of 7.
Expanding the left-hand-side (1.h.s.) of Eq. (18) from the lecture notes gives:

A N 1~
e HT =1 _jHr — §H272 + O(1%), (691)
where H = p%/(2m) + V. Therefore,
1 pt 1. 1p% - 1. p?
il et P 2 lppe 1D g0 1o P oo o(3), (692)

2 4m? 2 22m 2 2m

In order to show that the Trotter expansion, introduced by Eq. (18), is accurate to second order in 7, we
must expand the right-hand-side (r.h.s.) of Eq. (18) and show that suchh an expansion equals the r.h.s. of

Eq. (692).

Expanding the right-hand-side (r.h.s.) of Eq. (18) gives,

~9 ~4
—iV(&)7/2 ,—ip?T/(2m) ,—iV (2)7/2 _ Ny 1o o 3 b 1 pt o, 3
e e e <1 iVr/2 2V /44 O(T )> <1 T = ST +0(71°)
. 1.
X <1 —iVr/2 — §V272/4 + 0(7'3)> )
(693)
s o o 2 p p4
671V(x)7/2671p T/(2m)esz(x)T/2 — <1 - lVT/Q . v2 2/4 ZTT - V2 2/2 o 54 + O(T3)>
X (1 —iVT/2 - 5‘727'2/4 + O(f”)) :
(694)
% P
e—iV(:?:)T/Qe—iﬁQT/(Qm)e—iV(fc)T/Q —1_ z’VT/2 V2 2/4 r V— 2/ ot 72
—iVr/2 - V24— %f/#/z — 5f/272/4 +0(7%),
~9 -9 4
o~V (@)7/2—ip?T/(2m) ,~iV(@)7/2 _ | _ i 7r — i P }‘7272 _ VL72/2 _ 1L72
2m 2 2m 2 4m? (696)
~9
D v 2 3
— 2 .
mVT /24 O(1°)

Note that the r.h.s. of Eq. is identical to the r.h.s. of E. (692)), completing the proof that the Trotter
expansion, introduced by Eq. (18), is accurate to second order in 7.
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40.6 Problem 6

Computational Problem 6: Write a computer program that propagates the initial state Wo(x) for
a single time increment (7 = 0.1 a.u.). Use g = —2.5, py = 0, and « = wm, where m = 1 and
w = 1. Implement the SOFT method for the Hamiltonian H = $?/(2m) + V (), where V (z) is
defined according to Eq. (I0). Compare the resulting propagated state with the analytic solution

obtained by substituting Eq. into Eq. (29).
In order to visualize the output of this program, cut the source code attached below save it in a
file named Problem6.f, compile it by typing

£f77 Problemé6.f —-o Problemb6
run it by typing
./Problem6
and visualize the output as follows: type
gnuplot
then type
set dat sty line
then type
set yrange[0:6]
and the type
plot Y‘arch.0002"’

That will show the numerical propagation after one step with 7 = 0.1. In order to visualize the
analytic result on top of the numerical propagation, type

replot ‘‘arch.0002’’ u 1:3
To exit, type

quit

176



Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P6/Problem6.f),
PROGRAM Problem6
c 1-D wave packet propagation

IMPLICIT NONE

INTEGER NN, npts, nptx, ndump

INTEGER istep,nstep

REAL dt, xc,pc

COMPLEX vprop, tprop, x_mean, p_mean
PARAMETER (npts=9, nptx=2xxnpts, NN=1)
DIMENSION vprop (nptx,NN,NN), tprop (nptx)
DIMENSION x_mean (NN),p_mean (NN)

COMMON /class/ xc,pc

CALL ReadParam(nstep,ndump, dt)
call Initialize()
CALL SetKinProp (dt, tprop)
CALL SetPotProp (dt, vprop)
DO istep=1,nstep+l
IF (mod (istep-1,10) .EQ.O0)
1 PRINT *, "Step=", istep-1,", Final step=", nstep
IF (istep.GE.1l) CALL PROPAGATE (vprop, tprop)
IF (mod( (istep-1),ndump) .EQ.0) THEN
CALL SAVEWF (istep,ndump, dt)
END IF
END DO
22 FORMAT (6 (e13.6,2x))
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccecee
subroutine ReadParam (nstep,ndump, dt)

c
c Parameters defining the grid (xmin, xmax), integration time step (dt),
c mass (rmass), initial position (xk), initial momentum (pk),
c number of propagation steps (nstep), and how often to save a pic (ndump)
c

IMPLICIT NONE

INTEGER ntype,nstep,nrpt, ireport, ndump,nlit

REAL xmin, xmax,pk, rmass, xk,dt

common /packet/ rmass, xk,pk

common /xy/ xmin,xmax
c

xmin=-10.0
xmax= 10.0
dt=0.1
rmass=1.0
xk=-2.5
pk=1.0
nstep=1
ndump=1
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return
end

CCCCcCcCcccceccecececeececececceccecececcecececececececececececcececceecececececececececececececececceccecceccececcececceccecececececceccecccece

22

SUBROUTINE Initialize()

IMPLICIT NONE
INTEGER NN, nptx, npts, kk
COMPLEX chiO, chi, EYE, CRV

REAL xc,pc,omega, xk2, xmin, xmax,dx,pi, rmass, xk, pk, x,alpha, alpha?2

PARAMETER (npts=9, nptx=2xxnpts, NN=1)
DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk
COMMON / wfunc/ chi (nptx, NN)

COMMON / iwfunc/ chiO (nptx, NN)
COMMON /class/ xc,pc

EYE=(0.0,1.0)

pi= acos(-1.0)

omega=1.

dx= (xmax-xmin) /real (nptx)
xc=kk

pc=pk

Wave Packet Initialization: Gaussian centered at xk,

alpha=rmass+*omega
do kk=1,nptx
x=xmin+kk*dx
chi (kk,1)=((alpha/pi) **0.25)
xexp (—alpha/2.x (x—xk) **2+EYE*pk* (x—xk) )
chiO (kk, 1)=chi (kk, 1)
end do

Hamiltonian Matrix CRV

do kk=1,nptx
x=xmin+kk*+dx
CALL HAMIL (CRV, x)
WRITE (11,22) x,real(CRV(1,1))
END DO
FORMAT (6 (el3.6,2x))
RETURN
END

with momentum pk

CCCCCcCccCccceceeeeececececceccececececececcecececececececececececeeececceccecceccececececcecececececcecceccecececcecceccececcecceccecece

SUBROUTINE HAMIL (CRV, x)
Hamiltonian Matrix

IMPLICIT NONE
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INTEGER NN

REAL x,VPOT1
COMPLEX CRV
PARAMETER (NN=1)
DIMENSION CRV (NN, NN)

C
CALL VA (VPOT1, x)
CRV (1,1)=VPOT1
C
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccceeccccccccccccececececeeeeececccccccceecece
SUBROUTINE VA (V, x)

c Potential Energy Surface: Harmonic Oscillator

implicit none

REAL V, x, rmass, xk, pk, rk, omega

common /packet/ rmass, xk,pk

omega=1.0

rk=rmass*omegax*2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCecece

subroutine SetKinProp (dt, tprop)

c Kinetic Energy part of the Trotter Expansion: exp(-i p~2 dt/ (2 m))

IMPLICIT NONE

INTEGER nptx, kx,nx, npts

REAL xsc,xmin, xmax,propfacx, rmass, xk,pi,alenx,dt,pk
COMPLEX tprop,eye

parameter (npts=9, nptx=2xxnpts)

DIMENSION tprop (nptx)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

eye=(0.,1.)
pi = acos (-1.0)
alenx=xmax-—xmin
propfacx=—-dt/2./rmass* (2.xpi) **2
do kx=1,nptx
if(kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
xsc=0.
if(nx.ne.0) xsc=real (nx)/alenx
tprop (kx) =exp (eyex (propfacx*xscxx2))
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end do

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccee

subroutine SetPotProp (dt, vprop)

c Potential Energy part of the Trotter Expansion: exp(-i V dt/2)

IMPLICIT NONE

INTEGER NN, ii, nptx, npts

REAL xmin, xmax,dx,dt,x,VPOT
COMPLEX vprop, eye
parameter (npts=9, nptx=2+xnpts, NN=1)
DIMENSION vprop (nptx, NN, NN)

common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax—-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii+dx
CALL VA (VPOT, x)
vprop (ii, 1,1)=exp (-eye*0.5+xdt+xVPOT) /sqrt (nptx+1.0)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccee
SUBROUTINE energies (energy)
IMPLICIT NONE
INTEGER j, NN
COMPLEX energy, RV, RKE
PARAMETER (NN=1)
DIMENSION RV (NN) ,RKE (NN),energy (NN)
CALL PE (RV)
CALL KE (RKE)
DO j=1,NN
energy (j) =RV (j) +RKE (J)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeee
FUNCTION Psia(x,istep,dt)

c
c Analytic wave-packet <x|Psia(istep)> obtained by applying the

c harmonic propagator to the initial state,

c <x’ |Psi(0)> = (alpha/pi)**.25+exp (-alpha/2x* (x’-xk) *xx2+eye*rpk* (x’'—-xk)),
c where the propagator is

c <x|exp (-beta H) |x’'> = A exp(-rgammax* (X**2+x’ *x2) +rgammap*x*x’), with
c A = sqgrt (m*xomega/ (pix (exp (betaxomega)—exp (-betaxomega)))), beta = ix*t,
c rgamma = 0.5xmxomega*cosh (beta*xomega) /sinh (betaxomega) and

c

rgammap = mxomega/sinh (betaxomega) .
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IMPLICIT NONE

INTEGER istep

REAL pk, rmass, xk,dt, x,t, omega,pi,alpha

COMPLEX eye,Psia,beta, A, rgamma, rgammap, c0,cl, c2

common /packet/ rmass, xk,pk

eye=(0.0,1.0)

omega=1.0

alpha = omegaxrmass

pi=acos (-1.0)

beta = eyexdtxistep

IF (abs (beta) .EQ.0) beta = eyexl1l.0E-7

A = sqgrt (rmass*omega/ (pi* (exp (beta*xomega) —exp (-betaxomega))))
rgamma=0.5xrmass+*omegax (exp (betaxomega) texp (-beta*omega) )
1 / (exp (betaromega) —exp (~betaxomega) )
rgammap=2.*rmass+omega/ (exp (betaxomega) —exp (-betaxomega) )
cO0=-eyexpkrxk-alpha/2.*xk**2
cl=rgammap*x+alphaxxk+eyexpk

c2=rgamma+alpha/2.

c
Psia = A« (alpha/pi)**.25xsqrt (pi/c2)*
1 exp (—rgamma*x**2) xexp (cO0+cl**2/ (4.0xc2))
c
return
end

cccccceccecececcccccecceeccececcececcecceccceccccccccececcececceccecceccceccceccceceeccececccecece
SUBROUTINE SAVEWF (je2, ndump,dt)

Dump Time Evolved Wave packet

Q

IMPLICIT NONE

INTEGER je2, nptx, npts, kk, NN, ncount, ndump, jj
COMPLEX chi,CRV, energy,psi,Psia

character+«9 B

REAL V,x1,cl,c2,cla, x,xmin, xmax, dx, EVALUES, dt
PARAMETER (npts=9, nptx=2*xxnpts, NN=1)

DIMENSION CRV (NN,NN),energy (NN), EVALUES (NN)
DIMENSION psi (NN, NN)

common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx, NN)

CALL energies (energy)
jj=je2/ndump

write(B, ' (A,14.4)") ’'arch.’, 33
OPEN (1,FILE=B)

dx= (xmax—-xmin) /real (nptx)
ncount=(je2-1) /ndump

Q

Save Wave-packet components

do kk=1,nptx
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Q

33

1

x=xmin+kk*+dx
cl=chi (kk, 1) *xconjg(chi (kk, 1))
cla=Psia(x, je2,dt) xconjg(Psia(x, je2,dt))
write(l,33) x,sqgrt (cl)+real (energy(l))
,sqgrt (cla) treal (energy (1))
end do
write (1, 33)
do kk=1,nptx
x=xmin+kk*dx
write(1l,33) x
,real (chi (kk, 1)) +real (energy (1))
,real (Psia(x, je2,dt))+real (energy(1l))
end do
write (1, 33)

Save Adiabatic states

do kk=1,nptx
x=xmin+kk*dx
CALL HAMIL (CRV, x)
write(1l,33) x,CRV(1,1)
end do
CLOSE (1)
format (6 (el3.6,2x))
RETURN
END

CCCCcCccccceceeeececceeececcecececececceceecececececcecececececececececececececececececececcececececceccececcecececececcceccececcececece

SUBROUTINE PE (RV)
Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi, EYE, RV

REAL Vpot, omega, xmin, xmax,dx,pi, rmass, xk, pk, x, alpha
PARAMETER (npts=9, nptx=2*x+npts, NN=1)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx,NN)

common /xy/ xmin,xmax

common /packet/rmass, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+tkk*dx
IF (7.EQ.1) CALL VA (Vpot,x)
RV (j) =RV (j) +chi (kk, j) *Vpot+xconjg(chi (kk, J)) xdx
end do
END DO
RETURN
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END

CCCCcCccceceeeeececeeecececeececececececececececececeececcecececececececcecececcececcececcececcececececcececececcceccececcece

Q

subroutine KE (RKE)
Expectation value of the kinetic energy

IMPLICIT NONE

INTEGER NN, kk, nptx, kx, nx, npts, j

REAL dp,theta,wm,p, xmin, xmax, rmass, xk,pi,alenx,pk, rm,re,ri,dx
COMPLEX eye,chi,Psip,chic, RKE
parameter (npts=9, nptx=2x*npts, NN=1)

DIMENSION chic (nptx), RKE (NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx, NN)

pi = acos(-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)

DO j=1,NN
RKE (3)=0.0
do kk=1,nptx
chic (kk)=chi (kk, j)
end do
CALL fourn(chic,nptx,1,-1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic(kx)=p**2/(2.0+rmass) *chic (kx) /nptx
end do
CALL fourn(chic,nptx,1,1)
do kk=1,nptx
RKE (J) =RKE (j) +conjg (chi (kk, j) ) *chic (kk) xdx
end do
END DO
return
end

CCCcCcCccecceeceeecececeeeecceceecececceceecececececcececececececececcecececececececececececcecececcececcececececcecececcececcececccecece

Q Q QO

SUBROUTINE PROPAGATE (vprop, tprop)

Split Operator Fourier Transform Propagation Method
J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)

IMPLICIT NONE
INTEGER i, j,NN,ii,nptx,npts
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COMPLEX chi, vprop,chinl,chin2, tprop
PARAMETER (npts=9, nptx=2xxnpts, NN=1)
DIMENSION chinl (nptx),chin2 (nptx)
DIMENSION tprop (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx, NN)

c
c Apply potential energy part of the Trotter Expansion
c
DO i=1,nptx
chinl (1)=0.0
DO j=1,NN
chinl (i)=chinl (i) +vprop (i, 1, j)xchi (i, J)
END DO
END DO
c
c Fourier Transform wave-packet to the momentum representation
c
CALL fourn(chinl,nptx,1,-1)
c
c Apply kinetic energy part of the Trotter Expansion
c
DO i=1,nptx
chinl (i)=tprop (i) *chinl (1)
END DO
c
c Inverse Fourier Transform wave-packet to the coordinate representation
c
CALL fourn(chinl,nptx,1,1)
c
c Apply potential energy part of the Trotter Expansion
c
DO i=1,nptx
DO j=1,NN
chi (i, j)=vprop (i, j, 1) rchinl (1)
END DO
END DO
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCectctCcccccceecee
c Subroutine for FFT from Numerical Recipes

Ccccccccccccceeeeeeeectccccccccccccceeeeeccccccccccceececeeceeceeccccecceceececcececece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL*8 WR,WI,WPR,WPI,WIEMP, THETA
DIMENSION NN (NDIM) ,DATA (*)

NTOT=1

DO 11 IDIM=1,NDIM
NTOT=NTOTxNN (IDIM)

11 CONTINUE

NPREV=1

DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N*NPREV)
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IP1=2+NPREV
IP2=IP1#N
IP3=IP2+NREM
I2REV=1
DO 14 I12=1,1P2,IP1
IF (I2.LT.I2REV) THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1) =TEMPI
CONTINUE
CONTINUE
ENDIF
IBIT=IP2/2
IF ((IBIT.GE.IP1).AND. (I2REV.GT.IBIT)) THEN
I2REV=I2REV-IBIT
IBIT=IBIT/2
GO TO 1
ENDIF
I2REV=I2REV+IBIT
CONTINUE
IFP1=1IP1
IF (IFP1.LT.IP2) THEN
IFP2=2+TIFP1
THETA=ISIGN#6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0+DSIN(0.5D0O*THETA) %2
WPI=DSIN (THETA)
WR=1.DO
WI=0.DO
DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2
K1=I2
K2=K1+IFP1
TEMPR=SNGL (WR) «DATA (K2) —SNGL (WI) *DATA (K2+1)
TEMP I=SNGL (WR) *DATA (K2+1) +SNGL (WI) *DATA (K2)
DATA (K2) =DATA (K1) ~-TEMPR
DATA (K2+1) =DATA (K1+1) —-TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1) +TEMPI
CONTINUE
CONTINUE
WTEMP=WR
WR=WR*WPR-WI +WPI+WR
WI=WI*WPR+WTEMP WP I+WI
CONTINUE
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IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCtCCcccccctttccccectccccceecccecececeeecececccececece
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40.7 Problem 7

Computational Problem 7: Loop the computer program developed in Problem 5 with zp = —2.5
and pg = 0 for 100 steps with 7 = 0.1 a.u. For each step compute the expectation values of
coordinates x(¢) and momenta p(t¢) as done in Problems 3 and 4, respectively. Compare your
calculations with the analytic solutions obtained by substituting Eq. (26) into Eq. (25)). Verify that
these correspond to the classical trajectories x(t) = & + (zo — &)cos(wt) and p(t) = po — (zo —
Z)wm sin(wt), which can be computed according to the Velocity-Verlet algorithm:

pi+1 = p; + (F(z;) + F(241))7/2

697
ty1 = 5 + pyr/m + Fz,)7%/(2m). 97

In order to visualize the output of this program, cut the source code attached below, compile it
by typing

£f77 Problem7.f —-o Problem7
run it by typing
./Problem7

Visualize the output of time dependent expectation values as compared to classical trajectories as
follows: type

gnuplot

then type

set dat sty line
then type

plot Y‘traj.0000’’

That will show the numerical computation of the expectation value < W;|z|W, > as a function of
time. In order to visualize the classical result on top of the quantum mechanical expectation value,

type

replot Y‘traj.0000’’ u 1:4

In order to visualize the output of < W,|p|¥, > as a function of time, type

plot Y‘traj.0000’" u 1:3

and to visualize the classical result on top of the quantum mechanical expectation value, type
replot Y‘traj.0000’"" u 1:5

The plot of < W,|p|¥; > vs. < ¥;|Z|¥; > can be obtained by typing

187



plot Y‘traj.0000"’ u 3:2

, and the corresponding classical results p(t) vs. x(t)
plot “‘traj.0000’’ u 5:4

To exit, type

quit

The snapshots of the time-dependent wave-packet can be visualized as a movie by typing

gnuplot<pp_7

where the file named

pp_7

has the following lines:
Download from ((http://ursula.chem.yale.edu/~batista/classes/summer/P7/pp_7)

set yrange

[0:6]

set xrange[-10:10]
set dat sty 1

plot "arch.0001" u 1w 3
pause .1
plot "arch.0002" u 1w 3
pause .1
plot "arch.0003" u 1w 3
pause .1
plot "arch.0004" u 1w 3
pause .1
plot "arch.0005" u 1w 3
pause .1
plot "arch.0006" u 1w 3
pause .1
plot "arch.0007" u 1w 3
pause .1
plot "arch.0008" u 1w 3
pause .1
plot "arch.0009" u 1w 3
pause .1
plot "arch.0010" u 1w 3
pause .1
plot "arch.0011" u 1w 3
pause .1
plot "arch.001l2" u 1w 3
pause .1
plot "arch.0013" u 1w 3
pause .1
plot "arch.0014" u 1w 3
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pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

0015"

0016"

0017"

0o1s"

0019"

oozo"

0021"

ooz22"

0023"

0024"

0025"

0026"

0027"

oozsg"

0029"

0030"

0031"

0032"

0033"

0034"

0035"

0036"

0037"

0038"

0039"

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w
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plot M"arch.0040"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.

0041"

oo42"

0043"

0044"

0045"

004¢6"

0047"

0o48"

0049"

0050"

0051"

0052"

0053"

0054"

0055"

0056"

0057"

0058"

0059"

0060"

0061"

ooe2"

0063"

0064"

0065"

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3
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pause .1
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plot "arch.

pause .1
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P7/Problem?7.t)
PROGRAM Problem?7

1-D wave packet propagation and Velocity-Verlet propagation
on a Harmonic potential energy surface

Q Q QQ

IMPLICIT NONE

INTEGER NN, npts, nptx, ndump

INTEGER istep,nstep, jJ

REAL dt, xc,pc

COMPLEX vprop, tprop, x_mean, p_mean
characterx9 Bfile
PARAMETER (npts=9, nptx=2xxnpts, NN=1)
DIMENSION vprop (nptx,NN,NN), tprop (nptx)
DIMENSTION x_mean (NN), p_mean (NN)

COMMON /class/ xc,pc

33=0
write(Bfile, ' (A,14.4)") ’'traj.’, jj
OPEN (10, FILE=Bfile)
CALL ReadParam(nstep,ndump, dt)
call Initialize()
CALL SetKinProp (dt,tprop)
CALL SetPotProp (dt, vprop)
DO istep=1l,nstep+l
IF (mod (istep-1,10) .EQ.O0)
1 PRINT *, "Step=", istep-1,", Final step=", nstep
IF (istep.GE.1l) CALL PROPAGATE (vprop, tprop)
IF (mod( (istep-1),ndump) .EQ.0) THEN
CALL SAVEWF (istep,ndump, dt)
CALL XM (x_mean)
CALL PM(p_mean)
CALL VV (dt)
WRITE (10, 22) (istep-1.)xdt
1 ,real (x_mean(l)),real (p_mean(l)), xc,pc
END IF
END DO
CLOSE (10)
22 FORMAT (6 (e13.6,2x))
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCccccccccecece
subroutine ReadParam(nstep,ndump, dt)

Parameters defining the grid (xmin, xmax), integration time step (dt),
rmass (rmass), initial position (xk), initial momentum (pk),
number of propagation steps (nstep), and how often to save a pic (ndump)

Q QOO

IMPLICIT NONE
INTEGER ntype,nstep,nrpt, ireport, ndump,nlit
REAL xmin, xmax,pk,rmass, xk,dt
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common /packet/ rmass, xk,pk
common /xy/ xmin,xmax

xmin=-10.0
xmax= 10.0
dt=0.1
rmass=1.0
xk=-2.5
pk=0.0
nstep=100
ndump=1

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccccccccccccceccceccecececececcece

SUBROUTINE VV (dt)

c
c Velocity Verlet Algorithm J. Chem. Phys. 76, 637 (1982)
c
IMPLICIT NONE
REAL v,dx,dt, xc,pc, rmass, xk, pk,acc, xt,VPOT1,VPOT2,F
COMMON /class/ xc,pc
common /packet/ rmass, xk,pk
c
C Compute Force
c
dx=0.01
xt=xc+dx
CALL VA (VPOT1, xt)
xt=xc—-dx
CALL VA (VPOT2, xt)
F=— (VPOT1-VPOT2)/ (2.0*dx)
v=pc/rmass
c
c Advance momenta half a step
c
pc=pc+0.5xF*dt
c
c Advance coordinates a step
c
xc=xc+v+dt+0.5xdtx*x2+F/rmass
c
c Compute Force
c
dx=0.01
xt=xc+dx
CALL VA (VPOT1, xt)
xt=xc-dx
CALL VA (VPOT2, xt)
F=— (VPOT1-VPOT2) / (2.0*dx)
c
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Advance momenta half a step
pc=pc+0.5+F*dt

return
end

CCCCcCcccecceceeeececececeececcececececececececececececcececececeecececececececcecececcececcececcecececcececececcececcececcccececccce

Q

SUBROUTINE Initialize()

IMPLICIT NONE
INTEGER NN, nptx,npts, kk
COMPLEX chiO, chi, EYE, CRV

REAL xc,pc,omega,xk2,xmin, xmax,dx,pi, rmass, xk, pk, x,alpha,alpha?2

PARAMETER (npts=9, nptx=2**npts, NN=1)
DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk
COMMON / wfunc/ chi (nptx,NN)

COMMON / iwfunc/ chiO (nptx, NN)
COMMON /class/ xc,pc

EYE=(0.0,1.0)

pi= acos (-1.0)

omega=1.

dx= (xmax—-xmin) /real (nptx)
xc=xk

pc=pk

Wave Packet Initialization: Gaussian centered at xk,

alpha=rmass+omega
do kk=1,nptx
x=xmin+kk*+dx
chi(kk,1)=((alpha/pi) *x0.25)
xexp (—alpha/2.x (x—xk) **2+EYExpk* (x—xk))
chiO (kk, 1)=chi (kk, 1)
end do
RETURN
END

with momentum pk

CCCCcCccCcccceceeeeeceececececececeececeecececececececeececcecececcecececceccececececcececececcececcececcecececcceccece

Q

SUBROUTINE HAMIL (CRV, x)
Hamiltonian Matrix

IMPLICIT NONE
INTEGER NN

REAL x,VPOT1
COMPLEX CRV
PARAMETER (NN=1)
DIMENSION CRV (NN, NN)
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CALL VA (VPOTL, x)
CRV (1, 1)=VPOT1

RETURN

END
cccccecceeeeccceececceececccececcececccccecceccececccccccecccccceccceccececcceccceceeccecceccccecece

SUBROUTINE VA (V, x)

c Potential Energy Surface: Harmonic Oscillator

implicit none

REAL V, x, rmass, xk, pk, rk, omega

common /packet/ rmass, xk, pk

omega=1.0

rk=rmassxomegax*x2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCece

subroutine SetKinProp (dt, tprop)

c Kinetic Energy part of the Trotter Expansion: exp(-i p~2 dt/ (2 m))

IMPLICIT NONE

INTEGER nptx, kx,nx,npts

REAL xsc,xmin,xmax,propfacx, rmass,xk,pi,alenx,dt,pk
COMPLEX tprop,eye

parameter (npts=9, nptx=2xxnpts)

DIMENSION tprop (nptx)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

eye=(0.,1.)
pi = acos(-1.0)
alenx=xmax-—xmin
propfacx=-dt/2./rmass* (2.xpi) **2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
xsc=0.
if (nx.ne.0) xsc=real (nx)/alenx
tprop (kx) =exp (eyex (propfacx*xscxx2))
end do

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccctctctcccccccctccccccececcccccecee

subroutine SetPotProp (dt, vprop)
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c Potential Energy part of the Trotter Expansion: exp(-i V dt/2)

IMPLICIT NONE

INTEGER NN, ii, nptx, npts

REAL xmin, xmax,dx,dt,x,VPOT
COMPLEX vprop, eye
parameter (npts=9, nptx=2+xnpts, NN=1)
DIMENSION vprop (nptx, NN, NN)

common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax—-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii*dx
CALL VA (VPOT, x)
vprop (ii, 1,1)=exp (-—eye*0.5+xdt+xVPOT) /sqrt (nptx+1.0)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCecccee
SUBROUTINE energies (energy)
IMPLICIT NONE
INTEGER j, NN
COMPLEX energy, RV, RKE
PARAMETER (NN=1)
DIMENSION RV (NN) ,RKE (NN),energy (NN)
CALL PE (RV)
CALL KE (RKE)
DO j=1,NN
energy (J) =RV (J) +RKE (J)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccececece
FUNCTION Psia(x,istep,dt)

rgammap = mxomega/sinh (betaxomega) .

c
c Analytic wave-packet <x|Psia(istep)> obtained by applying the

c harmonic propagator to the initial state,

c <x’ |Psi(0)> = (alpha/pi)**.25+exp (-alpha/2x* (x’-xk) xx2+eye*rpk* (x’'-xk)),
c where the propagator is

c <x|exp(-beta H) [x’'> = A exp(-rgammax (x**x2+x’ **x2) +rgammap*x*x’), with
c A = sqgrt (mrxomega/ (pi* (exp (betaxomega) —exp (-betaxomega)))), beta = ixt,
c rgamma = 0.5xm*omega*cosh (beta*xomega) /sinh (betaxomega) and

c

c

IMPLICIT NONE

INTEGER istep

REAL pk, rmass, xk,dt, x,t,omega,pi,alpha

COMPLEX eye,Psia,beta, A, rgamma, rgammap, c0,cl,c2
common /packet/ rmass, xk,pk
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eye=(0.0,1.0)

omega=1.0

alpha = omegax*rmass

pi=acos (-1.0)

beta = eyexdtxistep

IF (abs (beta) .EQ.0) beta = eyex1.0E-7

A = sgrt (rmass*omega/ (pi* (exp (beta*xomega) —exp (-betaxomega))))
rgamma=0.5xrmass*omegax (exp (beta*xomega) texp (-beta*omega) )
1 / (exp (betaromega) —exp (~betaxomega) )
rgammap=2.*rmass+omega/ (exp (betaxomega) —exp (-betaxomega) )
cO0=-eyexpk*xk—-alpha/2.xxk*x2
cl=rgammap*x+alphaxxk+eye*pk

c2=rgamma+alpha/2.

c
Psia = Ax (alpha/pi) **.25xsqrt (pi/c2) *
1 exp (—rgamma*x**2) xexp (cO0+cl**2/ (4.0xc2))
c
return
end

CCCCCCCccCcceeeeeeeeeeececeecececececeeceeeceeeeeceeeceeeeececceccecceccecceccececcececececcececcececceccecececcececcecce
SUBROUTINE SAVEWF (je2, ndump, dt)

c Dump Time Evolved Wave packet

IMPLICIT NONE

INTEGER je2, nptx,npts, kk, NN, ncount, ndump, jJj
COMPLEX chi,CRV, energy,psi,Psia

characterx9 B

REAL V,x1,cl,c2,cla, x,xmin, xmax, dx, EVALUES, dt
PARAMETER (npts=9, nptx=2**npts, NN=1)

DIMENSION CRV (NN,NN),energy (NN), EVALUES (NN)
DIMENSION psi (NN, NN)

common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx,NN)

CALL energies (energy)
jj=je2/ndump

write(B, ' (A,1i4.4)") ’'arch.’, 33
OPEN (1, FILE=B)

dx= (xmax—-xmin) /real (nptx)
ncount=(je2-1) /ndump

C Save Wave-packet components

do kk=1,nptx
x=xmin+kk*dx
cl=chi (kk, 1) *conjg(chi (kk, 1))
cla=Psia(x, je2,dt) xconjg(Psia(x, je2,dt))
write(1l,33) x,sqgrt(cl)+real (energy (1))

1 ,sqgrt (cla) +real (energy (1))

end do
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33

write (1, 33)
do kk=1,nptx
x=xmin+kk*dx
write(1l,33) x
,real (chi (kk, 1)) +real (energy (1))
,real (Psia(x, je2,dt))+real (energy(1l))
end do
write (1, 33)

Save Adiabatic states

do kk=1,nptx
x=xmin+kk*dx
CALL HAMIL (CRV, x)
write(1,33) x,CRV(1,1)
end do
CLOSE (1)
format (6 (el3.6,2x))
RETURN
END

CCCCCCcCcccceceeeeceeecceccececececceceececececcececececcececececececececececececececececcecececcecceccecececcececcecccececcececece

Q

SUBROUTINE XM (RV)
Expectation Value of the Position

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi, EYE, RV

REAL Vpot, omega,xmin, xmax,dx,pi, rmass, xk, pk, x,alpha
PARAMETER (npts=9, nptx=2**npts, NN=1)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx,NN)

common /xy/ xmin,xmax

common /packet/rmass, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+kkxdx
IF (7.EQ.1) CALL VA (Vpot,x)
RV (j)=RV (Jj)+chi (kk, ) *xxconjg(chi (kk, j)) »dx
end do
END DO
RETURN
END

CCCCcCcCcccceccececeeecececcecececcececcecececececececececcececcececeeececececececececececcececcececcecceccecceccecececececececececcecceccccecece

SUBROUTINE PE (RV)

Expectation Value of the Potential Enegy
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IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi,EYE,RV

REAL Vpot, omega, xmin, xmax, dx,pi, rmass, xk, pk, x,alpha
PARAMETER (npts=9, nptx=2xxnpts, NN=1)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx,NN)

common /xy/ xmin,xmax

common /packet/rmass, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO J=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+tkk+dx
IF (j.EQ.1) CALL VA (Vpot,x)
RV (j) =RV (j) +chi (kk, j) *Vpot+xconjg(chi (kk, J)) xdx
end do
END DO
RETURN
END

CCCCcCcCccceceeeececceeececcececececececeecececececececececececececcecececececcecececececceccecececcececececcececcececcccececccece

Q

subroutine KE (RKE)
Expectation value of the kinetic energy

IMPLICIT NONE

INTEGER NN, kk, nptx, kx, nx, npts, J

REAL dp, theta, wm, p, xmin, xmax, rmass, xk, pi,alenx,pk,rm, re, ri,dx
COMPLEX eye,chi,Psip,chic,RKE
parameter (npts=9, nptx=2x*npts, NN=1)

DIMENSION chic (nptx),RKE (NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx, NN)

pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)

DO j=1,NN
RKE (7)=0.0
do kk=1,nptx
chic (kk)=chi (kk, j)
end do
CALL fourn(chic,nptx,1,-1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-l-nptx
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end if

p=0.

if(nx.ne.0) p = real (nx)*dp

chic (kx)=p**x2/(2.0*rmass) xchic (kx) /nptx
end do

CALL fourn(chic,nptx,1,1)
do kk=1,nptx
RKE (J) =RKE (j) +conjg (chi (kk, j) ) xchic (kk) xdx
end do
END DO
return
end

CCCCcCcccceceeeecececeeececececececececeececeecececececececceceecececececceccececececcecececececcececececcececcececcecceccececcce

Q

subroutine PM (RKE)
Expectation value of the kinetic energy

IMPLICIT NONE

INTEGER NN, kk, nptx, kx,nx, npts, j

REAL dp,theta,wm,p, xmin, xmax, rmass, xk,pi,alenx,pk, rm,re,ri,dx
COMPLEX eye,chi,Psip,chic, RKE
parameter (npts=9, nptx=2x*npts, NN=1)

DIMENSION chic (nptx),RKE (NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx, NN)

pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)

DO j=1,NN
RKE (7)=0.0
do kk=1,nptx
chic (kk)=chi (kk, j)
end do
CALL fourn(chic,nptx,1,-1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic (kx)=p=*chic (kx) /nptx
end do
CALL fourn(chic,nptx,1,1)
do kk=1,nptx
RKE (J)=RKE (j) +conjg (chi (kk, j) ) *chic (kk) xdx
end do
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END DO

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccecece

SUBROUTINE PROPAGATE (vprop, tprop)

c
c Split Operator Fourier Transform Propagation Method
c J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)
c
IMPLICIT NONE
INTEGER i, j,NN,ii, nptx,npts
COMPLEX chi, vprop,chinl,chin2, tprop
PARAMETER (npts=9, nptx=2xxnpts, NN=1)
DIMENSION chinl (nptx),chin2 (nptx)
DIMENSION tprop (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx, NN)
c
c Apply potential energy part of the Trotter Expansion
c
DO i=1,nptx
chinl (1)=0.0
DO j=1,NN
chinl (i)=chinl (i) +vprop (i, 1, j)xchi (i, J)
END DO
END DO
c
c Fourier Transform wave-packet to the momentum representation
c
CALL fourn(chinl,nptx,1,-1)
c
c Apply kinetic energy part of the Trotter Expansion
c
DO i=1,nptx
chinl (i)=tprop (i) xchinl (1)
END DO
c
c Inverse Fourier Transform wave-packet to the coordinate representation
c
CALL fourn(chinl,nptx,1,1)
c
c Apply potential energy part of the Trotter Expansion
c
DO i=1,nptx
DO j=1,NN
chi (i, j)=vprop (i, j, 1) rchinl (1)
END DO
END DO
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcceccece
c Subroutine for FFT from Numerical Recipes

CCCCcCcCccccceeeeeceeeecececeecececeecececececececeeecececececececececececececcececececcececcececcececececccececececccececcce
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11

12
13

14

SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL+8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM),DATA ()
NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT NN (IDIM)
CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+*NPREV)
IP1=2+NPREV
IP2=IP1*N
IP3=IP2+NREM
I2REV=1
DO 14 I2=1,IP2,IP1
IF(I2.LT.I2REV) THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1)=TEMPI
CONTINUE
CONTINUE
ENDIF
IBIT=IP2/2
IF ((IBIT.GE.IP1).AND. (I2REV.GT.IBIT)) THEN
I2REV=I2REV-IBIT
IBIT=IBIT/2
GO TO 1
ENDIF
I2REV=I2REV+IBIT
CONTINUE
IFP1=IP1
IF (IFP1.LT.IP2) THEN
IFP2=2+IFP1
THETA=ISIGN#6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0+DSIN (0.5D0+THETA) %2
WPI=DSIN (THETA)
WR=1.DO
WI=0.DO
DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2
K1=1I2
K2=K1+IFP1
TEMPR=SNGL (WR) +DATA (K2) —~SNGL (WI) «DATA (K2+1)
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TEMPI=SNGL (WR) *DATA (K2+1) +SNGL (WI) xDATA (K2)
DATA (K2)=DATA (K1) -TEMPR

DATA (K2+1)=DATA (K1+1) -TEMPI

DATA (K1) =DATA (K1) +TEMPR

DATA (K1+1)=DATA (K1+1)+TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI+WPI+WR
WI=WI+xWPR+WTEMP+WPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N+NPREV
18 CONTINUE
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccecee
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40.8 Problem 8

Computational Problem 8: Change the potential to that of a Morse oscillator V(z) = De(1 —
exp(—a(? — z.)))? with z, = 0, De = 8, and a = /k/(2D,), where k = mw?. Recompute
the wave-packet propagation with 2o = —0.5 and py = 0 for 100 steps with 7 = 0.1 a.u., and
compare the expectation values x(¢) and p(t) with the corresponding classical trajectories obtained
by recursively applying the Velocity-Verlet algorithm.

The output of this program is analogous to Problem 6 but for a Morse potential. Cut the source
code attached below, save it in a file named Problem8.f, compile it by typing

£f77 Problem8.f —-o Problem8
run it by typing
./Problem8

Visualize the output of the time dependent expectation values as compared to classical trajectories
as follows: type

gnuplot

then type

set dat sty line
then type

plot Y‘traj.0000"’

That will show the numerical computation of the expectation value < W,|z|¥, > as a function of
time. In order to visualize the classical result on top of the quantum mechanical expectation value,

type
replot Y‘traj.0000"" u 1:4
In order to visualize the output of < W,|p|¥; > as a function of time, type
plot Y‘traj.0000’" u 1:3
and to visualize the classical result on top of the quantum mechanical expectation value, type
replot ‘‘traj.0000’’ u 1:5
The plot of < W,|p|¥; > vs. < U,|Z|¥; > can be obtained by typing
plot Y‘traj.0000"" u 3:2
and the corresponding classical results p(t) vs. z(t)

plot Y‘traj.0000"’ u 5:4
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To exit, type
quit
The snapshots of the time-dependent wave-packet can be visualized as a movie by typing
gnuplot<pp_8
where the file named

Pp_8

has the following lines:
Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P8/pp_8)

set yrange[0:9]
set xrange[-5:25]

set dat sty 1

plot "arch.0001" 1w
pause .1
plot "arch.0002" 1w
pause .1
plot "arch.0003" 1w
pause .1
plot "arch.0004" 1w
pause .1
plot "arch.0005" 1w
pause .1
plot "arch.0006" 1w
pause .1
plot "arch.0007" 1w
pause .1
plot "arch.0008" 1w
pause .1
plot "arch.0009" 1w
pause .1
plot "arch.0010" 1w
pause .1
plot "arch.0011" 1w
pause .1
plot "arch.0012" 1w
pause .1
plot "arch.0013" 1w
pause .1
plot "arch.0014" 1w
pause .1
plot "arch.0015" 1w
pause .1
plot "arch.00le" 1w
pause .1
plot "arch.0017" 1w
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pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot M"arch.0040"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1

0o1s"

0019"

0020"

0021"

0022"

0023"

0024"

0025"

0026"

0027"

0028"

0o029"

0030"

0031"

0032"

0033"

0034"

0035"

0036"

0037"

0038"

0039"

0041"

0o04z2"

u l:2 1w 3

u l:2 1w 3

ul:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

0043"

0044"

0045"

004¢6"

0047"

0048"

0049"

0050"

0051"

0052"

0053"

0054"

0055"

0056"

0057"

0058"

0059"

0060"

0061

ooe2"

0063"

0064"

0065"

0066"

0067"

0068"

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w
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pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot M"arch.0080"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot M"arch.0090"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

0069"

0070"

o071

0072"

0073"

0074"

0075"

0076"

0077"

0078"

0079"

0081"

oog2"

0083"

0084"

0o8s5"

0086"

0087"

0o88"

0089"

0091"

0092"

0093"

u l:2 1w 3

u l:2 1w 3

ul:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

0094"

0095"

0096"

0097"

0098"

0099"

1w

1w

1w

1w

1w

1w
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P8/ProblemsS.f)

PROGRAM Problem8

1-D wave packet propagation and Velocity-Verlet propagation
on a Morse potential energy surface

Q Q QQ

IMPLICIT NONE
INTEGER NN, npts, nptx, ndump
INTEGER istep,nstep, jJ
REAL dt, xc,pc
COMPLEX vprop, tprop, x_mean, p_mean
character«9 Bfile
PARAMETER (npts=10, nptx=2xxnpts, NN=1)
DIMENSION vprop (nptx,NN,NN), tprop (nptx)
DIMENSION x_mean (NN), p_mean (NN)
COMMON /class/ xc,pc
c X0
33=0
write(Bfile, ' (A,14.4)") ’'traj.’, jj
OPEN (10, FILE=Bfile)
CALL ReadParam(nstep,ndump,dt)
call Initialize()
CALL SetKinProp (dt,tprop)
CALL SetPotProp (dt, vprop)
DO istep=1l,nstep+l
IF (mod (istep-1,10) .EQ.O0)
1 PRINT *, "Step=", istep-1,", Final step=", nstep
IF (istep.GE.1l) CALL PROPAGATE (vprop, tprop)
IF (mod( (istep-1),ndump) .EQ.0) THEN
CALL SAVEWF (istep,ndump, dt)
CALL XM (x_mean)
CALL PM(p_mean)
CALL VV (dt)
WRITE (10, 22) (istep-1.)xdt
1 ,real (x_mean(l)),real (p_mean(l)), xc,pc
END IF
END DO
CLOSE (10)
22 FORMAT (6 (e13.6,2x))
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcccccccceccee
subroutine ReadParam (nstep,ndump, dt)

Parameters defining the grid (xmin, xmax), integration time step (dt),
rmass (rmass), initial position (xk), initial momentum (pk),
number of propagation steps (nstep), and how often to save a pic (ndump)

Q QOO

IMPLICIT NONE
INTEGER ntype,nstep,nrpt, ireport, ndump,nlit
REAL xmin, xmax,pk, rmass, xk,dt
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common /packet/ rmass, xk,pk
common /xy/ xmin,xmax

xmin=-5.0
xmax=25.0
dt=0.2
rmass=1.0
xk=-.5
pk=0.0
nstep=100
ndump=1

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccccccccccccceccceccecececececcece

SUBROUTINE VV (dt)

c
c Velocity Verlet Algorithm J. Chem. Phys. 76, 637 (1982)
c
IMPLICIT NONE
REAL v,dx,dt, xc,pc, rmass, xk, pk,acc, xt,VPOT1,VPOT2,F
COMMON /class/ xc,pc
common /packet/ rmass, xk,pk
c
C Compute Force
c
dx=0.01
xt=xc+dx
CALL VA (VPOT1, xt)
xt=xc—-dx
CALL VA (VPOT2, xt)
F=— (VPOT1-VPOT2)/ (2.0*dx)
v=pc/rmass
c
c Advance momenta half a step
c
pc=pc+0.5xF*dt
c
c Advance coordinates a step
c
xc=xc+v+dt+0.5xdtx*x2+F/rmass
c
c Compute Force
c
dx=0.01
xt=xc+dx
CALL VA (VPOT1, xt)
xt=xc-dx
CALL VA (VPOT2, xt)
F=— (VPOT1-VPOT2) / (2.0*dx)
c
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c Advance momenta half a step

c
pc=pc+0.5+F*dt
c
return
end

ccccccceceececccceccececcccccecccccccceccccccccecccccccececcceccecceececccecececece
SUBROUTINE Initialize ()

IMPLICIT NONE

INTEGER NN, nptx,npts, kk

COMPLEX chiO, chi, EYE, CRV

REAL xc,pc,omega,xk2,xmin, xmax,dx,pi, rmass, xk, pk, x,alpha,alpha?2
PARAMETER (npts=10, nptx=2xxnpts, NN=1)
DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx,NN)

COMMON / iwfunc/ chiO (nptx, NN)
COMMON /class/ xc,pc

EYE=(0.0,1.0)
pi= acos (-1.0)

omega=1.

dx= (xmax—-xmin) /real (nptx)

xc=xk

pc=pk
c
c Wave Packet Initialization: Gaussian centered at xk, with momentum pk
c

alpha=rmass+omega
do kk=1,nptx
x=xmin+kkxdx

chi(kk,1)=((alpha/pi) *x0.25)

1 xexp (—alpha/2.* (x-xk) **2+EYE*pk* (x—xk) )
chiO (kk, 1)=chi (kk, 1)

end do

RETURN

END

ccccccceeeccccccececctcccceccccccceeccccccceccccececcecceceecceccecccecececcecce
SUBROUTINE HAMIL (CRV, x)

c
c Hamiltonian Matrix
c
IMPLICIT NONE
INTEGER NN
REAL x,VPOT1
COMPLEX CRV
PARAMETER (NN=1)
DIMENSION CRV (NN, NN)
c
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CALL VA (VPOTL, x)
CRV (1, 1)=VPOT1

RETURN
END

CCCCcCcCcccceeeececececeececcecececececeecececececcecececeecececececcececececcececececececcecececcecceccecececcecceccececcecceccececcccececce

SUBROUTINE VA (V, x)
Potential Energy Surface: Morse Potential [Phys. Rev. (1929) 34:57]

implicit none

REAL V, x, rmass, xk, pk, rk, omega, De, xeq, a
common /packet/ rmass, xk, pk
xeqg=0.0

omega=1.0

De=8.0

rk=rmassx*omegax*2
a=sqgrt (rk/ (2.0%De))

V=Dex (1.0—-exp (—a* (x-xeq))) x*2
RETURN

END

CCCCcCcCcccceceeeececceeececcecececececceceececececececeecececececececececececececececececcecececcececececcececcececcecccececccece

Q

subroutine SetKinProp (dt, tprop)
Kinetic Energy part of the Trotter Expansion: exp(-i p~2 dt/(2 m))

IMPLICIT NONE

INTEGER nptx, kx,nx, npts

REAL xsc,xmin, xmax,propfacx, rmass, xk,pi,alenx,dt,pk
COMPLEX tprop, eye

parameter (npts=10, nptx=2x*npts)

DIMENSION tprop (nptx)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

eye=(0.,1.)
pi = acos (-1.0)
alenx=xmax—xmin
propfacx=-dt/2./rmass+* (2.xpi) **2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
xsc=0.
if (nx.ne.0) xsc=real (nx)/alenx
tprop (kx)=exp (eyex (propfacxxxscx*=*2))
end do

return
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end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcce
subroutine SetPotProp (dt, vprop)

c Potential Energy part of the Trotter Expansion: exp (-1 V dt/2)

IMPLICIT NONE

INTEGER NN, ii, nptx, npts

REAL xmin, xmax,dx,dt, x, VPOT

COMPLEX vprop, eye

parameter (npts=10, nptx=2x*npts, NN=1)
DIMENSION vprop (nptx, NN, NN)

common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax—-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii*dx
CALL VA (VPOT, x)
vprop (ii, 1, 1)=exp (—eyex0.5+xdt+VPOT) /sqgrt (nptx+1.0)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccececece
SUBROUTINE energies (enerqgy)
IMPLICIT NONE
INTEGER 7, NN
COMPLEX energy, RV, RKE
PARAMETER (NN=1)
DIMENSION RV (NN),RKE (NN), energy (NN)
CALL PE (RV)
CALL KE (RKE)
DO j=1,NN
energy (j) =RV (j) +RKE (j)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccceccececece
SUBROUTINE SAVEWEF (je2,ndump,dt)

c Dump Time Evolved Wave packet

IMPLICIT NONE

INTEGER je2,nptx, npts, kk, NN, ncount, ndump, jj
COMPLEX chi,CRV, energy,psi,Psia

character*9 B

REAL V,x1,cl,c2,cla,x,xmin, xmax, dx, EVALUES, dt
PARAMETER (npts=10, nptx=2x*npts, NN=1)
DIMENSION CRV (NN, NN) , EVALUES (NN)

DIMENSION psi (NN, NN)

common /xy/ xmin,xmax
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COMMON / wfunc/ chi (nptx, NN)
COMMON /ENER/ energy (NN)

c
IF (je2.EQ.1) CALL energies (energy)
jj=je2/ndump
write(B, ' (A,14.4)") ’'arch.’, 33
OPEN (1, FILE=B)
dx= (xmax—-xmin) /real (nptx)
ncount=(je2-1) /ndump

c

C Save Wave-packet components

c
do kk=1,nptx

x=xmin+kk*dx
cl=chi (kk, 1) *conjg(chi (kk, 1))
write(1l,33) x,sqgrt(cl)+real (energy (1))
end do
write (1, 33)
do kk=1,nptx
x=xmin+kk*dx
write(1l,33) x,real (energy (1))
end do
write (1, 33)

c

c Save Adiabatic states

c
do kk=1,nptx

x=xmin+kk*+dx
CALL HAMIL (CRV, x)
write(1,33) x,CRV(1,1)
end do
CLOSE (1)
33 format (6 (el3.6,2x))
RETURN
END

cCcccccceccecececcecceccceccecccececcececcececccecccccccccececcececceccececcecccccceccecececececcecee
SUBROUTINE XM (RV)

Q

Expectation Value of the Position

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi,EYE,RV

REAL Vpot, omega, xmin, xmax,dx,pi, rmass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2xxnpts, NN=1)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx, NN)

common /xy/ xmin,xmax

common /packet/rmass, xk, pk

dx= (xmax—-xmin) /real (nptx)
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DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+tkk*dx
IF(j.EQ.1) CALL VA (Vpot, x)
RV (J) =RV (J) +chi (kk, j) *x*conjg (chi (kk, j) ) »dx
end do
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccecccccececececece
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi, EYE, RV

REAL Vpot, omega, xmin, xmax,dx,pi, rmass, xk, pk, x, alpha
PARAMETER (npts=10, nptx=2x*xnpts, NN=1)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx, NN)

common /xy/ xmin,xmax

common /packet/rmass, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+kk*dx
IF (7.EQ.1) CALL VA (Vpot,x)
RV (J) =RV (j) +chi (kk, J) xVpot+conjg (chi (kk, J)) »dx
end do
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccecee
subroutine KE (RKE)

c Expectation value of the kinetic energy

IMPLICIT NONE

INTEGER NN, kk, nptx, kx, nx, npts, J

REAL dp, theta, wm, p, xmin, xmax, rmass, xk, pi,alenx,pk,rm, re, ri,dx
COMPLEX eye,chi,Psip,chic,RKE

parameter (npts=10, nptx=2x*npts, NN=1)

DIMENSION chic (nptx) ,RKE (NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx,NN)
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pi = acos(-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)

DO j=1,NN
RKE (3)=0.0
do kk=1,nptx
chic (kk)=chi (kk, j)
end do
CALL fourn(chic,nptx,1,-1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic(kx)=p**2/(2.0+rmass) *chic (kx) /nptx
end do
CALL fourn(chic,nptx,1,1)
do kk=1,nptx
RKE (J) =RKE (j) +conjg (chi (kk, j) ) *chic (kk) xdx
end do
END DO
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccee
subroutine PM (RKE)

c Expectation value of the kinetic energy

IMPLICIT NONE

INTEGER NN, kk, nptx, kx, nx, npts, J

REAL dp, theta,wm,p, xmin, xmax, rmass, xk,pi,alenx,pk, rm,re, ri, dx
COMPLEX eye,chi,Psip,chic, RKE

parameter (npts=10, nptx=2x*npts, NN=1)

DIMENSION chic (nptx),RKE (NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx, NN)

pi = acos (-1.0)
dx= (xmax—xmin) /nptx
dp=2.*pi/ (xmax—xmin)

DO j=1,NN
RKE (3)=0.0
do kk=1,nptx
chic (kk)=chi (kk, j)
end do
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CALL fourn(chic,nptx,1,-1)
do kx=1,nptx
if(kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)xdp
chic (kx)=pxchic (kx) /nptx
end do
CALL fourn(chic,nptx,1,1)
do kk=1,nptx
RKE (j) =RKE (j) +conjg (chi (kk, j) ) xchic (kk) xdx
end do
END DO
return
end

CCCCcCcCccccecceeeeeccececececeececcecececececececececececceececeececcececcecececececececececececcececcecceccecceccecececcecececececccecece

Q Q0

SUBROUTINE PROPAGATE (vprop, tprop)

Split Operator Fourier Transform Propagation Method
J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)

IMPLICIT NONE

INTEGER i, j,NN, ii, nptx, npts

COMPLEX chi, vprop,chinl,chin2, tprop
PARAMETER (npts=10, nptx=2xxnpts, NN=1)
DIMENSION chinl (nptx),chin2 (nptx)
DIMENSION tprop (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx, NN)

Apply potential energy part of the Trotter Expansion
DO i=1,nptx

chinl (i)=0.0

DO j=1,NN

chinl (i)=chinl (i) +vprop (i, 1, j)xchi (i, J)

END DO
END DO
Fourier Transform wave-packet to the momentum representation
CALL fourn(chinl,nptx,1,-1)
Apply kinetic energy part of the Trotter Expansion
DO i=1,nptx

chinl (i)=tprop (i) *chinl (1)
END DO
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c Inverse Fourier Transform wave-packet to the coordinate representation
CALL fourn(chinl,nptx,1,1)
c Apply potential energy part of the Trotter Expansion

DO i=1,nptx

DO j=1,NN
chi (i, j)=vprop (i, j, 1) »chinl (i)
END DO
END DO
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCece
c Subroutine for FFT from Numerical Recipes

CCCCCCCCCcccececeeeeeeeececeeceecececececeececeeeeececeececeececececceccecceccecceccecceccececceccececceccececceccececcececceccececcece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL*8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM),DATA ()

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11  CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+*NPREV)
IP1=2+NPREV
IP2=IP1*N
IP3=IP2+NREM
I2REV=1
DO 14 I2=1,IP2,IP1
IF(I2.LT.I2REV) THEN
DO 13 I1=I2,1I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1)=TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBRIT/2
GO TO 1
ENDIF
I2REV=I2REV+IBIT
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14 CONTINUE
IFP1=IP1
2 IF (IFP1.LT.IP2) THEN
IFP2=2+IFP1
THETA=ISIGN«6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0+DSIN (0.5D0*THETA) % %2
WPI=DSIN (THETA)
WR=1.DO
WI=0.DO
DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2
K1=1I2
K2=K1+IFP1
TEMPR=SNGL (WR) «DATA (K2) —SNGL (WI) *DATA (K2+1)
TEMP I=SNGL (WR) «DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) —-TEMPR
DATA (K2+1) =DATA (K1+1) -TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1) +TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI+WPI+WR
WI=WI+WPR+WTEMP+WPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE
RETURN
END
ccccececceceeecccceccceccccccccecccccccecccccccceccccccccececcccececcecceceecceccecccececece
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40.9 Problem9

Computational Problem 9: Simulate the propagation of a wave-packet with zp = —5.5 and
initial momentum p, = 2 colliding with a barrier potential V' (z) = 3, if abs(z) < 0.5, and
V(z) = 0, otherwise. Hint: In order to avoid artificial recurrences you might need to add an
absorbing imaginary potential V,(z) = i(abs(x) — 10)%, if abs(z) > 10, and V,(z) = 0, otherwise.

The output of this program can be generated and visualized as follows. Cut the source code
attached below, save it in a file named Problem9.f, compile it by typing

£77 Problem9.f -o Problem9
run it by typing
./Problem9
The snapshots of the time-dependent wave-packet can be visualized as a movie by typing
gnuplot<pp_9
where the file named

pp_9

has the following lines:
Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P9/pp_9)

set yrange[0:4]

set xrange[-10:10]

set dat sty 1

plot "arch.0001"™ u 1:2 1w 3
pause .1

plot "arch.0002" u 1:2 1w 3

pause .1
plot "arch.0003" u 1:2 1w 3
pause .1
plot "arch.0004"™ u 1:2 1w 3
pause .1
plot "arch.0005" u 1:2 1w 3
pause .1

plot "arch.0006" u 1:2 1w 3
pause .1
plot "arch.0007" u 1:2 1w 3

pause .1
plot "arch.0008" u 1:2 1w 3
pause .1

plot "arch.0009" u 1:2 1w 3
pause .1
plot "arch.0010" u 1:2 1w 3
pause .1
plot "arch.0011" u 1:2 1w 3
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pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

0o1z"

0013"

0014"

0015"

0016"

0017"

0018"

0019"

oozo"

0021"

oozz2"

0023"

0024"

0025"

0026"

0027"

oozs"

0029"

0030"

0031"

0032"

0033"

0034"

0035"

0036"

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w
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plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot M"arch.0040"
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.

0037"

0038"

0039"

0041

oo4z2"

0043"

0044"

0045"

0046"

0047"

004s8"

0049"

0050"

0051"

0052"

0053"

0054"

0055"

0056"

0057"

0058"

0059"

0060"

0o0e61"

0062"

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3
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pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot "arch.008Q"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

006e3"

0064"

0065"

0066"

0067"

00e8"

0069"

0070"

0071"

0072"

0073"

0074"

0075"

0076"

0077"

0078"

0079"

0081"

oos2"

0083"

0084"

0085"

0086"

oog87"

u l:2 1w 3

u l:2 1w 3

ul:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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plot "arch.
pause .1
plot "arch.

pause .1

plot "arch.0090"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

oos8"

0089"

oo9o1"

0092"

0093"

0094"

0095"

0096"

0097"

0098"

0099"

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P9/Problem9.f)

PROGRAM Problem9

c
c 1-D wave packet propagation of tunneling through a barrier
c
IMPLICIT NONE
INTEGER NN, npts, nptx, ndump
INTEGER istep,nstep, jj
REAL dt, xc,pc
COMPLEX vprop, tprop, x_mean, p_mean
PARAMETER (npts=10, nptx=2x*npts, NN=1)
DIMENSION vprop (nptx,NN,NN), tprop (nptx)
DIMENSION x_mean (NN),p_mean (NN)
COMMON /class/ xc,pc
c

CALL ReadParam(nstep,ndump, dt)

call Initialize()

CALL SetKinProp (dt, tprop)

CALL SetPotProp (dt, vprop)

DO istep=1,nstep+l
IF (mod (istep-1,10) .EQ.O0)

1 PRINT *, "Step=", istep-1,", Final step=", nstep
IF (istep.GE.1l) CALL PROPAGATE (vprop, tprop)
IF (mod( (istep-1),ndump) .EQ.0) THEN

CALL SAVEWF (istep,ndump, dt)

END IF

END DO

END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCctcccccceccceccccecee
subroutine ReadParam(nstep, ndump, dt)

Parameters defining the grid (xmin, xmax), integration time step (dt),
rmass (rmass), initial position (xk), initial momentum (pk),
number of propagation steps (nstep), and how often to save a pic (ndump)

Q Q000

IMPLICIT NONE

INTEGER ntype,nstep,nrpt, ireport, ndump,nlit
REAL xmin, xmax,pk, rmass, xk,dt

common /packet/ rmass, xk,pk

common /xy/ xmin,xmax

xmin=-13.0
xmax=13.0
dt=0.1
rmass=1.0
xk=-4.5
pk=1.
nstep=100
ndump=1
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return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcCCccccccccccecccececececece

SUBROUTINE Initialize()

IMPLICIT NONE

INTEGER NN, nptx,npts, kk

COMPLEX chiO, chi, EYE, CRV

REAL xc,pc,omega, xk2,xmin, xmax,dx,pi, rmass, xk, pk, x,alpha, alpha?2
PARAMETER (npts=10, nptx=2x*npts, NN=1)
DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

COMMON / wfunc/ chi (nptx, NN)

COMMON / iwfunc/ chiO (nptx, NN)
COMMON /class/ xc,pc

EYE=(0.0,1.0)
pi= acos (-1.0)

omega=1.

dx= (xmax—-xmin) /real (nptx)

xc=xk

pc=pk
c
c Wave Packet Initialization: Gaussian centered at xk, with momentum pk
c

alpha=rmass*omega
do kk=1,nptx
x=xmin+kk*dx

chi(kk,1)=((alpha/pi) *x0.25)

1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
chiO (kk,1)=chi (kk, 1)

end do

RETURN

END

CCCCCCCccCcceceeeeeeeeeeececeececececeececeeceeeceeececcecececceececececcecceccecceccecceccecceccecceccecceccececececcececce
SUBROUTINE HAMIL (CRV, x)

c
c Hamiltonian Matrix
c
IMPLICIT NONE
INTEGER NN
REAL x,VPOT1
COMPLEX CRV
PARAMETER (NN=1)
DIMENSION CRV (NN, NN)
c
CALL VA (VPOT1, x)
CRV(1,1)=VPOT1
c

RETURN
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END
ccccececceeeeccccccececccccccccccccccccccccccccecccccccceccccecccececeeccececccececece
SUBROUTINE VA (V, x)

c Potential Energy Surface: Barrier

implicit none

REAL V, x, rmass, xk, pk, rk, omega

common /packet/ rmass, xk, pk

v=0.0

IF (abs(x) .LE. (.5)) V=3.

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeee

subroutine SetKinProp (dt, tprop)

c Kinetic Energy part of the Trotter Expansion: exp(-i p~2 dt/ (2 m))

IMPLICIT NONE

INTEGER nptx, kx,nx, npts

REAL xsc,xmin, xmax,propfacx, rmass, xk,pi,alenx,dt, pk
COMPLEX tprop,eye

parameter (npts=10, nptx=2xxnpts)

DIMENSION tprop (nptx)

common /xy/ xmin,xmax

common /packet/ rmass, xk,pk

eye=(0.,1.)
pi = acos (-1.0)
alenx=xmax-—xmin
propfacx=-dt/2./rmass* (2.xpi) **2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
xsc=0.
if(nx.ne.0) xsc=real (nx)/alenx
tprop (kx) =exp (eyex (propfacx*xscxx2))
end do

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCect

subroutine SetPotProp (dt,vprop)

c Potential Energy part of the Trotter Expansion: exp(-i V dt/2)

IMPLICIT NONE
INTEGER NN, ii, nptx, npts
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REAL xmin, xmax,dx,dt, x, VPOT, xa

COMPLEX vprop, eye

parameter (npts=10, nptx=2x*npts,NN=1, xa=10.)
DIMENSION vprop (nptx, NN, NN)

common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax—-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii+dx
CALL VA (VPOT, x)
vprop (ii, 1,1)=exp (-eye*0.5+xdt+*VPOT) /sqrt (nptx+1.0)
IF (abs (x) .GT. (xa))

1 vprop(ii,1l,1l)=vprop(ii,1, 1) xexp (- (abs(x)-xa)**4)

END DO

RETURN

END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccceccee

SUBROUTINE energies (energy)

IMPLICIT NONE

INTEGER 7, NN

COMPLEX energy, RV, RKE

PARAMETER (NN=1)

DIMENSION RV (NN) ,RKE (NN),energy (NN)

CALL PE (RV)

CALL KE (RKE)

DO j=1,NN
energy (3) =RV (j) +RKE (J)

END DO

RETURN

END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcececee
SUBROUTINE SAVEWEF (je2,ndump,dt)

c Dump Time Evolved Wave packet

IMPLICIT NONE

INTEGER je2,nptx,npts, kk, NN, ncount, ndump, jj
COMPLEX chi,CRV, energy,psi,Psia

character+«9 B

REAL V,x1,cl,c2,cla,x,xmin, xmax,dx, EVALUES, dt
PARAMETER (npts=10, nptx=2**npts, NN=1)
DIMENSION CRV (NN, NN), EVALUES (NN)

DIMENSION psi (NN, NN)

common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx, NN)

COMMON /ENER/ energy (NN)

IF (je2.EQ.1) CALL energies (energy)

jj=je2/ndump
write(B, ' (A,14.4)") ’'arch.’, 3j

230



OPEN (1, FILE=B)
dx= (xmax—-xmin) /real (nptx)
ncount=(je2-1) /ndump

c
C Save Wave-packet components
c
do kk=1,nptx
x=xmin+kk*dx
cl=chi (kk, 1) *conjg(chi (kk, 1))
write(1l,33) x,sqgrt (cl)+real (energy (1))
end do
write (1, 33)
do kk=1,nptx
x=xmin+kk*dx
write(1l,33) x
1 ,real (chi (kk, 1)) +real (energy (1))
end do
write (1, 33)
c
c Save Adiabatic states
c
do kk=1,nptx
x=xmin+kk*+dx
CALL HAMIL (CRV, x)
write(1,33) x,CRV(1,1)
end do
CLOSE (1)
33 format (6 (el3.6,2x))
RETURN
END

cCccccceccececcececccceccececcececcececcececcecceccccccccececcececceccecceccecceccccececececcecececceccecece
SUBROUTINE PE (RV)

Q

Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi,EYE,RV

REAL Vpot, omega,xmin, xmax,dx,pi, rmass, xk, pk, x,alpha
PARAMETER (npts=10, nptx=2xxnpts, NN=1)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx, NN)

common /xy/ xmin,xmax

common /packet/rmass, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+kkxdx
IF(j.EQ.1) CALL VA (Vpot, x)
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RV (j) =RV (j) +chi (kk, j) *Vpot*xconjg(chi (kk, J)) xdx
end do
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcCccccccccccccecee
subroutine KE (RKE)

c
c Expectation value of the kinetic energy
c
IMPLICIT NONE
INTEGER NN, kk, nptx, kx, nx, npts, J
REAL dp, theta, wm, p, xmin, xmax, rmass, xk, pi,alenx,pk,rm,re, ri,dx
COMPLEX eye,chi,Psip,chic,RKE
parameter (npts=10, nptx=2x*npts, NN=1)
DIMENSION chic (nptx),RKE (NN)
common /xy/ xmin,xmax
common /packet/ rmass, xk,pk
COMMON / wfunc/ chi (nptx, NN)
c
pi = acos (-1.0)
dx= (xmax-xmin) /nptx
dp=2.*pi/ (xmax—xmin)
c
DO j=1,NN
RKE (7)=0.0

do kk=1,nptx
chic (kk)=chi (kk, j)
end do
CALL fourn(chic,nptx,1,-1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-l-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic (kx)=p**2/(2.0+rmass) *chic (kx) /nptx
end do
CALL fourn(chic,nptx,1,1)
do kk=1,nptx
RKE (J) =RKE (j) +conjg (chi (kk, j) ) *chic (kk) xdx
end do
END DO
return
end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccccccecece
SUBROUTINE PROPAGATE (vprop, tprop)

c Split Operator Fourier Transform Propagation Method
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c J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)

IMPLICIT NONE

INTEGER i, j,NN, ii, nptx, npts

COMPLEX chi, vprop,chinl,chin2, tprop
PARAMETER (npts=10, nptx=2x*npts, NN=1)
DIMENSION chinl (nptx),chin2 (nptx)
DIMENSION tprop (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx, NN)

c
c Apply potential energy part of the Trotter Expansion
c
DO i=1,nptx
chinl (i)=0.0
DO j=1,NN
chinl (i)=chinl (i) +vprop (i, 1, j) xchi (i, J)
END DO
END DO
c
c Fourier Transform wave-packet to the momentum representation
c
CALL fourn(chinl,nptx,1,-1)
c
c Apply kinetic energy part of the Trotter Expansion
c
DO i=1,nptx
chinl (i)=tprop (i) *chinl (1)
END DO
c
c Inverse Fourier Transform wave-packet to the coordinate representation
c
CALL fourn(chinl,nptx,1,1)
c
c Apply potential energy part of the Trotter Expansion
c
DO i=1,nptx
DO j=1,NN
chi (i, j)=vprop (i, j, 1) rchinl (1)
END DO
END DO
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccCcCcCccccceecee
c Subroutine for FFT from Numerical Recipes

CCCCCCCCcCccceceeeecececececececececececececececececececececececceeececececececceececececececcecececcececcecececcecececcecececceccece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL*8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM),DATA (*)
NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11  CONTINUE
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NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (NxNPREV)
IP1=2+NPREV
IP2=IP1*N
IP3=IP2+*NREM
I2REV=1
DO 14 I12=1,1P2,IP1
IF (I2.LT.I2REV)THEN
DO 13 Il1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-1I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV) =TEMPR
DATA (I3REV+1)=TEMPI
CONTINUE
CONTINUE
ENDIF
IBIT=IP2/2
IF ((IBIT.GE.IP1).AND. (I2REV.GT.IBIT)) THEN
I2REV=I2REV-IBIT
IBIT=IBIT/2
GO TO 1
ENDIF
I2REV=I2REV+IBIT
CONTINUE
IFP1=IP1
IF (IFP1.LT.IP2) THEN
IFP2=2+IFP1
THETA=ISIGN*6.28318530717959D0/ (IFP2/1IP1)
WPR=-2.D0*DSIN(0.5D0O*THETA) %2
WPI=DSIN (THETA)
WR=1.DO
WI=0.DO
DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,1IP3,IFP2
K1l=12
K2=K1+IFP1
TEMPR=SNGL (WR) *DATA (K2) —SNGL (WI) *DATA (K2+1)
TEMPI=SNGL (WR) *DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) -TEMPR
DATA (K2+1) =DATA (K1+1) -TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1)+TEMPI

15
16

CONTINUE
CONTINUE
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WTEMP=WR
WR=WR+WPR-WI+xWPI+WR
WI=WI+WPR+WTEMP+WPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE
RETURN
END
ccccececceececccceceececcccccccccccecccececcccccccecccccccccceccecccccecceceeccceccecccececece
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40.10 Problem 10
Problem 10: (a) Derive Eq. (50) by considering that,

' Ve (x)2T 0
—iVe2r T €
e =D < 0 o iVe(x)2r ) D, (698)
with \/_ \/_
—-1/v2 1/V2
—_DF =
p-p'=( % vz ) o
since 1
VI = 1 (=iVe2r) + S (=iVe2r) 4 (700)
and ( ) ( )
B 0 Va(x i —V.(x 0
= (o 07 ) =2 (7 vl ) con
with DD = 1.

In order to derive Eq. (28) we need to prove the following equation:

o iVor - iVadr VT _ e—ivl(x)zfcos(m/c(x)q-) —i sin(2V,(x)7) e~ (V1 (x)+V2(x))T
i sin(2Va(s)r) e AT cos(aV, (x)r) e Va0
(702)
where
( Vi(x) 0 )
M=o \ 0 1)) (703)
Expanding the exponential on the r.h.s. of Eq. gives
. ( Vi(x) 0 )
" 0 Va(x) ) _ (1 0 —iTVi(x) 0 LVi(%)2(—ir)? 0
¢ = ( 0o1)7 0 —irax) )T 0 LV(x)2(—ir)? ) T
(704)
Therefore,
_ ( Vi(x) 0 ) |
T 0 ‘/Q(X) B e—le(x)T 0
‘ = < 0 e-ator |- (705)

In addition, according to Eq. (30),

) iVe(x)27 0
e-iVe2r _ i < e 0 Vit > D, (706)
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with

—1/vV2 1/V2

— D =

DD_(l/ﬁ s ) (707)

Therefore,

. . . —iVi(x)T 0 Ve (x)2T 0 —iVi(x)T 0

—iVor —iVe2T —iVoT € € €

e e e 0 = ( 0 e*iVQ(X)T )DT < 0 e*ng(X)QT )D( 0 e*iV2(X)T ) :
(708)

The multiplication of the five matrices on the r.h.s. of Eq. (708)) gives the matrix on the r.h.s. of Eq.(702).
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40.11 Problem 11
Problem 11: Derive Eq. by writing the matrix V" in the basis of adiabatic eigenstates

¢1(z) = Li(z)|1) + Lar(2)2),

(709)
$2(x) = La(z)|1) + Laa(2)]2),
with eigenvalues F(z) and Fs(x), respectively. Then, using the expansion
. 1
e VI =1 4+ (—iV2r) + 5(—z‘V2¢)2 + ..., (710)

show that in the adiabatic representation

Vo efiEl(a:)2‘r 0
V2 :( o e ) (711)

Finally, show that the diagonal matrix introduced by Eq. (711)) can be rotated to the representation
of diabatic states |1), |2) according to the similarity transformation

—iE1 (z)T
Lt ( € 0 )L. (712)

0 e—iEQ(x)'r

According to the definition of the eigenstates of the potential energy matrix, given by Eq. (34),

‘/11 ‘/12 Lll El O Lll
(%%)(Lm) (0 &)(Lm) (713)

and
Vit Vig Lyy Ey, 0 Ly
— . 714
(wm)(Lm) (o @)(Ln) (714)
Therefore,
( Vii Vig ) ( Ly Lo ) _ ( Ly Lo ) ( E, 0 ) (715)
Vor Vo Loy Lo Loy Lo 0 Ey )’
and
Ly Lo Vii Vig Ly L\ _( E 0 (716)
Lis Lo Var Vg Loy Lo 0 Ey )’
or
< Vit Via ) _ ( Ly Ly ) ( E, 0 ) ( Ly Ly ) 717)
Vor Vao Loy Lo 0 Ey J'\ Lia Ly )
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Therefore, defining
Ly Ly
L= : 718
( L Lz ) 718
gives
‘/11 ‘/12 1 El 0
=L L. 719
( Va Ve ) 0 I 71
Exponentiating both sides of Eq. (719), gives
—4T ‘/11 ‘/12 —irL~! El 0 L
Voo Ve ) _, 0 E )"
Expanding the r.h.s. of Eq. (720) gives,

ir ‘/11 ‘/12 . 1 12 - \2
. Vor Vi :(1 0)+L1(—ZTE1 0 >L+L1<5E1<_”) 0 . )2)L+---,

e

(720)

01 0 —iTE, 0 S E3(—iT
(721)
since L'L = 1. Therefore,
_iT( “;11 512 > efiEl(x)'r 0
e 21 V22 ) _ -1 ( 0 B2 () ) L. (722)
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40.12 Problem 12

Computational Problem 12: (a) Write a computer program to implement the SOFT approach
described in this section, where step [II] is numerically computed according to Eq. (49). Propagate
W (x;t)) = p1(x;t)[1) + pa(x;1)|2), where ¢1(x;0) = ¢1(x;0) = Wo(x) and Vo(z) as defined

in Eq. @). Use vy = —2.2, pp = 0, m = 1, w = 1 and two coupled potential energy surfaces
described by the potential energy matrix
_ (Wil o

where 6 = 0.3, Vi(x) = mw?(x — 7)?/2 and Va(z) = —2?/2 + 21/22; (b) Propagate ¥(x;t)
according to the potential energy matrix introduced by Eq. (723), with 6 = 0 and compare your
results with those obtained in item (a).

The output of this program can be generated and visualized as follows. Cut the source code
attached below, save it in a file named Problem12.f, compile it by typing

£f77 Probleml2.f —-o Probleml?2
run it by typing
./Probleml?2

That will produce the output for item (a). In order to obtain the output for item (b), modify subrou-
tine Hamil, so that CRV(1,2)=0.0 and CRV(2,1)=0.0, recompile and run.
The snapshots of the time-dependent wave-packet can be visualized as a movie by typing

gnuplot<pp_12

where the file named

pe_12

has the following lines:
Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P12/P12_c/pp_12)

set yrange[-2:5]

set dat sty 1

plot "arch.0001"™ u 1:2 1w 3
pause .1

plot "arch.0002" u 1:2 1w 3
pause .1

plot "arch.0003" u 1:2 1w 3
pause .1

plot "arch.0004"™ u 1:2 1w 3

pause .1
plot "arch.0005" u 1:2 1w 3
pause .1
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plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

0006"

0007"

0008"

0o09"

0010"

oo11"

001z2"

0013"

0014"

0015"

0016"

0017"

0018"

0019"

oozo"

0021"

ooz22"

0023"

0024"

0025"

0026"

0027"

oozs"

0029"

0030"

0031"

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w
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pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot M"arch.0040"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

oo3z2"

0033"

0034"

0035"

0036"

0037"

0038"

0039"

0041"

oo4z2"

0043"

0044"

0045"

0046"

0047"

0o04s8"

0049"

0050"

0051"

0052"

0053"

0054"

0055"

0056"

u l:2 1w 3

u l:2 1w 3

ul:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.008Q"

pause .1

plot "arch.

pause .1

plot "arch.

0057"

0058"

0059"

006Q"

0061"

0062"

006e3"

0064"

0065"

0066"

0067"

0068"

0069"

0070"

0071"

0072"

0073"

0074"

0075"

0076"

0077"

0078"

0079"

oos1i"

0082"

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u 1l:2 1w 3

u l:2 1lw 3

u l:2 1w 3
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pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

plot "arch.0090"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

00o83"

0084"

0085"

00g8e"

0087"

oos88"

0089"

ooo1"

0092"

0093"

0094"

0095"

0096™"

0097"

0098"

0099"

u l:2 1w 3

u l:2 1w 3

ul:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P12/P12_c/Problem12.f)

PROGRAM Probleml2

Q

1-D nonadiabatic wave-packet propagation

IMPLICIT NONE

INTEGER NN, npts, nptx, ndump

INTEGER istep,nstep

REAL dt

COMPLEX vprop,tprop
PARAMETER (npts=9, nptx=2xxnpts, NN=2)
DIMENSION vprop (nptx,NN,NN), tprop (nptx)

CALL ReadParam(nstep,ndump, dt)
call Initialize()
CALL SetKinProp (dt,tprop)
CALL SetPotProp (dt, vprop)
DO istep=1l,nstep+l
IF (mod(istep-1,10) .EQ.O0)
1 PRINT *, "Step=", istep-1,", Final step=", nstep
IF (istep.GE.1l) CALL PROPAGATE (vprop, tprop)
IF (mod( (istep-1),ndump) .EQ.0) THEN
CALL SAVEWF (istep,ndump, dt)
END IF
END DO
22 FORMAT (6 (e13.6,2x))
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccceeee
SUBROUTINE energies (energy)
IMPLICIT NONE
INTEGER 7, NN
COMPLEX energy, RV, RKE
PARAMETER (NN=2)
DIMENSION RV (NN) ,RKE (NN),energy (NN)
CALL PE (RV)
CALL KE (RKE)
DO j=1,NN
energy (j) =RV (j) +RKE (j)
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccececcccececee
subroutine ReadParam(nstep,ndump, dt)

Parameters defining the grid (xmin, xmax), integration time step (dt),
mass (amassx), initial position (xk), initial momentum (pk),
number of propagation steps (nstep), and how often to save a pic (ndump)

Q Q000

IMPLICIT NONE
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INTEGER ntype,nstep,nrpt, ireport, ndump,nlit
REAL xmin, xmax,pk,amassx, xk, dt

common /packet/ amassx,xk,pk

common /xy/ xmin,xmax

xmin=-6.0
xmax=6.0
dt=0.2
amassx=1.0
xk=-2.2
prk=0.
nstep=100
ndump=1

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcCccccccccccccccccccccccecece

SUBROUTINE Initialize()

IMPLICIT NONE

INTEGER NN, nptx,npts, kk

COMPLEX chiO, chi, EYE, CRV

REAL omega, xk2,xmin, xmax,dx,pil, amassx, xk, pk, x,alpha,alpha?2
PARAMETER (npts=9, nptx=2xxnpts, NN=2)

DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ amassx, xk,pk

COMMON / wfunc/ chi (nptx,NN)

COMMON / iwfunc/ chiO (nptx, NN)

EYE=(0.0,1.0)

pi= acos (-1.0)

omega=1.

dx= (xmax—-xmin) /real (nptx)

c
c Wave Packet Initialization: Gaussian centered at xk, with momentum pk
c
alpha=amassx*omega
do kk=1,nptx
x=xmin+kk*dx
chi (kk,1)=((alpha/pi) **0.25) /sqgrt (2.)
1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
chi (kk, 2)=chi (kk, 1)
c

chiO (kk,1)=chi (kk, 1)
chiO (kk, 2) =chi (kk, 2)
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccee
SUBROUTINE SAVEWEF (je2,ndump,dt)
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Dump Time Evolved Wave packet

IMPLICIT NONE

INTEGER je2, nptx,npts, kk, NN, ncount, ndump, jj
COMPLEX chi,CRV, energy,psi,Psia

character+«9 B

REAL V,x1,cl,c2,cla, x,xmin, xmax, dx, EVALUES, dt
PARAMETER (npts=9, nptx=2*xxnpts, NN=2)
DIMENSION CRV (NN,NN) , EVALUES (NN)

DIMENSION psi (NN, NN)

common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx, NN)

COMMON /ENER/ energy (NN)

IF (je2.EQ.1l) CALL energies (energy)
jj=je2/ndump

write(B, ' (A,14.4)") "arch.’, 3Jj
OPEN (1, FILE=B)

dx= (xmax—-xmin) /real (nptx)
ncount=(je2-1) /ndump

Save Wave-packet components

do kk=1,nptx
x=xmin+kk*dx
cl=chi (kk, 1) *xconjg(chi (kk, 1))
c2=chi (kk, 2) xconjg(chi (kk, 2))
write(1l,33) x,sqgrt(cl)+real (energy(l))
end do
write (1, 33)

do kk=1,nptx
x=xmin+kk*+dx
c2=chi (kk, 2) xconjg(chi (kk, 2))
write(l,33) x,sqgrt (c2)+real (energy(2))
end do
write(1l,33)

do kk=1,nptx

x=xmin+kk*dx

write(l,33) x,real (energy(2))
end do
write (1, 33)

do kk=1,nptx

x=xmin+kk*dx

write(1l,33) x,real (energy(l))
end do
write (1, 33)
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33

Save Adiabatic states

do kk=1,nptx
x=xmin+kk*dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV, psi, EVALUES)
write(1l,33) x,EVALUES (1)
end do
write (1, 33)
do kk=1,nptx
x=xmin+kk*+dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV,psi, EVALUES)
write(1l,33) x,EVALUES (2)
end do
CLOSE (1)
format (6 (el3.6,2x))
RETURN
END

CCCCCcCcccceccecececeececececececececceececececececececececcececceececcececcecececececececececececcececcecceccecceccececcecececececceccecceccece

subroutine SetKinProp (dt, tprop)

Kinetic Energy part of the Trotter Expansion:

IMPLICIT NONE
INTEGER nptx, kx,nx,npts, NN

exp(—-1 p~2 dt/ (2 m))

REAL xsc,xmin, xmax,propfacx,amassx, xk,pi,alenx,dt, pk

COMPLEX tprop,eye

parameter (npts=9, nptx=2xxnpts, NN=2)

DIMENSION tprop (nptx)
common /xy/ xmin,xmax
common /packet/ amassx, xk,pk

eye=(0.,1.)
pi = acos (-1.0)
alenx=xmax-—xmin
propfacx=-dt/2./amassx* (2.*pl) x*2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
xsc=0.

if(nx.ne.0) xsc=real (nx)/alenx
tprop (kx) =exp (eyex (propfacx*xscxx2))

end do

return
end

CCCCcCcCccccceeeeeeecececececeecececeeceeceeceeeeccececeeececceceecececececcecececececcececececcececcececcececcececcece
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subroutine SetPotProp (dt, vprop)

c
c Potential Energy part of the Trotter Expansion: exp (-1 V dt/2)
c
IMPLICIT NONE
INTEGER NN, ii, kk, jj,nptx,1, j, k,npts
REAL xmin, xmax,dx,dt, EVALUES, x
COMPLEX vp, vprop, eye,dummy, psi, CRV
parameter (npts=9, nptx=2x*xnpts, NN=2)
DIMENSION vprop (nptx,NN,NN),psi (NN, NN), CRV (NN, NN)
DIMENSION vp (NN, NN) , dummy (NN, NN) , EVALUES (NN)
common /xy/ xmin,xmax
eye=(0.,1.)
dx= (xmax—-xmin) /real (nptx)
c
do ii=1,nptx
x=xmin+ii*dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV,psi, EVALUES)
vp(l,1)=exp(-eyex0.5xdt*EVALUES (1))
vp(1l,2)=0.0
vp(2,1)=0.0
vp (2, 2)=exp (-eyex0.5+xdt *EVALUES (2) )
do i=1,2
do j=1,2
dummy (i, j)=0.
do k=1,2
dummy (1, j) =dummy (i, ) +vp (i, k) *psi (j, k)
end do
end do
end do
do i=1,2
do j=1,2
vp (i, 3)=0.
do k=1,2
vp (i, J)=vp (i, J)+psi (i, k) ~dummy (k, J)
end do
end do
end do
do i=1,2
do j=1,2
kk=ii
vprop (kk, i, J)=vp (i, j)/sqgrt (1.0xnptx)
end do
end do
end do
c
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccce
SUBROUTINE PROPAGATE (vprop, tprop)
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Q Q Q Q

Split Operator Fourier Transform Propagation Method
J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)

IMPLICIT NONE

INTEGER i, j,kk,NN,in,ii, nptx,npts
COMPLEX chi,vprop,chinl,chin2, tprop
PARAMETER (npts=9, nptx=2xxnpts, NN=2)
DIMENSION chinl (nptx),chin2 (nptx)
DIMENSION tprop (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx,NN)

Apply potential energy part of the Trotter Expansion

DO ii=1,nptx
in=ii
chinl (in)
chin2 (in)
DO j=1,NN

kk=ii
chinl (in)=chinl (in) +vprop (kk, 1, j) *chi (kk, j)
chin2 (in)=chin2 (in) +vprop (kk, 2, j) *chi (kk, j)
END DO
END DO

=0.0
=0.0

Fourier Transform wave-packet to the momentum representation

CALL fourn(chinl,nptx,1,1)
CALL fourn(chin2,nptx,1,1)

Apply kinetic energy part of the Trotter Expansion

DO ii=1,nptx
in=ii
kk=1ii
chinl (in)=tprop (kk)*chinl (in)
chin2 (in)=tprop (kk) xchin2 (in)
END DO

Inverse Fourier Transform wave-packet to the coordinate representation

CALL fourn(chinl,nptx,1,-1)
CALL fourn(chin2,nptx,1,-1)

Apply potential energy part of the Trotter Expansion

DO ii=1,nptx
in=ii
DO i=1,NN
kk=1ii
chi (kk, i)=vprop(kk,i, 1) *chinl (in)
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1 +vprop (kk,i,2) *chin2 (in)
END DO
END DO
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCee
SUBROUTINE HAMIL (CRV, x)

c Hamiltonian Matrix

IMPLICIT NONE
INTEGER NN

REAL x,VPOT1,VPOT2
COMPLEX CRV
PARAMETER (NN=2)
DIMENSION CRV (NN, NN)

CALL VA (VPOTL, x)
CALL VB (VPOT2, x)
CRV (1, 1)=VPOT1
CRV (2, 2) =VPOT2
CRV (1,2)=0.
CRV(2,1)=0.

2

1

! comment this line for item (b)
! comment this line for item (b)
! uncomment this line for item (b)
! uncomment this line for item (b)

c CRV (1,

Q
Q
By
<
[N

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccetcccccccccccccceeeeeeeccccccceccee

SUBROUTINE VA (V, x)

c Potential Energy Surface: Harmonic Oscillator

implicit none

REAL V, x, amassx, xk, pk, rk, omega

common /packet/ amassx, xk,pk

omega=1.0

rk=amassx*omegax*2

V=0.5*xrk*x*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccee

SUBROUTINE VB (V,x1)

Q

Potential Energy Surface: Double-Well Potential, tunneling dynamics

implicit none

REAL V,x1,x

x=x1
V=—0.5%x*%2+1.0/(16.0x1.3544) xx*x%4
RETURN

END
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ccccceccecceececcecececcececcccccccccccccceeccccccceccccccccceccccceccececeecececceccececece
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi,EYE,RV

REAL Vpot,omega, xmin, xmax,dx,pi, amassx, xk, pk, x, alpha
PARAMETER (npts=9, nptx=2xxnpts, NN=2)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx, NN)

common /xy/ xmin,xmax

common /packet/amassx, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+kk+dx
IF (j.EQ.1) CALL VA (Vpot,x)
IF (j.EQ.2) CALL VB (Vpot,x)
RV (j) =RV (j) +chi (kk, j) *Vpot*xconjg(chi (kk, j)) xdx
end do
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccee
subroutine KE (RKE)

c Expectation value of the kinetic energy

IMPLICIT NONE

INTEGER NN, kk, nptx, kx, nx, npts, j

REAL dp,theta,wm,p, xmin, xmax, amassx, xk,pi,alenx,pk, rm, re, ri,dx
COMPLEX eye,chi,Psip,chic, RKE
parameter (npts=9, nptx=2x*npts, NN=2)

DIMENSION chic (nptx), RKE (NN)

common /xy/ xmin,xmax

common /packet/ amassx, xk,pk

COMMON / wfunc/ chi (nptx,2)

pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)

DO j=1,NN
RKE (§)=0.0
do kk=1,nptx
chic (kk)=chi (kk, j)
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end do
CALL fourn(chic,nptx,1,1)
do kx=1,nptx
if (kx.le. (nptx/2+1)) then

nx=kx-1
else
nx=kx-1l-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic (kx)=p**2/(2.0xamassx) xchic (kx) /nptx
end do

CALL fourn(chic,nptx,1l,-1)
do kk=1,nptx
RKE () =RKE (j) +conjg (chi (kk, j)) xchic (kk) »dx
end do
END DO
return
end

CCCCcCcCccccecceececeeecececcececececcecececececececececececececceceececcececececececececececececceccecceccececcecceccececcecececececcececcecceccecceccece

Q Q0000

SUBROUTINE SCHROC1 (CRV, EVECT, EVALUES)
Hamiltonian Matrix Diagonalization

CRV: HERMITIAN MATRIX (INPUT)
EVECT: EIGENVECTORS (OUTPUT)
EVALUES: EIGENVALUES (OUTPUT)

INTEGER N, I,J,NP

REAL EVALUES,CRV2,EVECT2

COMPLEX CRV,EVECT

PARAMETER (N=2, NP=2)

DIMENSION CRV (N, N),EVECT (N, N),EVALUES (N),E (NP)
DIMENSION CRV2 (N,N),EVECT2 (N, N)

DO I=1,N
EVALUES (I)=0.0
E(I)=0.0
DO J=1,N
CRV2 (J, I)=CRV (J, I)
END DO
END DO

CALL TRED2 (CRV2,N,NP,EVALUES, E)
CALL TQLI (EVALUES,E,N,NP, CRV2)
CALL EIGSRT (EVALUES,CRV2,N, NP)

DO I=1,N
DO J=1,N
EVECT (J, I)=CRV2 (J, I)
END DO
END DO
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RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccCeccccecee
c Subroutines from Numerical Recipes to compute FFT

CCCCCCCcCccCccccececececeececeecceceececeecececececececeeecceceecceceeceeecceeecceceeceeeceeeccecececeececeececceececceececcecececcececcece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL*8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM), DATA ()

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11 CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+NPREV)
IP1=2+NPREV
IP2=IP1*N
IP3=IP2*NREM
I2REV=1
DO 14 I2=1,1IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,1IP3,IP2
I3REV=I2REV+I3-I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV) =TEMPR
DATA (I3REV+1)=TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF(IFP1.LT.IP2) THEN

IFP2=2%IFP1
THETA=ISIGN%6.28318530717959D0/ (IFP2/IP1)
WPR=-2.DO*DSIN(0.5DO+THETA) x*2

WPI=DSIN (THETA)

WR=1.DO

WI=0.DO
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DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2
K1=I2
K2=K1+IFP1
TEMPR=SNGL (WR) *DATA (K2) —~SNGL (WI) *DATA (K2+1)
TEMP I=SNGL (WR) +DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) ~-TEMPR
DATA (K2+1)=DATA (K1+1) -TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1)+TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI*WPI+WR
WI=WI+WPR+WTEMP*WPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCecece
c Subroutines to compute eigenvalues and eigenvectors

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccccecee
SUBROUTINE TRED2 (A,N,NP,D,E)
IMPLICIT NONE
INTEGER I,J,X,L,N,NP
REAL A,D,E,H,SCALE,F, G, HH
DIMENSION A (NP,NP),D (NP),E (NP)
IF(N.GT.1) THEN

DO 18 I=N,2,-1
L=I-1
H=0.
SCALE=0.
IF(L.GT.1) THEN
DO 11 K=1,L
SCALE=SCALE+ABS (A(I,K))
11 CONTINUE
IF (SCALE.EQ.0O.) THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
H=H+A (I, K) x*2
12 CONTINUE
F=A(I,L)
G=-SIGN (SQRT (H),F)
E (I)=SCALE*G
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13

14

15

16
17

18

19

20
21

H=H-F*G

A(I,L)=F-G

F=0.

DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.

DO 13 K=1,J

G=G+A (J,K) xA(I,K)

CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L

G=G+A (K, J) *

CONTINUE
ENDIF
E (J)=G/H
F=F+E (J) *A (I, J)

CONTINUE

HH=F/ (H+H)

DO 17 J=1,L
F=A(I,J)
G=E (J) —HH«F
E (J) =G
DO 16 K=1,J

A(J,K)=A(J,K) -

CONTINUE
CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1

IF(D(I).NE.O.) THEN
DO 21 J=1,L
G=0.
DO 19 K=1,L
G=G+A (I, K) *A (K, J)
CONTINUE
DO 20 K=1,L

A(I,K)

FxE (K) -G*A (I,K)

A(K,J)=A(K,J)-G+A(K, I)

CONTINUE
CONTINUE
ENDIF
D(I)=A(I,I)
A(I,I)=1.
IF(L.GE.1) THEN
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DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23  CONTINUE
RETURN
END

CCCCCCCccCcceceeeeeeeeceeceeceecececececececeeceeceeeecececececcecececceccecceccececcecceccecceccececcecceccececcececcececcecce
SUBROUTINE TQLI (D, E,N, NP, Z)
IMPLICIT NONE
INTEGER N, NP, I,K,L,M, ITER
REAL D,E, Z,DD,G,R,S,C,P,F,B
DIMENSION D (NP),E (NP), Z (NP, NP)
IF (N.GT.1l) THEN
DO 11 I=2,N
E(I-1)=E(I)

11 CONTINUE
E (N)=0.
DO 15 L=1,N
ITER=0
1 DO 12 M=L,N-1

DD=ABS (D (M) ) +ABS (D (M+1))
IF (ABS(E(M))+DD.EQ.DD) GO TO 2

12 CONTINUE
M=N
2 IF (M.NE.L) THEN

IF(ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1

G=(D(L+1)-D(L))/ (2.*xE(L))

R=SQRT (Gx*2+1.)

G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

I
o P

S=1.
Cc=1.
P=0.
DO 14 I=M-
F=S*E (
B=C+*E (
IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F
R=SQRT (Cx*2+1.)
E(I+1)=F«*R
S=1./R
C=Cx%S
ELSE
S=F/G
R=SQRT (S*x*2+1.)
E(I+1)=G*R
c=1./R
S=S*C
ENDIF

,L,-1

1
I)
I)
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G=D (I+1)-P
R=(D(I)-G)*S+2.*Cx*B
P=SxR
D(I+1)=G+P
G=C*R-B
DO 13 K=1,N
F=% (K, I+1)
7 (K, T+1) =S+% (K, ) +C+F
7 (K, T)=C*Z (K, T) ~S*F

13 CONTINUE
14 CONTINUE
D(L)=D(L)-P
E(L)=G
E (M)=0.
GO TO 1
ENDIF
15 CONTINUE
ENDIF
RETURN
END

CCCCCcCccCccccecececececececececcecececececececceccecececececececececeececcecececcecceececcececcececcececcececcecececcecececcececcececcece
SUBROUTINE EIGSRT (D,V,N,NP)
IMPLICIT NONE
INTEGER N, NP, I,J,K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)
DO 13 I=1,N-1

K=1
P=D (I)
DO 11 J=I+1,N
IF (D (J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I) THEN
D (K)=D(I)
D(I)=P
DO 12 J=1,N
P=V(J, I)
V(J,I)=V(J,K)
V(J,K)=P
12 CONTINUE
ENDIF

13 CONTINUE
RETURN
END

CCCcCcccccececeececececceccececececececececececececceceecececcecececcecececececececcecececcecececcececce
SUBROUTINE PIKSRT (N, ARR)
IMPLICIT NONE
INTEGER I,J,N
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REAL ARR,A
DIMENSION ARR (N)
DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR(I)

11 CONTINUE
I=0
10 ARR(I+1)=A
12 CONTINUE
RETURN
END

CCCcCcCccCccceccececececececceececececeecceccececececececececcececcecececceccecceccececcecececcececececceccecece
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40.13 Problem 12p

Problem 12p:
The output of this program can be generated and visualized as follows. Cut the source code
attached below, save it in a file named Problem12.f, compile it by typing

£f77 Probleml2p.f -o ProblemlZ2p
run it by typing
./Probleml?2p
The snapshots of the time-dependent wave-packet can be visualized as a movie by typing
gnuplot<pp_12

where the file named

pe_12

has the following lines:
Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P12/P12_c/pp_12)

set yrange[-2:5]

set dat sty 1

plot "arch.0001"™ u 1:2 1w 3
pause .1

plot "arch.0002" u 1:2 1w 3
pause .1

plot "arch.0003" u 1:2 1w 3
pause .1

plot "arch.0004"™ u 1:2 1w 3

pause .1
plot "arch.0005" u 1:2 1w 3
pause .1

plot "arch.0006" u 1:2 1w 3
pause .1
plot "arch.0007" u 1:2 1w 3

pause .1
plot "arch.0008" u 1:2 1w 3
pause .1

plot "arch.0009" u 1:2 1w 3
pause .1
plot "arch.0010" u 1:2 1w 3
pause .1
plot "arch.0011" u 1:2 1w 3
pause .1
plot "arch.0012"™ u 1:2 1w 3

pause .1
plot "arch.0013" u 1:2 1w 3
pause .1
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plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

0014"

0015"

0016"

0017"

0018"

0019"

oozo"

0021"

oo22"

0023"

0024"

0025"

0026"

0027"

oozs"

0029"

0030"

0031"

0032"

0033"

0034"

0035"

0036"

0037"

0038"

0039"

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w

1w
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pause .1

plot M"arch.0040"

pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1

0041"

oo4z2"

0043"

0044"

0045"

0046"

0047"

0o4s8"

0049"

0050"

0051"

0052"

0053"

0054"

0055"

0056"

0057"

0058"

0059"

0060"

00e61"

0062"

0063"

0064"

u l:2 1w 3

u l:2 1w 3

ul:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l:2 1w 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1lw 3

u l1l:2 1w 3

u l:2 1w 3

u l:2 1w 3
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plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot "arch.
pause .1
plot

0065"

0066"

0067"

0068"

0069"

0070"

0071"

0072"

0073"

0074"

0075"

0076"

0077"

0078"

0079"

"arch.0080"

oos1i"

0082"

0083"

0084"

0085"

0086"

oog7"

0088"

0089"

"arch.0090"

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

u 1:2 1w 3

1:2 1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

1w 3

u l:2 1w 3



pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

plot "arch.

pause .1

oo9o1"

0092"

0093"

0094"

0095"

0096"

0097"

0098"

0099"

1w

1w

1w

1w

1w

1w

1w

1w

1w
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Q Q Q0

C

Download from (http://ursula.chem.yale.edu/~batista/classes/summer/P12/P12_c/Problem12p.f)

22

PROGRAM Probleml2p

SOFT Surface Hopping (SOFT/SH) Method (Chen and Batista 2006)
1-D nonadiabatic wave-packet propagation

IMPLICIT NONE

INTEGER NN, npts, nptx, ndump, kt,ntraj

INTEGER istep,nstep, iseed

REAL dt, rn

COMPLEX vprop, tprop, energy

PARAMETER (npts=9, nptx=2xxnpts, NN=2, ntraj=200)
DIMENSION vprop (nptx,NN,NN), tprop (nptx)
COMMON /ENER/ energy (NN)

iseed=912371
call srand(iseed)
CALL ReadParam(nstep,ndump, dt)

DO kt=1,ntraj
IF (mod(kt-1,10) .EQ.0)

PRINT %, "Traj = ", kt,", total = ", ntraj
call Initialize (kt)
CALL SetKinProp (dt, tprop)
CALL SetPotProp (dt, vprop)
CALL energies (energy)

DO istep=1l,nstep+l
IF (istep.GE.1l) CALL PROPAGATE (vprop, tprop,dt)
IF (mod( (istep—-1),ndump) .EQ.0) THEN
CALL ACCUM (istep, ndump, dt)
END TF
END DO
END DO

DO istep=1,nstep+l
IF (mod( (istep-1),ndump) .EQ.0) THEN
CALL SAVEWF (istep, ndump, dt)
END IF
END DO

FORMAT (6 (el3.6,2x))
END

CCCCcCccccececeeeeeceeecececececececeececeecececececececececececeececcecececececcececececcececececcececcececcecccececcece

SUBROUTINE energies (energy)
IMPLICIT NONE

INTEGER 7, NN

COMPLEX energy, RV, RKE
PARAMETER (NN=2)
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DIMENSION RV (NN) ,RKE (NN),energy (NN)

CALL PE (RV)

CALL KE (RKE)

DO j=1,NN

energy (j) =RV (j) +RKE (J)

END DO

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccee

subroutine ReadParam(nstep, ndump, dt)

Parameters defining the grid (xmin, xmax), integration time step (dt),
mass (amassx), initial position (xk), initial momentum (pk),
number of propagation steps (nstep), and how often to save a pic (ndump)

Q Qo QQ0

IMPLICIT NONE

INTEGER ntype,nstep,nrpt, ireport, ndump,nlit
REAL xmin, xmax,pk,amassx, xk, dt

common /packet/ amassx, xk,pk

common /xy/ xmin,xmax

xmin=-6.0
xmax=6.0
dt=0.2
amassx=1.0
xk=-2.2
prk=0.
nstep=100
ndump=1

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCCcCcccccccccccccccccccccecece

SUBROUTINE Initialize (kt)

IMPLICIT NONE

INTEGER NN, nptx,npts, kk, counter, j, kt, ns
COMPLEX chi0, chi,EYE,CRV, cl

REAL omega, xk2,xmin, xmax,dx,pi, amassx, xk, pk, x,alpha,alpha?2
PARAMETER (npts=9, nptx=2xxnpts, NN=2)
DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ amassx, xk,pk

COMMON / wfunc/ chi (nptx,NN)

COMMON / iwfunc/ chiO (nptx, NN)
COMMON/cumul/ cl (nptx,200,2),counter (200)
COMMON / OCCUP/ ns

EYE=(0.0,1.0)

pi= acos (-1.0)
omega=1.

266



dx= (xmax—xmin) /real (nptx)
ns = 1

c Wave Packet Initialization: Gaussian centered at xk, with momentum pk

alpha=amassx*omega

do kk=1,nptx
x=xmin+kk*dx
chi (kk,1)=((alpha/pi) **0.25)

1 *exp (—alpha/2.* (x—xk) **2+EYE+pk* (x—xk) )
chi (kk,2)=chi(kk,1)*.0

chiO (kk,1)=chi (kk, 1)
chiO (kk, 2)=chi (kk, 2)
end do

IF (kt.EQ.1) THEN
DO kk=1,200
DO j=1,nptx
cl(j, kk,1)=
cl(j, kk,2)=
END DO
counter (kk)=0
END DO
END IF

0.0
0.0

RETURN

END
ccccccceccecececcccececectcccccccccccccccccccccceccccccceccececcccececceeecceccecee

SUBROUTINE SAVEWF (je2, ndump,dt)

c

c Dump Time Evolved Wave packet

c
IMPLICIT NONE
INTEGER je2,nptx,npts, kk, NN, ncount, ndump, jj, counter
COMPLEX chi,CRV,energy,psi,Psia,cl,c2
character*9 B
REAL V,x1,cla,x,xmin, xmax, dx, EVALUES,dt, rl, r2
PARAMETER (npts=9, nptx=2xxnpts, NN=2)
DIMENSION CRV (NN,NN) , EVALUES (NN)
DIMENSION psi (NN, NN)
COMMON/cumul/ cl (nptx,200,2),counter (200)
common /xy/ xmin,xmax
COMMON / wfunc/ chi (nptx,NN)
COMMON /ENER/ energy (NN)

c

c IF (je2.EQ.1) CALL energies (energy)
Jj=je2/ndump
write(B, ' (A,1i4.4)") ’'arch.’, 33

OPEN (1, FILE=B)
dx= (xmax—-xmin) /real (nptx)
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ncount=(je2-1) /ndump
c Save Wave—packet components

do kk=1,nptx

x=xmin+kk*+dx

rl=abs (cl (kk, 33,1))

write(1l,33) x,rl/counter (jj)+real (energy (1))
end do
write (1, 33)

do kk=1,nptx

x=xmin+kk*dx

r2=abs (cl (kk, j3j,2))

write(1l,33) x,r2/counter (jj)+real (energy(2))
end do
write (1, 33)

do kk=1,nptx

x=xmin+kk*dx

write(1,33) x,real (energy(2))
end do
write (1, 33)

do kk=1,nptx

x=xmin+kk*dx

write(1l,33) x,real (energy(l))
end do
write (1, 33)

c Save Adiabatic states

do kk=1,nptx
x=xmin+kk*+dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV, psi, EVALUES)
write(1l,33) x,EVALUES (1)
end do
write (1, 33)
do kk=1,nptx
x=xmin+kk*dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV, psi, EVALUES)
write(1,33) x,EVALUES(2)
end do
CLOSE (1)
33 format (6 (el3.6,2x))
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccee
SUBROUTINE ACCUM(je2,ndump,dt)
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c Accumulate Time Evolved Wave packet

IMPLICIT NONE

INTEGER je2, nptx,npts, kk, NN, ncount, ndump, jj, counter, ns
COMPLEX chi,CRV, energy,psi,Psia,cl,c2
character+«9 B

REAL V,x1,cla,x,xmin, xmax, dx, EVALUES, dt
PARAMETER (npts=9, nptx=2*xxnpts, NN=2)
DIMENSION CRV (NN,NN) , EVALUES (NN)
DIMENSION psi (NN, NN)

COMMON/cumul/ cl (nptx,200,2),counter (200)
common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx, NN)

COMMON /ENER/ energy (NN)

COMMON / OCCUP/ ns

c
jj=je2/ndump
counter (jj)=counter (jj)+1
c
c Accumulate Wave-packet components
c

do kk=1,nptx
cl(kk, jj,ns)=cl (kk, jj,ns) +chi (kk, ns)
end do
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccecee
subroutine SetKinProp (dt,tprop)

c
c Kinetic Energy part of the Trotter Expansion: exp (-1 p~"2 dt/(2 m))
c

IMPLICIT NONE

INTEGER nptx, kx,nx,npts, NN

REAL xsc,xmin, xmax,propfacx,amassx, xk,pi,alenx,dt, pk

COMPLEX tprop,eye

parameter (npts=9, nptx=2+xnpts, NN=2)

DIMENSION tprop (nptx)

common /xy/ xmin,xmax

common /packet/ amassx,xk,pk
c

eye=(0.,1.)

pi = acos (-1.0)

alenx=xmax—xmin
propfacx=-dt/2./amassxx (2.xpi) x%2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
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xsc=0.

if(nx.ne.0) xsc=real (nx)/alenx
tprop(kx)=exp(eye*(propfacx*xsc**Z))
end do
return
end

CCCCcCcccceceeeeeceeececececececececeececeecececeeeccececeecececececceccececececcecececececcececececcececcececcecceccececcce

Q

subroutine SetPotProp (dt, vprop)
Potential Energy part of the Trotter Expansion: exp (-1 V dt/2)

IMPLICIT NONE

INTEGER NN, ii, kk, jj,nptx,1i, j, k,npts

REAL xmin, xmax,dx,dt, EVALUES, x,V1,V2,VA

COMPLEX vp, vprop, eye,dummy, psi, CRV
parameter (npts=9, nptx=2xxnpts, NN=2)

DIMENSION vprop (nptx,NN,NN),psi (NN, NN), CRV (NN, NN)
DIMENSION vp (NN, NN) , dummy (NN, NN) , EVALUES (NN)
common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii*dx
CALL HAMIL (CRV, x)
V1=CRV (1,1)
V2=CRV (2, 2)
VA=0.5% (V1+V2)
1,1)=exp(-eyex0.5xdt*V1

Vp( )
p(l,2)=exp(-eyex0.5xdtxVA)
vp(2,1) =exp (—eyex0.5xdtxVA)
vp (2,2)=exp (-eyex0.5xdtxV2)
do i=1,2
do j=1,2
vprop(ii,i, j)=vp( ) /sqrt (1.0+nptx)
end do
end do
end do
RETURN

END

CCCCcCcccccecceeeececceeececcecececececceceececececceccececececececececececececcecececececececcececececceccecececcecececcceccececcccece

Q Q0 0Q0

SUBROUTINE PROPAGATE (vprop, tprop, dt)
SOFT Surface Hopping (SOFT/SH) Method (Chen and Batista 2006)

SOFT = Split Operator Fourier Transform Propagation Method
J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)

IMPLICIT NONE
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Q

INTEGER i, j,kk,NN,in,ii, nptx,npts,NF,ns,ns_n,ns_o
COMPLEX chi,vprop,chin, tprop,eye, rc

REAL cs,si,dt,rn
PARAMETER (npts=9, nptx=2+xxnpts, NN=2)

DIMENSION chin (nptx)

DIMENSION tprop (nptx), vprop (nptx, NN, NN)

COMMON / wfunc/ chi (nptx,NN)

COMMON / OCCUP/ ns

eye=(0.0,1.0)
Stochastic Jump

NF=0

cs=cos (0.3*dt)
si=sin (0.3*dt)
rc=cs+si
rn=rand () xrc

IF(rn.LE.cs) NF=1 ! flag for adiabatic dynamics
ns_n=ns ! new surface index
ns_o=ns ! old surface index

IF(NF.EQ.0) THEN
rc=—-eyex*rc
ns_o = ns
IF(ns_o.EQ.1) THEN
ns_n = 2
ELSE
ns_n = 1
END IF
ns=ns_n
END IF

Apply potential energy part of the Trotter Expansion
DO ii=1,nptx
chin(ii)=vprop(ii,ns_n,ns_o)*chi(ii,ns_o)
END DO
Fourier Transform wave-packet to the momentum representation
CALL fourn(chin,nptx,1,1)
Apply kinetic energy part of the Trotter Expansion
DO ii=1,nptx
chin(ii)=tprop(ii)+xchin(ii)
END DO

Inverse Fourier Transform wave-packet to the coordinate representation

CALL fourn(chin,nptx,1,-1)
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c Apply potential energy part of the Trotter Expansion

DO ii=1,nptx
chi(ii,ns_n)=rc*vprop(ii,ns_n,ns_o)*chin(ii)
END DO

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCCccccccccccccccccccccccccceccccecceece
SUBROUTINE HAMIL (CRV, x)

c Hamiltonian Matrix

IMPLICIT NONE
INTEGER NN

REAL x,VPOT1,VPOT2
COMPLEX CRV
PARAMETER (NN=2)
DIMENSION CRV (NN, NN)

CALL VA (VPOT1, x)
CALL VB (VPOT2Z, x)
CRV (1 VPOT1
CRV (2 VPOT2
CRV (1
(2

2
,2
1

14

CRV

1)
)
)
)

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcccccccccccccccccccccccccecccecceccecccecececee

SUBROUTINE VA (V, x)

c Potential Energy Surface: Harmonic Oscillator

implicit none

REAL V, x,amassx, xk, pk, rk, omega

common /packet/ amassx, xk, pk

omega=1.0

rk=amassxxomegax*2

V=0.5*xrk*xx*x

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccee

SUBROUTINE VB (V, x1)

c Potential Energy Surface: Double-Well Potential, tunneling dynamics
implicit none
REAL V,x1,x

x=x1
V=—0.5%x*%2+1.0/(16.0%x1.3544) »x**4
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RETURN
END

cCccccceccecececceccecceccecccececcececcecececceccccccccececcececceccecceccecceccccceccecececececcecece
SUBROUTINE PE (RV)

c Expectation Value of the Potential Enegy

IMPLICIT NONE

INTEGER nptx,npts, kk, NN, j

COMPLEX chi,EYE,RV

REAL Vpot, omega,xmin, xmax,dx,pi, amassx, xk, pk, x, alpha
PARAMETER (npts=9, nptx=2xxnpts, NN=2)

DIMENSION RV (NN)

COMMON / wfunc/ chi (nptx, NN)

common /xy/ xmin,xmax

common /packet/amassx, xk, pk

dx= (xmax—-xmin) /real (nptx)
DO j=1,NN
RV (3)=0.0
do kk=1,nptx
x=xmin+kkxdx
IF (j.EQ.1) CALL VA (Vpot, x)
IF (7.EQ.2) CALL VB (Vpot, x)
RV (j)=RV (j)+chi (kk, ) *Vpotxconijg(chi (kk, j)) »dx
end do
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcccccccccececee
subroutine KE (RKE)

c
c Expectation value of the kinetic energy
c
IMPLICIT NONE
INTEGER NN, kk, nptx, kx,nx, npts, J
REAL dp, theta,wm, p, xmin, xmax, amassx, xk,pi,alenx,pk, rm, re,ri,dx
COMPLEX eye,chi,Psip,chic, RKE
parameter (npts=9, nptx=2xxnpts, NN=2)
DIMENSION chic (nptx) ,RKE (NN)
common /xy/ xmin,xmax
common /packet/ amassx, xk,pk
COMMON / wfunc/ chi (nptx,2)
c
pi = acos (-1.0)
dx= (xmax—-xmin) /nptx
dp=2.*pi/ (xmax—xmin)
c
DO j=1,NN
RKE (j)=0.0
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do kk=1,nptx
chic (kk)=chi (kk, j)
end do
CALL fourn(chic,nptx,1,1)
do kx=1,nptx
if(kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1-nptx
end if
p=0.
if(nx.ne.0) p = real (nx)*dp
chic (kx)=p**2/(2.0xamassx) xchic (kx) /nptx
end do
CALL fourn(chic,nptx,1,-1)
do kk=1,nptx
RKE (J)=RKE (j) +conjg (chi (kk, j) ) *chic (kk) xdx
end do
END DO
return
end

CCCCcCcCcccceceeeececeeececceceecececceceecececececcecececececececececececececcececececececcecececcececececcecececececcececcececcecccececce

QO Qo000

SUBROUTINE SCHROCI (CRV, EVECT, EVALUES)

Hamiltonian Matrix Diagonalization

CRV: HERMITIAN MATRIX (INPUT)
EVECT: EIGENVECTORS (OUTPUT)
EVALUES: EIGENVALUES (OUTPUT)

INTEGER N, I,J,NP
REAL EVALUES,CRV2,EVECT2

COMPLEX CRV,EVECT

PARAMETER (N=2, NP=2)

DIMENSION CRV (N, N),EVECT (N,N),EVALUES (N),E (NP)
DIMENSION CRV2 (N, N),EVECT2 (N, N)

DO I=1,N
EVALUES (I)=0.0
E(I)=0.0
DO J=1,N

CRV2 (J, I)=CRV(J, I)
END DO
END DO

CALL TRED2 (CRV2,N,NP,EVALUES,E)
CALL TOQLI (EVALUES,E,N,NP,CRV2)
CALL EIGSRT (EVALUES,CRV2,N,NP)

DO I=1,N

DO J=1,N
EVECT (J, I)=CRV2 (J, I)
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END DO

END DO
C

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccecee
c Subroutines from Numerical Recipes to compute FFT

CCCCCCCCCcCccceceeceeeceececeeeceeececececeececeececeeeceececeeeceeecececececeececececececcecececcecececcecececceccececcecececcececcecececccece
SUBROUTINE FOURN (DATA, NN, NDIM, ISIGN)
REAL+8 WR,WI,WPR,WPI,WIEMP, THETA
DIMENSION NN (NDIM),DATA (x)

NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11  CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+NPREV)
IP1=2+NPREV
IP2=IP1#N
IP3=IP2*NREM
I2REV=1
DO 14 I2=1,IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-1I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1) =TEMPI

12 CONTINUE
13 CONTINUE
ENDIF
IBIT=IP2/2
1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN

I2REV=I2REV-IBIT
IBIT=IBIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF (IFP1.LT.IP2) THEN

IFP2=2+IFP1
THETA=ISIGN*6.28318530717959D0/ (IFP2/IP1)
WPR=-2.D0O*DSIN (0.5DO*THETA) **2

WPI=DSIN (THETA)
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WR=1.DO

WI=0.DO

DO 17 I3=1,IFP1,IP1

DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2

K1=1I2
K2=K1+IFP1
TEMPR=SNGL (WR) +DATA (K2) —~SNGL (WI) «DATA (K2+1)
TEMP I=SNGL (WR) *DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) —-TEMPR
DATA (K2+1) =DATA (K1+1) —-TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1) +TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WI+*WPI+WR
WI=WI+WPR+WTEMP*xWPI+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N*NPREV
18 CONTINUE

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccceccee
c Subroutines to compute eigenvalues and eigenvectors

CCCCCCCCcCccceceeeeeececececeeecceceeeceeceeeceecceeececeecececeeecececececececececececcececcecececcecececcececce
SUBROUTINE TRED2 (A,N,NP,D,E)
IMPLICIT NONE
INTEGER I,J,K,L,N,NP
REAL A,D,E,H, SCALE,F, G, HH
DIMENSION A (NP,NP),D(NP),E (NP)

IF (N.GT.1l)THEN
DO 18 I=N,2,-1
L=I-1
H=0.
SCALE=0.
IF(L.GT.1) THEN
DO 11 K=1,L
SCALE=SCALE+ABS (A (I,K))
11 CONTINUE
IF (SCALE.EQ.O0.) THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
H=H+A (I,K) x*2
12 CONTINUE
F=A(I,L)
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13

14

15

16
17

18

19

20
21

G=-SIGN (SQRT (H) , F)
E (I)=SCALE*G
H=H-F*G

A(I,L)=F-G

F=0.

DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.

DO 13 K=1,J

G=G+A (J,K) *A (I, K)

CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L

G=G+A (K, J) *A (I, K)

CONTINUE
ENDIF
E(J)=G/H
F=F+E (J) *A (I, J)

CONTINUE

HH=F/ (H+H)

DO 17 J=1,L
F=A(I,J)
G=E (J) —HH«F
E(J)=G
DO 16 K=1,J

A(J,K)=A(J,K)-F*xE(K)-G*A(I,K)

CONTINUE
CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1
IF(D(I).NE.O.)THEN
DO 21 J=1,L
G=0.
DO 19 K=1,L
G=G+A (I,K) *A (K, J)
CONTINUE
DO 20 K=1,L

A(K,J)=A(K,J)-G*A (K, I)

CONTINUE
CONTINUE
ENDIF
D(I)=A(I,I)
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A(I,I)=1.
IF (L.GE.1) THEN
DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23  CONTINUE
RETURN
END

CCCCCCccCccCcccecececeeecececececececececececcecececeececececececcecececcecececceccecececcecececececececceccecececcecececcececcececcece
SUBROUTINE TQLI (D,E,N,NP,2)
IMPLICIT NONE
INTEGER N, NP, I,K,L,M,ITER
REAL D,E,Z,DD,G,R,S,C,P,F,B
DIMENSION D (NP),E (NP), Z (NP, NP)
IF (N.GT.l) THEN
DO 11 I=2,N

E(I-1)=E(I)
11 CONTINUE
E (N)=0.
DO 15 L=1,N
ITER=0
1 DO 12 M=L,N-1

DD=ABS (D (M) ) +ABS (D (M+1))
IF (ABS(E(M))+DD.EQ.DD) GO TO 2

12 CONTINUE
M=N
2 IF (M.NE.L) THEN

IF(ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1

G=(D(L+1)-D(L))/(2.*E (L))

R=SQRT (G**2+1.)

G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

s=1.
c=1.
P=0.
DO 14 I=M-1,L,-1
F=S«+E (I)
B=C+E (I)
IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F

R=SQRT (Cx*2+1.)
E(I+1)=F«*R
S=1./R
C=Cx*S

ELSE
S=F/G
R=SQRT (S+*2+1.)
E(I+1)=G*R
c=1./R
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S=5xC

ENDIF
G=D (I+1)-P
R=(D(I)-G)*S+2.%C«*B
P=S*R
D(I+1)=G+P
G=C*R-B
DO 13 K=1,N
F=Z (K, I+1)

7 (K, T+1)=S%2% (K, I) +C*F
Z (K, I)=C*Z (K, I)-S*F

13 CONTINUE
14 CONTINUE
D(L)=D(L)-P
E (L) =G
E(M)=0.
GO TO 1
ENDIF
15 CONTINUE
ENDIF
RETURN
END

CCCCCCCCcCccceceeeececececececececececeececeecececeececeeecceceecececeecececececceccececceccecececcececcecececcececccece
SUBROUTINE EIGSRT (D,V,N,NP)
IMPLICIT NONE
INTEGER N, NP, I,J,K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)

DO 13 I=1,N-1
K=1
P=D (I)
DO 11 J=I+1,N
IF (D (J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I) THEN
D (K)=D (I)
D(I)=P
DO 12 J=1,N
P=V (J, I)
V(J,I)=V(J,K)
V(J,K)=P
12 CONTINUE
ENDIF

13 CONTINUE
RETURN
END

CCCCCccCccCccceceeeeeceeceecececececececeeecceceeeeceeecceececcecececceccecececcececcececcecce
SUBROUTINE PIKSRT (N, ARR)
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IMPLICIT NONE
INTEGER I,J,N
REAL ARR, A
DIMENSION ARR (N)
DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR(I)

11 CONTINUE
I=0
10 ARR(I+1)=A
12 CONTINUE
RETURN
END

CCCcCcccceecececeecececceececececcecececececcecececcececcecececcececececcececcececccecececcecccecece
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40.14 Problem 15.1

Computational Problem 15.1:

Write a program to solve the time independent Schrédinger equation by using the DVR method and

apply it to find the first 4 eigenvalues and eigenfunctions of the Harmonic oscillator introduced by

Eq. with m = 1 and w = 1. Verify that the eigenvalues are E(v) = (1/2 4+ v)hw, v = 0-10.
Download the source code from (http://ursula.chem.yale.edu/~batista/classes/v572/dvrhol.f)

PROGRAM DVR

This code computes the eigenvalues and eigenvectors of a Harmonic
oscillator V(x)=0.5xmxw**2* (x—4.) **2

The KE matrix is described according to Eg. (81l) of the lecture notes
that corresponds to Eqg. (A7) of JCP (1991) 96:1982-1991.

Q Q QQQQ0

CALL READPARAM()

CALL Hamiltonian ()

CALL EIGV ()

CALL DUMP ()

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccecccee

SUBROUTINE READPARAM ()

implicit real %8 (a-h,o-z)

PARAMETER (npt=100,NC=1)

COMMON /paque/ rmin (NC), rmax (NC), rmass(NC), dx(NC)

rmin (1

rmax (1

rmass (1)

DO I=1,NC

dx (I)=(rmax (I)-rmin(I)) / (npt-1)

END DO

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccececee

SUBROUTINE Hamiltonian ()

implicit real *8(a-h,o0-2z)

PARAMETER (npt=100, NC=1)

COMMON /paque/ rmin (NC), rmax(NC), rmass(NC), dx(NC)

COMMON/HAM/ VHAM (npt, npt)

pi=acos(-1.)

DO i=1, npt

DO ip=1, npt
IF(1i.EQ.ip) THEN
VIEMP=pixpi/3.0d0

)=0.
)=8.
1)=1.

c VTEMP=VTEMP-0.5d0/dfloat (i) **2 ! for radial coord.
ELSE
VTEMP=2.d0/ (i-1ip) %2
c VTEMP=VTEMP-2.d0/ (1i+ip) **2 ! for radial coord.
END IF

VHAM (i, 1p) =VTEMP« (—1) %% (i-ip)
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/dx (1)/ dx(1)/ (2.0*rmass (1))
IF(1i.EQ.ip) THEN
r=rmin (1) + (i-1) xdx (1)
VHAM (i, ip) =VHAM (1, ip) +V ()
END IF
END DO
END DO
RETURN
END

CCCCCcCccccecceeeeecececcecceccecececcececececececececececececcececceecececececececececececceccececceccececcececcececececececececcecceccecceccececccccece

FUNCTION V (r)

implicit real %8 (a-h,o-z)
V=0.5%x1.%(r=4.) %2
RETURN

END

CCCCCCccccceceeeececeececcececeececececececececeececececececececececececececcececececcecececcececcececececceccececceccecceccecceccececcecce

Q Q00 00a0a0

SUBROUTINE EIGV ()
Diagonalization

VHAM: HERMITIAN MATRIX (INPUT)
EVALUES: EIGENVALUES (OUTPUT)
EVECT: EIGENVECTORS (OUTPUT)

implicit real *8(a-h,o0-2z)

REAL CRV, EVALUES,E,EVECT

PARAMETER (npt=100, NC=1, npt 2=npt * *+NC)

COMMON/ HAM/ VHAM (npt2,npt2)

COMMON /paque/ rmin (NC), rmax(NC), rmass (NC), dx(NC)
PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)

DIMENSION E (NP)

DO I=1,N
EVALUES (I)=0.0
E(I)=0.0
DO J=1,N
EVECT (J, I)=VHAM(J, I)
END DO
END DO

CALL TRED22 (EVECT,N, NP, EVALUES, E)
CALL TQLI (EVALUES,E,N,NP,EVECT)
CALL EIGSRT (EVALUES,EVECT,N,NP)

RETURN
END

CCCCCcCccCcccecceeeeecececcececececececececececececececececcececececececececececececececcececcececceccececcececcececcececececececceccecceccecceccecccccece

SUBROUTINE DUMP ()

implicit real x8(a-h,o0-z)
REAL CRV, EVALUES,EVECT,E
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character+«9 B

PARAMETER (npt=100,NC=1, npt 2=npt **NC)

PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)

COMMON /paque/ rmin(NC), rmax(NC), rmass(NC), dx(NC)
DIMENSION r (NC), j(NC)

DO k=1, 10
IND=npt2-(k-1)
PRINT %, "E(",k,")=",EVALUES (IND)
END DO
c
DO 1=1,4
IND=npt2-(1-1)
write(B, ' (A,14.4)") ’'wave.’, 1

OPEN (10, FILE=B)
rsum=0.0
DO i=1,npt2
r(l)=rmin(l)+(i-1)+dx (1)
WRITE (10,22) r(l),V(r),EVALUES (IND)

1 , EVALUES (IND) +EVECT (i, IND)
rsum=rsum + EVECT (i, IND) x*2

END DO

PRINT %, "norm(",1,")=",rsum

END DO

CLOSE (10)

22 FORMAT (6 (e13.6,2x))

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccecee
c Subroutines to compute eigenvalues and eigenvectors from NR

CCCCCcCccCccccecececeececcecececececececececececcececececececececececececceccececcececececececececcececececcecececcecececcececcececcececce
SUBROUTINE TRED22 (A,N,NP,D,E)
IMPLICIT NONE
INTEGER I,J,K,L,N,NP
REAL A,D,E,H,SCALE,F,G,HH
DIMENSION A (NP,NP),D(NP),E (NP)

IF (N.GT.1) THEN
DO 18 I=N,2,-1
L=I-1
H=0.
SCALE=0.
IF(L.GT.1) THEN
DO 11 K=1,L
SCALE=SCALE+ABS (A (I,K))
11 CONTINUE
IF (SCALE.EQ.0.) THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
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12

13

14

15

16
17

18

19

20

H=H+A (I,K) x*2
CONTINUE
F=A(I,L)
G=-SIGN (SQRT (H), F)
E (I)=SCALE*G
H=H-F*G
A(I,L)=F-G
F=0.
DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.
DO 13 K=1,J
G=G+A (J,K) *xA (I, K)
CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L
G=G+A (K, J) *A (I, K)
CONTINUE
ENDIF
E (J)=G/H
F=F+E (J) *A (I, J)
CONTINUE
HH=F/ (H+H)
DO 17 J=1,L
F=A(I,J)
G=E (J) —HHxF
E (J)=G
DO 16 K=1,J
A(J,K)=A(J,K)-F*E (K)-GxA (I,K)

CONTINUE
CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1
IF (D (I).NE.O.)THEN
DO 21 J=1,L
G=0.

DO 19 K=1,L
G=G+A (I, K) *A (K, J)

CONTINUE

DO 20 K=1,L
A(K,J)=A(K,J)-G*A (K, I)

CONTINUE
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21 CONTINUE

ENDIF
D(I)=A(I,I)
A(I,I)=1.

IF(L.GE.1) THEN
DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23 CONTINUE
RETURN
END

CCCCCCcCccceceeeeeeeeceeecececececcecececececeeceeceeeeecececcecececcecceccececcececcecceccecceccecceccecceccececcececcececcececce
SUBROUTINE TOQLI (D,E,N,NP, 7)
IMPLICIT NONE
INTEGER N, NP, I,K,L,M, ITER
REAL D,E, Z,DD,G,R,S,C,P,F,B
DIMENSION D (NP),E (NP), Z (NP, NP)
IF (N.GT.l) THEN
DO 11 I=2,N
E(I-1)=E(I)

11 CONTINUE
E (N)=0.
DO 15 L=1,N
ITER=0
1 DO 12 M=L,N-1

DD=ABS (D (M) ) +ABS (D (M+1))
IF (ABS(E(M))+DD.EQ.DD) GO TO 2

12 CONTINUE
M=N
2 IF (M.NE.L) THEN

IF(ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1

G=(D(L+1)-D(L))/ (2.*xE(L))

R=SQRT (G**2+1.)

G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

s=1.
c=1.
P=0.
DO 14 I=M-1,L,-1
F=S«E (I)
B=C+E (I)
IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F
R=SQRT (C**2+1.)
E(I+1)=F*R
S=1./R
C=C*S
ELSE
S=F/G
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R=SQRT (S+*2+1.)
E(I+1)=G*R
Cc=1./R
S=S*C
ENDIF
G=D (I+1)-P
R=(D(I)-G)*S+2.*Cx*B
P=S*R
D(I+1)=G+P
G=CxR-B
DO 13 K=1,N
F=% (K, I+1)
7 (K, T+1)=S+7% (K, T) +C*F
7 (K, 1) =C*7 (K, I) —S*F

13 CONTINUE
14 CONTINUE
D(L)=D(L)-P
E (L) =G
E (M)=0.
GO TO 1
ENDIF
15 CONTINUE
ENDIF
RETURN
END

CCCCCCCccCccececeeeeeeeeecececececececeecececeececeeeeecececececececceeccecceccececcecceccececcececcecceccececcececcececcecce
SUBROUTINE EIGSRT (D,V,N,NP)
IMPLICIT NONE
INTEGER N, NP, I,J, K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)
DO 13 I=1,N-1

K=1
P=D (I)
DO 11 J=I+1,N
IF (D (J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I) THEN
D (K)=D (I)
D(I)=P
DO 12 J=1,N
P=V(J, I)
V(J,I)=V(J,K)
V(J,K)=P
12 CONTINUE
ENDIF

13 CONTINUE

RETURN
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END
CCCCCccCccceceeeeeceececececeececeeeceecceceeeeceececceececceccecececcecececcececcecececce
SUBROUTINE PIKSRT (N,ARR)
IMPLICIT NONE
INTEGER I,J,N
REAL ARR, A
DIMENSION ARR (N)
DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR(I)

11 CONTINUE
I=0
10 ARR(I+1)=A
12 CONTINUE
RETURN
END

CCCcCcCccCccceccecececeeecececececeeececcececececececececcececceccececececceccecceccecececcececececececece

To visualize the output of the program listed above, save it in a file named dvrhol.f, compile it
by typing

£77 dvrhol.f -o dvrhol
and run it by typing
./dvrhol

Then, cut the script attached below, save it with the name scr_hol in the same directory where you
run your code, and visualize the 4 eigenstates by typing

gnuplot<scr_hol

where the file named scr_hol has the following lines:
Download from (http://ursula.chem.yale.edu/~batista/classes/v572/scr_hol)

set yrange[0:6]

set xrange[-10:10]

set dat sty 1

plot "wave.0001"™ u 1:2 1w 3
pause 1.

replot "wave.0001" u 1:3 1w 3
pause 1.

replot "wave.0001" u 1:4 1w 3
pause 1.

replot "wave.0002" u 1:3 1w 3
pause 1.

replot "wave.0002" u 1:4 1w 3
pause 1.
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replot "wave
pause 1.
replot "wave
pause 1.
replot "wave
pause 1.
replot "wave
pause 5.0

.0003"

.ooo3"

.0o004"

.0004"

1w

1w

1w

1w
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40.15 Problem 15.2

Computational Problem 15.2:
Change the potential of the code written in 15.1 to that of a Morse oscillator V() = De(1l —
exp(—a(® — x.)))?, with z. = 0, De = 8, and a = \/k/(2D,), where k = mw?, and recompute
the eigenvalues and eigenfunctions.

Download the source code from ((http://ursula.chem.yale.edu/~batista/classes/v572/dvrmol.f)

PROGRAM DVR

This code computes the eigenvalues and eigenvectors of a Morse
oscillator V(r)=Dex (l.0-exp(—ax(r-re)))**2

The KE matrix is described according to Eg. (82) of the lecture notes
that corresponds to Eqg. (A8) of JCP (1991) 96:1982-1991.

Q QOO

CALL READPARAM()

CALL Hamiltonian ()

CALL EIGV ()

CALL DUMP ()

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccecccee

SUBROUTINE READPARAM ()

implicit real %8 (a-h,o-z)

PARAMETER (npt=100,NC=1)

COMMON /paque/ rmin (NC), rmax (NC), rmass(NC), dx(NC)

rmin (1) =0.

rmax (1)=10.

rmass (1)=1.

DO I=1,NC

dx (I)=(rmax (I)-rmin(I)) / (npt-1)

END DO

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccccececee

SUBROUTINE Hamiltonian ()

implicit real *8(a-h,o0-2z)

PARAMETER (npt=100, NC=1)

COMMON /paque/ rmin (NC), rmax(NC), rmass(NC), dx(NC)

COMMON/HAM/ VHAM (npt, npt)

pi=acos(-1.)

DO i=1, npt

DO ip=1, npt
IF(1i.EQ.ip) THEN
VIEMP=pixpi/3.0d0
VTEMP=VTEMP-0.5d0/dfloat (i) **2 ! for radial coord.

ELSE

VTEMP=2.d0/ (i-1ip) %2

VTEMP=VTEMP-2.d0/ (i+ip) **2 ! for radial coord.
END TF

VHAM (i, 1p) =VTEMP« (—1) %% (i-ip)
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/dx (1)/ dx(1)/ (2.0*rmass (1))
IF(1i.EQ.ip) THEN
r=rmin (1) + (i-1) xdx (1)
VHAM (i, ip) =VHAM (1, ip) +V ()
END IF
END DO
END DO
RETURN
END

CCCCCcCccccecceeeeecececcecceccecececcececececececececececececcececceecececececececececececceccececceccececcececcececececececececcecceccecceccececccccece

FUNCTION V (r)

implicit real %8 (a-h,o-z)
V=0.5%x1.%(r=3.)**2

De=8.0

re=3.0

rk=1.

a=sqgrt (rk/ (2.0%De))

V=Dex* (1.0-exp (—a* (r—-re))) x*2
RETURN

END

CCCCCCCcCccceeeececeececcececeececcecececececceccecececececeecececececececececececececcecececcececcecececceccececccecceccecceccececcecce

Q Q00 000a0

SUBROUTINE EIGV ()
Diagonalization

VHAM: HERMITIAN MATRIX (INPUT)
EVALUES: EIGENVALUES (OUTPUT)
EVECT: EIGENVECTORS (OUTPUT)

implicit real x8(a-h,o0-2z)

REAL CRV, EVALUES,E,EVECT

PARAMETER (npt=100, NC=1, npt 2=npt + *+NC)

COMMON/ HAM/ VHAM (npt2,npt2)

COMMON /paque/ rmin (NC), rmax(NC), rmass (NC), dx(NC)
PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)

DIMENSION E (NP)

DO I=1,N
EVALUES (I)=0.0
E(I)=0.0
DO J=1,N
EVECT (J, I)=VHAM (J, I)
END DO
END DO

CALL TRED22 (EVECT, N, NP, EVALUES, E)
CALL TOQLI (EVALUES,E,N,NP,EVECT)
CALL EIGSRT (EVALUES,EVECT,N,NP)

RETURN
END
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CCCCcCcCccceeeeeceeceeececcececeecececeecececececececececcececececcecececececececececececcecececcececcecececcececcececcceccecececececcececccce
SUBROUTINE DUMP ()

implicit real *8(a-h,o0-2z)

REAL CRV, EVALUES,EVECT,E

character*«9 B

PARAMETER (npt=100,NC=1, npt 2=npt **NC)

PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)

COMMON /paque/ rmin (NC), rmax(NC), rmass(NC), dx(NC)
DIMENSION r (NC), j(NC)

DO k=1, 10
IND=npt2-(k-1)
PRINT %, "E(",k,")=",EVALUES (IND)
END DO
c
DO 1=1,4

IND=npt2-(1-1)
write(B, ' (A,14.4)") ’'wave.’, 1
OPEN (10, FILE=B)
rsum=0.0
DO i=1,npt2
r(l)=rmin(l)+(i-1)+dx (1)
WRITE (10,22) r(l),V(r),EVALUES (IND)

1 , EVALUES (IND) +EVECT (i, IND)
rsum=rsum + EVECT (i, IND) x*2

END DO

PRINT %, "norm(",1,")=",rsum

END DO

CLOSE (10)

22 FORMAT (6 (e13.6,2x))

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccece
c Subroutines to compute eigenvalues and eigenvectors from NR

CCCCCcCcccccecececeecececececcecececececececceccecececececececececececececeececcececececcecececececcececcecececcecececececcececcececce
SUBROUTINE TRED22 (A, N,NP,D,E)
IMPLICIT NONE
INTEGER I, J,K,L,N,NP
REAL A,D,E,H,SCALE,F,G, HH
DIMENSION A (NP,NP),D(NP),E (NP)

IF (N.GT.1) THEN
DO 18 I=N,2,-1
L=I-1
H=0.
SCALE=0.
IF(L.GT.1) THEN
DO 11 K=1,L
SCALE=SCALE+ABS (A (I,K))
11 CONTINUE
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12

13

14

15

16
17

18

IF (SCALE.EQ.0.) THEN
E(I)=A(I,L)

ELSE
DO 12 K=1,L

A(I,K)=A(I,K)/SCALE

H=H+A (T, K) **2

CONTINUE

F=A(I,L)

G=-SIGN (SQRT (H) , F)

E(I)=SCALExG

H=H-F*G

A(I,L)=F-G

F=0.

DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.

DO 13 K=1,J0

G=G+A (J,K) *A (I, K)

CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L

G=G+A (K, J) *

CONTINUE
ENDIF
E (J)=G/H
F=F+E (J) *A (I, J)
CONTINUE
HH=F/ (H+H)
DO 17 J=1,L
F=A(I,J)
G=E (J) —HHxF
E (J) =G
DO 16 K=1,J

A(J,K)=A(J,K) -

CONTINUE
CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1

IF(D(I).NE.O.) THEN
DO 21 J=1,L
G=0.
DO 19 K=1,L

A(I,K)

FxE (K)-G*A (I, K)
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G=G+A (I, K) *A (K, J)
19 CONTINUE
DO 20 K=1,L
A(K,J)=A(K,J)-G*A (K, I)

20 CONTINUE

21 CONTINUE
ENDIF
D(I)=A(I,I)
A(I,I)=1.

IF (L.GE.1) THEN
DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23 CONTINUE
RETURN

END
CCCCCCccCccceceeeeeeeceeecececeecececceceecececeeeceeceeeecececececcececcececceccecceccecceccecceccecceccecececcececececececce

SUBROUTINE TOQLI (D,E,N,NP, Z)

IMPLICIT NONE

INTEGER N,NP,I,K,L,M, ITER

REAL D,E, Z,DD,G,R,S,C,P,F,B

DIMENSION D (NP),E (NP), Z (NP, NP)

IF (N.GT.l) THEN

DO 11 I=2,N
E(I-1)=E(I)

11 CONTINUE
E (N)=0.
DO 15 L=1,N
ITER=0
1 DO 12 M=L,N-1

DD=ABS (D (M) ) +ABS (D (M+1))
IF (ABS(E(M))+DD.EQ.DD) GO TO 2

12 CONTINUE
M=N
2 IF (M.NE.L) THEN

IF (ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1

G=(D(L+1)-D(L))/ (2.*xE(L))

R=SQRT (Gx*2+1.)

G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

S=1.
c=1.
P=0.
DO 14 I=M-1,L,-1
F=S+E (I)
B=C+E (I)
IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F

R=SQRT (C**2+1.)
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E(I+1)=F«*R
S=1./R
C=Cx*S
ELSE
S=F/G
R=SQRT (S+*2+1.)
E(I+1)=G*R
c=1./R
S=S%C
ENDIF
G=D (I+1)-P
R=(D(I)-G)*S+2.*C*B
P=S*R
D (I+1)=G+P
G=CxR-B
DO 13 K=1,N
F=7 (K, I+1)
7 (K, T+1) =57 (K, T) +C*F
7 (K, I)=C*7 (K, I) —S*F

13 CONTINUE
14 CONTINUE
D(L)=D(L)-P
E (L) =G
E (M)=0.
GO TO 1
ENDIF
15 CONTINUE
ENDIF
RETURN
END

CCCCCCCCccCcceceeeeeeeeeececeecececececececeeceeceeeecececececeeceececceccecceccecceccececcececcecceccecceccececcececcecce
SUBROUTINE EIGSRT (D,V,N,NP)
IMPLICIT NONE
INTEGER N, NP, I,J, K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)
DO 13 I=1,N-1

K=1
P=D (I)
DO 11 J=I+1,N
IF (D (J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I)THEN
D (K)=D(I)
D(I)=P
DO 12 J=1,N
P=V (J, I)
V(J,I)=V(J,K)
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V(J,K)=P

12 CONTINUE
ENDIF
13 CONTINUE
RETURN
END

CCCcCcCcccceeeeeeceececeececececeeceeecceceecececceececceececceccececceccececceccececcececcece
SUBROUTINE PIKSRT (N, ARR)
IMPLICIT NONE
INTEGER I,J,N
REAL ARR, A
DIMENSION ARR (N)

DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR (I)

11 CONTINUE
I=0
10 ARR(I+1)=A
12 CONTINUE
RETURN
END

CCcCcCcccceceeeceecececececececececeececececcececeecececececcececececceccecececccecececcceccecece

To visualize the output of the program listed above, save it in a file named dvrmo1.f, compile it
by typing

£77 dvrmol.f -o dvrmol
and run it by typing
./dvrmol

Then, cut the script attached below, save it with the name scr_hol in the same directory where you
run your code, and visualize the 4 eigenstates by typing

gnuplot<scr_hol

where the file named scr_hol has the following lines:
Download from (http://ursula.chem.yale.edu/~batista/classes/v572/scr_hol)

set yrange[0:6]

set xrange[-10:10]

set dat sty 1

plot "wave.0001" u 1:2 1w 3
pause 1.

replot "wave.0001" u 1:3 1w 3
pause 1.

replot "wave.0001" u 1:4 1w 3
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pause 1.

replot "wave.

pause 1.

replot "wave.

pause 1.

replot "wave.

pause 1.

replot "wave.

pause 1.

replot "wave.

pause 1.

replot "wave.

pause 5.0

oooz"

oooz2"

0003"

ooo3"

0004"

0oo4"

1w

1w

1w

1w

1w

1w
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40.16 Problem 15.3

Computational Problem 15.3:
Generalize the program developed in 15.1 to solve the 2-dimensional Harmonic oscillator V' (z, y) =
1/2mw?(x? + y?) and apply it to find the first 4 eigenvalues and eigenfunctions of the Harmonic
oscillator introduced by Eq. with m = 1 and w = 1. Verify that the eigenvalues are E(v) =
(]_ + 141 + Vg)hw.

Download the source code from (http://ursula.chem.yale.edu/~batista/classes/v572/dvrho2.f)

PROGRAM DVR

This code computes the eigenvalues and eigenvectors of the

2 dimensional harmonic oscillator V(x,y)= 0.5x(x.-5)**x2 +0.5%(y.=5)*%2
The KE matrix is described according to Eg. (82) of the lecture notes
that corresponds to Eqg. (A8) of JCP (1991) 96:1982-1991.

QO QOO

CALL READPARAM(()

CALL Hamiltonian ()

CALL EIGV ()

CALL DUMP ()

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccee

SUBROUTINE READPARAM ()

implicit real %8 (a-h,o-z)

COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)

PARAMETER (npt=20)

rmin(1l)=0.

rmax (1)=10.

rmin (2)=0.

rmax (2

rmass (

rmass (

DO I 1,

)
)=10
1)=1.
2)=1.

2
x(I)=
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcee
SUBROUTINE Hamiltonian ()
implicit real *8(a-h,o-z)
COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20, npt2=npt*npt)
DIMENSION r (2),3(2),3p(2)
COMMON/HAM/ VHAM (npt2, npt2)
pi=acos(-1.)
DO i=1, npt2 1 = 1(1) + npt + (i(2)-1)
DO ip=1, npt2 ! ip = ip (1) + npt x (ip(2)-1)
J(l)=14+mod((i-1),npt)
J(2)=14+abs ((i-1) /npt)
Jp (1) =1+mod ( (ip-1), npt)

(rmax (I)-rmin(I)) / (npt-1)
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Jp (2)=1+abs ((ip—-1) /npt)
VHAM (i, ip)=0.0
DO k=1,2
1=1
IF(k.EQ.1) 1=2
IF(j (1) .EQ.Jjp (1)) THEN
IF (j (k) .EQ.Jp(k)) THEN
VTEMP=pi*pi/3.0d0
c VTEMP=VTEMP-0.5d0/dfloat (j(k))*+2 ! radial
ELSE
VTEMP=2.d0/ (] (k) —Jp (k) ) %2
c VTEMP=VTEMP-2.d0/ (j (k) +jp(k))**2 ! radial
END IF
VHAM (i, ip) =VHAM (i, ip) +VTEMP* (=1) * (J (k) —=Jp (k) )
1 /dx (k) / dx(k)/ (2.0xrmass (k))
END IF
END DO
IF ((3(1) .EQ.Jp (1)) .AND. (j(2) .EQ.Jp(2))) THEN
r(l)=rmin(l)+(j(1)-1)*dx (1)
r(2)=rmin(2)+(j(2)-1)*dx (2)
VHAM (1, ip)=VHAM (i, ip) +V (1)
END IF
END DO
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCccCcCcccccecceccee
FUNCTION V (r)
implicit real %8 (a-h,o-z)
DIMENSION r (2)
rOH=r (1)
rHO=r (2)
V = rhosc (rHO) +rhosc (rOH)
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccceccee
SUBROUTINE EIGV ()

Diagonalization
VHAM: HERMITIAN MATRIX (INPUT)

EVALUES: EIGENVALUES (OUTPUT)
EVECT: EIGENVECTORS (OUTPUT)

Q Q0000

implicit real %8 (a-h,o-z)

REAL CRV, EVALUES,E,EVECT

COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20, npt2=npt*npt)

COMMON/ HAM/ VHAM (npt2,npt2)

PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)
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DIMENSION E (NP)

C

DO I=1,N
EVALUES (I)=0.0
E(I)=0.0
DO J=1,N

EVECT (J, I)=VHAM(J, I)

END DO

END DO

CALL TREDZ22Z (EVECT,N,NP, EVALUES, E)
CALL TQLTI (EVALUES,E,N,NP,EVECT)
CALL EIGSRT (EVALUES,EVECT,N, NP)

RETURN

END
cccccccecceceeccccececcecceecccccccccccccccccccccccccccccccccecccccecccceecccecccececececee

SUBROUTINE DUMP ()

implicit real x8(a-h,o0-2z)

REAL CRV, EVALUES,EVECT,E

character*9 B

COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20, npt2=npt*npt)

PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)
DIMENSION r(2), 3(2)

DO k=1, 10
IND=npt2- (k-1)
PRINT %, "E(",k,")=",EVALUES (IND)
END DO
c
DO 1=1,4

IND=npt2-(1-1)
write(B, ' (A,i4.4)’) ’"wave.’, 1
OPEN (10, FILE=B)

DO i=1,npt2 i =1(1) + npt » (i(2)-1)
j(1)=1+mod ((i-1), npt)
j(2)=1+abs ((i-1) /npt)
r(l)=rmin(1)+(3j(1)-1)+dx (1)
r(2)=rmin(2)+(j(2)-1)»dx(2)
WRITE (10,22) r(l),r(2), EVECT(i,IND),V(r)
IF(3j(1) .EQ.npt) WRITE (10,22)

END DO

END DO

CLOSE (10)

22 FORMAT (6 (el3.6,2x))
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccece
double precision function rhosc(r)
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implicit real x8(a-h,o-z)
rhosc=0.5%x1.% (r=5.) %2

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccececee
c Subroutines to compute eigenvalues and eigenvectors from NR

CCCCCccCccCccccecececeececeecceceececeececeeceecececeececeecceeecceceeceeecceceecceceecceececeececceececcecececcececceccece
SUBROUTINE TRED22 (A,N,NP,D,E)
IMPLICIT NONE
INTEGER I,J,K,L,N,NP
REAL A,D,E,H, SCALE,F, G, HH
DIMENSION A (NP,NP),D(NP),E (NP)
IF(N.GT.1) THEN

DO 18 I=N,2,-1
L=I-1
H=0.
SCALE=0.
IF(L.GT.1) THEN
DO 11 K=1,L
SCALE=SCALE+ABS (A (I, K))
11 CONTINUE
IF (SCALE.EQ.0.) THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
H=H+A (I, K) **2
12 CONTINUE
F=A(I,L)
G=—SIGN (SQRT (H),F)
E (I)=SCALE=*G
H=H-F*G
A(I,L)=F-G
F=0.
DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.
DO 13 K=1,J
G=G+A (J,K) *A (I, K)
13 CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L
G=G+A (K, J) *A (I,K)
14 CONTINUE
ENDIF
E (J)=G/H
F=F+E (J) *A (I, J)
15 CONTINUE
HH=F/ (H+H)
DO 17 J=1,L
F=A(I,J)
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G=E (J) —HH«F
E(J) =G
DO 16 K=1,J
A (J,K)=A(J,K)-F«+E (K) —-G*A (I, K)

16 CONTINUE
17 CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
18 CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1

IF(D(I).NE.O.)THEN
DO 21 J=1,L
G=0.
DO 19 K=1,L
G=G+A (I,K) *A (K, J)
19 CONTINUE
DO 20 K=1,L
A(K,J)=A(K,J)-G*A (K, I)

20 CONTINUE

21 CONTINUE
ENDIF
D(I)=A(I,I)
A(I,I)=1.

IF (L.GE.1) THEN
DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23 CONTINUE
RETURN
END

CCCCCCCCcCccceceeeeeeeceeeceeececeecceceeceeeeecceeececeeccececeececececececeecececececececcecececcecececcece
SUBROUTINE TQLI (D,E,N,NP,Z)
IMPLICIT NONE
INTEGER N, NP, I,K,L,M, ITER
REAL D,E, Z,DD,G,R,S,C,P,F,B
DIMENSION D (NP),E (NP), Z (NP, NP)
IF (N.GT.l) THEN

DO 11 I=2,N
E(I-1)=E(I)
11 CONTINUE
E(N)=0.
DO 15 L=1,N
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12

13
14

15

ITER=0
DO 12 M=L,N-1
DD=ABS (D (M) ) +ABS (D (M+1))
IF (ABS(E(M))+DD.EQ.DD) GO TO 2
CONTINUE
M=N
IF(M.NE.L) THEN
IF(ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1
G=(D(L+1)-D(L))/ (2.*xE(L))
R=SQRT (G**2+1.)
G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

s=1.
c=1.
P=0.
DO 14 I=M-1,L,-1
F=S«+E (I)
B=C+E (I)
IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F

R=SQRT (C**2+1.)
E(I+1)=F«*R
S=1./R
C=Cx%S
ELSE
S=F/G
R=SQRT (S+*2+1.)
E(I+1)=G*R
c=1./R
S=S*C
ENDIF
G=D (I+1)-P
R=(D(I)-G)*S+2.*xC*B
P=S*xR
D(I+1)=G+P
G=CxR-B
DO 13 K=1,N
F=% (K, T+1)
7 (K, T+1) =57 (K, T) +C*F
Z(K,I)=C+Z (K, I)-S*F

CONTINUE
CONTINUE
D(L)=D(L)-P
E (L) =G
E (M)=0.
GO TO 1
ENDIF
CONTINUE
ENDIF
RETURN
END
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CCCCCCCCccCccceceeeecececececececececececececeeecececececceececceececcececeecececececcecececceccecececcececcecececcececceccece
SUBROUTINE EIGSRT (D,V,N,NP)
IMPLICIT NONE
INTEGER N, NP, I,J,K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)

DO 13 I=1,N-1
K=1
P=D (I)
DO 11 J=I+1,N
IF(D(J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I)THEN
D (K)=D(I)
D(I)=P
DO 12 J=1,N
P=V(J, I)
V(J,I)=V(J,K)
V(J,K) =P
12 CONTINUE
ENDIF

13 CONTINUE
RETURN
END

CCCcCcCccccceceeececececececececececeececeeecceeecececceceecceececcececececcecececcececcececcece
SUBROUTINE PIKSRT (N,ARR)
IMPLICIT NONE
INTEGER I,J,N
REAL ARR, A
DIMENSION ARR (N)

DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR (I)

11 CONTINUE
I=0
10 ARR(I+1)=A
12 CONTINUE
RETURN
END

CCcCccCcccceceeeceecececeecececececeecececececececcecececececcececececcececcececccececcecccecece

To visualize the output of the program listed above, save it in a file named dvrho2.f, compile it
by typing

£f77 dvrho2.f —-o dvrho?2
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and run it by typing
./dvrho2

Then, cut the script attached below, save it with the name scr_2 in the same directory where you
run your code, and visualize the 4 eigenstates by typing

gnuplot<scr_2

where the file named scr_2 has the following lines:
Download from |(http://ursula.chem.yale.edu/~batista/classes/v572/scr_2)

set dat sty 1

set param

set hidden3d

set contour

set cntrparam level 10

splot "wave.0001" title "Ground State"
pause 5.

splot "wave.0002" title "lst Excited State"
pause 5.

splot "wave.0003" title "2nd Excited State"
pause 5.

splot "wave.0004" title "3rd Excited State"
pause 5.
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40.17 Problem 154

Computational Problem 15.4:
15.4 Change the potential of the code written in 15.3 to that of a 2-dimensional Morse oscillator
V(2,9) = De(1 — exp(—a(Z — z.)))* + De(l — exp(—a(y — x.)))?, with z. = 0, De = 8, and
k/(2D.), where k = mw?, and recompute the eigenvalues and eigenfunctions.
Download the source code from (http://ursula.chem.yale.edu/~batista/classes/v572/dvrmo?2.f)

PROGRAM DVR

that corresponds to Eqg. (A8) of JCP (1991) 96:1982-1991.

c
c This code computes the eigenvalues and eigenvectors of the

c 2 dimensional Morse oscillator

c V(x,y)=Dex (1.0-exp(—ax (x-re)))*x*x2+Dex (1.0-exp (—ax (y-re))) x*2

c The KE matrix is described according to Eg. (82) of the lecture notes
c

c

CALL READPARAM()
CALL Hamiltonian ()
CALL EIGV ()
CALL DUMP ()
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcCccccccccccee
SUBROUTINE READPARAM ()
implicit real x8(a-h,o0-z)
COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20)
rmin (1)=0.
rmax (1)=10.
rmin (2)=0.
rmax (2)=10
rmass (1) =1.
rmass (2) =1
DO I=1,2
x(I)=
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccceccececee
SUBROUTINE Hamiltonian ()
implicit real %8 (a-h,o-z)
COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20, npt2=npt*npt)
DIMENSION r(2),3(2),Jp(2)
COMMON/HAM/ VHAM (npt2, npt2)
pi=acos(-1.)
DO i=1, npt2 !
DO ip=1, npt2 !
J(1)=14mod ((i-1), npt)
J(2)=1+abs ((i-1) /npt)
Jp (1) =1+mod ( (ip-1), npt)

(rmax (I)-rmin(I)) / (npt-1)

i =1i(l) + npt * (1(2)-1)
ip = ip(1l) + npt * (ip(2)-1)
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Jp (2)=1+abs ((ip—-1) /npt)
VHAM (1, ip)=0.0
DO k=1, 2
1=1
IF(k.EQ.1) 1=2
IF(§(1) .EQ.Jp (1)) THEN
IF (j (k) .EQ.Jp(k)) THEN
VTEMP=pi*pi/3.0d0-0.5d0/dfloat (J(k)) **2

ELSE
VTEMP=2.d0/ (J (k) -jp (k) ) *%*2-2.d0/ (J (k) +ip (k) ) x*2
END IF
VHAM (i, ip)=VHAM (i, ip) +VTEMP* (—-1) ** (J (k) —Jp (k) )
1 /dx (k) / dx(k)/ (2.0*rmass (k))
END IF
END DO
IF ((3(1) .EQ.Jp (1)) .AND. (j(2) .EQ.Jp(2))) THEN

r(l)=rmin(1)+(Jj(1)-1)*dx (1)
r(2)=rmin(2)+(j(2)-1)*xdx (2)
VHAM (i, ip)=VHAM (i, ip) +V (1)
END IF
END DO
END DO
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcccccccccccecee
FUNCTION V (r)
implicit real *8(a-h,o-z)
DIMENSION r (2)
rOH=r (1)
rHO=r (2)
V = rmorse (rHO) +rmorse (rOH)
RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCccccccccccceeecccecee
SUBROUTINE EIGV ()

Diagonalization
VHAM: HERMITIAN MATRIX (INPUT)

EVALUES: EIGENVALUES (OUTPUT)
EVECT: EIGENVECTORS (OUTPUT)

Q Q000

implicit real *8(a-h,o-z)

REAL CRV, EVALUES,E,EVECT

COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20, npt2=npt*npt)

COMMON/ HAM/ VHAM (npt2,npt2)

PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)
DIMENSION E (NP)

306



DO I=1,N

EVALUES (I)=0.0

E(I)=0.0

DO J=1,N

EVECT (J, I) =VHAM (J, I)

END DO
END DO
CALL TRED22 (EVECT, N, NP, EVALUES, E)
CALL TOQLI (EVALUES,E,N,NP,EVECT)
CALL EIGSRT (EVALUES,EVECT, N, NP)

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCccccccccccccccccccccccccccccecceccceccecececcceece

SUBROUTINE DUMP ()

implicit real %8 (a-h,o-z)

REAL CRV, EVALUES,EVECT,E

character+9 B

COMMON /paque/ rmin(2), rmax(2), rmass(2), dx(2)
PARAMETER (npt=20, npt2=npt*npt)

PARAMETER (N=npt2, NP=N)

COMMON/EIG/ EVALUES (npt2),EVECT (npt2, npt2)
DIMENSION r(2),J(2)

DO k=1, 10
IND=npt2-(k-1)
PRINT %, "E(",k,")=",EVALUES (IND)
END DO
c
DO 1=1,4

IND=npt2-(1-1)
write(B, ' (A,14.4)") ’'wave.’, 1
OPEN (10, FILE=B)

DO i=1,npt2 i =1(1) + npt » (1i(2)-1)
J(l)=1l4+mod ((i-1),npt)
j(2)=1+abs ((i-1) /npt)
r(l)=rmin(1)+(3j(1)-1)*dx (1)
r(2)=rmin(2)+(3j(2)-1) xdx (2)
WRITE (10,22) r(l),r(2), EVECT(i, IND),V(r)
IF (j(1) .EQ.npt) WRITE(10,22)

END DO

END DO

CLOSE (10)

22 FORMAT (6 (e13.6,2x))
RETURN
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccccccccee
double precision function rmorse (r)
implicit real %8 (a-h,o-z)
De=8.0
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re=3.0

rk=1.

a=sqgrt (rk/ (2.0%De))

rmorse=Dex* (1.0-exp (—ax (r-re))) x*2

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccceee
c Subroutines to compute eigenvalues and eigenvectors from NR

CCCCCCCCcccececeeeeeeeeceecececececececececeececeeeeeeeececececcececcececcececcececcececceccecceccecececcecececececcececcece
SUBROUTINE TRED22 (A,N,NP,D,E)
IMPLICIT NONE
INTEGER I,J,K,L,N,NP
REAL A,D,E,H, SCALE,F, G, HH
DIMENSION A (NP,NP),D (NP),E (NP)

IF (N.GT.1) THEN
DO 18 I=N,2,-1
L=I-1
H=0.
SCALE=0.
IF (L.GT.1) THEN
DO 11 K=1,L
SCALE=SCALE+ABS (A (I,K))
11 CONTINUE
IF (SCALE.EQ.O0.) THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
H=H+A (I,K) x*2
12 CONTINUE
F=A(I,L)
G=-SIGN (SQRT (H) ,F)
E (I)=SCALE*G
H=H-Fx*G
A(I,L)=F-G
F=0.
DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.
DO 13 K=1,J
G=G+A (J,K) *A (I, K)
13 CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L
G=G+A (K, J) *A (I, K)

14 CONTINUE
ENDIF
E(J)=G/H
F=F+E (J) *A (I, J)
15 CONTINUE
HH=F/ (H+H)
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DO 17 J=1,L
F=A(I,J)
G=E (J) ~HH+F
E(J) =G
DO 16 K=1,J
A(J,K)=A(J,K)-F+E (K) -G*A (I, K)

16 CONTINUE
17 CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
18 CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1

IF(D(I).NE.O.)THEN
DO 21 J=1,L
G=0.
DO 19 K=1,L
G=G+A (I, K) *A (K, J)
19 CONTINUE
DO 20 K=1,L
A(K,J)=A(K,J)-GxA (K, I)

20 CONTINUE

21 CONTINUE
ENDIF
D(I)=A(I,I)
A(I,I)=1.

IF (L.GE.1) THEN
DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23  CONTINUE
RETURN
END

CCCCCCCccCcceceeeeeeeeceeceeceecececeecececeeeceeeececeecececececeeccecceccececcecceccececcececcecceccececcececcececcecce

SUBROUTINE TQLI (D,E,N,NP,7)

IMPLICIT NONE

INTEGER N, NP, I,K,L,M, ITER

REAL D,E,Z,DD,G,R,S,C,P,F,B

DIMENSION D (NP),E (NP), Z (NP, NP)

IF (N.GT.l) THEN

DO 11 I=2,N
E(I-1)=E(I)
11 CONTINUE
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E(N)=0.
DO 15 L=1,N
ITER=0
1 DO 12 M=L,N-1
DD=ABS (D (M) ) +ABS (D (M+1) )
IF (ABS(E(M))+DD.EQ.DD) GO TO 2

12 CONTINUE
M=N
2 IF (M.NE.L) THEN

IF(ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1

G=(D(L+1)-D(L))/(2.*xE (L))

R=SQRT (G**2+1.)

G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

S=1.
Cc=1.
P=0.
DO 14 I=M-1,L,-1
F=S+E (I)
B=C*E(I)
IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F

R=SQRT (Cx*2+1.)
E(I+1)=F%*R
S=1./R
C=Cx*S
ELSE
S=F/G
R=SQRT (S**2+1.)
E(I+1)=G+*R
C=1./R
S=S*C
ENDIF
G=D (I+1)-P
R=(D(I)-G)*S+2.xCxB
P=SxR
D(I+1)=G+P
G=CxR-B
DO 13 K=1,N
F=Z (K, I+1)
7 (K, T+1) =S+% (K, T) +C+F
Z(K,I)=C+Z (K, I)-S*F

13 CONTINUE

14 CONTINUE
D(L)=D(L)-P
E(L)=G
E (M)=0.
GO TO 1

ENDIF
15 CONTINUE
ENDIF
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RETURN
END
CCCCCCccCccceceeeeeeeceeeececeecececcececececeececeeeeeeecececcececececcecceccececcecceccecceccececcececceccecececececcecce
SUBROUTINE EIGSRT(D,V,N,NP)
IMPLICIT NONE
INTEGER N,NP,I,J,K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)
DO 13 I=1,N-1
K=I
P=D(I)
DO 11 J=I+1,N
IF(D(J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I)THEN
D (K)=D(I)
D(I)=P
DO 12 J=1,N
P=V(J, I)
V(J,I)=V(J,K)
V (J,K) =P
12 CONTINUE
ENDIF
13 CONTINUE
RETURN
END
CCCCCcCccceceeeeeeeeceeceecececceccececeeeceeeceececcececceccecececcececececceccececcecceccece
SUBROUTINE PIKSRT (N,ARR)
IMPLICIT NONE
INTEGER I,J,N
REAL ARR, A
DIMENSION ARR (N)
DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR(I)

11 CONTINUE
I=0
10 ARR (I+1)=A
12 CONTINUE
RETURN
END

CCCCcCcccceccececececececcececececceceececcececececececececceccecceccececcececceccecececececececcecceccecceccecce

To visualize the output of the program listed above, save it in a file named dvrmo?2.f, compile it
by typing
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£f77 dvrmo2.f —-o dvrmo?2
and run it by typing
./dvrmo?2

Then, cut the script attached below, save it with the name scr_2 in the same directory where you
run your code, and visualize the 4 eigenstates by typing

gnuplot<scr_2

where the file named scr_2 has the following lines:
Download from |(http://ursula.chem.yale.edu/~batista/classes/v572/scr_2)

set dat sty 1

set param

set hidden3d

set contour

set cntrparam level 10

splot "wave.0001l" title "Ground State"
pause 5.

splot "wave.0002" title "1lst Excited State"
pause 5.

splot "wave.0003" title "2nd Excited State"
pause 5.

splot "wave.0004" title "3rd Excited State"
pause 5.
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40.18 Problem 16

Computational Problem 16: Modify the program for wave-packet propagation developed in Prob-
lem 12 and simulate the propagation of a wave packet in the symmetric double well

V(z) = —0.52% + 1.0/(16.0 * 1.3544)z*, (724)

for the initial state ,
q)o(m) — 7_‘_71/4670.5(:E710) 7 (725)

with g = —2.1.

16.1: Propagate @, for 1000 a.u., using a propagation step 7 = 0.1 a.u. and compute |£(t)
16.2: Propagate @, for 1000 a.u. applying a sequence of 2-7 pulses as described by Eq. in
the time-window ¢ = 305-500 a.u. Compare |£(t)|? with the results obtained in 16.1.

Download the source code from

(http://ursula.chem.yale.edu/~batista/classes/v572/dw_cc.f)

Download the script for visualizing the results of |£(¢)]? from

(http://ursula.chem.yale.edu/~batista/classes/v572/scr_prob)

The output of this program can be generated and visualized as follows. Cut the source code
attached below, save it in a file named dw _cc.f, compile it by typing

%

£77 dw_cc.f -o dw_cc
run it by typing
./dw_cc
The results for |£(£)|* can be visualized by typing
gnuplot<scr_prob

. The evolution of the wavepacket with 2-7 pulses applied can be visualized by downloading the
script from |(http://ursula.chem.yale.edu/~batista/classes/vS72/pp_p) and typing

gnuplot<pp_p

. You will see that the wave-packet gets trapped on left of the dividing barrier during the time-
window ¢t = 3050-5000 (snapshot frames 61-100 spaced at time intervals of 50 a.u.). The anal-
ogous results in the absence of perturbational pulses can be visualized by downloading the script
from (http://ursula.chem.yale.edu/~batista/classes/v572/pp_n) and typing

gnuplot<pp_n
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PROGRAM main

Coherent control of tunneling in a symmetric l-dimensional double well
by using a sequence of 2-pi pulses that repetitively affect the phase
the wave packet component associated with the initial state relative
to the other terms in the expansion

Q Q000

IMPLICIT NONE

INTEGER NN, igammax, nptx, ndump, NFLAG, istep,nstep,ii, i
REAL dt,plg,p2g9,pll,p2l,rr,ra,rel

COMPLEX vprop,tpropl,vprop_e, tpropl_e,energy
PARAMETER (1gammax=9, nptx=2xxigammax, NN=2)

DIMENSION vprop (nptx,NN,NN), tpropl (nptx), energy (NN)
DIMENSION vprop_e (nptx,NN,NN), tpropl_e (nptx)
COMMON/e00/re0

NFLAG=1
CALL ReadParam(nstep,ndump,dt)
call inithr ()
CALL SetKinPropl (dt, tpropl)
CALL SetPotProp (dt, vprop)
CALL SetKinPropl_e (tpropl_e)
CALL SetPotProp_e (vprop_e)
DO istep=1l,nstep+l
IF (istep.GE.1l) CALL PROPAGATE (vprop, tpropl)
CALL ENERGY_s (vprop_e,tpropl_e,energy)
IF (istep.EQ.1l) reO=energy(2)
IF (istep.GT.5000) NFLAG=0
IF (mod( (istep-1),ndump) .EQ.0) THEN
CALL DUMPWF (istep,ndump, plg,p2g9,pll,p2l,energy)
WRITE (10,22) dtxistep=*2.4189E-2,plg
1 ,pll,p2g,p21, real (energy(1l))
END TIF
IF(((istep-1) .GE.3050) .AND. (NFLAG.EQ.1)) THEN
CALL pulse()
END IF
IF (mod( (istep-1),ndump) .EQ.0) THEN
PRINT *,"# steps", (istep-1)
CALL DUMPWEF (istep,ndump,plg,p2g,pll,p2l,energy)
END IF
END DO
22 FORMAT (6 (e13.6,2x))
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCccecee
subroutine ReadParam(nstep,ndump, dt)

Parameters defining the grid (xmin, xmax), integration time step (dt),
mass (amassx), initial position (xk), initial momentum (pk),
number of propagation steps (nstep), and how often to save a pic (ndump)

Q Q000

IMPLICIT NONE
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INTEGER ntype,nstep,nrpt, ireport, ndump,nlit
REAL xmin, xmax,pk,amassx, xk, dt

common /packet/ amassx,xk,pk

common /xy/ xmin,xmax

xmin=-10.0
xmax=10.0
dt=.1
amassx=1.0
xk=-2.1
prk=0.0
nstep=10000
ndump=50

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCcCcCccccccccccccccccccccccecece

SUBROUTINE INITHR()

IMPLICIT NONE

INTEGER NN, nptx, igammax, kk

COMPLEX chiO, chi, EYE, CRV

REAL xk2,xmin, xmax,dx,pi,amassx, xk, pk, x,beta, beta2
PARAMETER (1gammax=9, nptx=2xxigammax, NN=2)
DIMENSION CRV (NN, NN)

common /xy/ xmin,xmax

common /packet/ amassx,xk,pk

COMMON / wfunc/ chi (nptx,NN)

COMMON / iwfunc/ chiO (nptx, NN)

EYE=(0.0,1.0)
pi= acos (-1.0)
dx= (xmax-xmin) /real (nptx)

c
c Wave Packet Initialization: Gaussian centered at xk, with momentum pk
c
xk2=xk
beta=.5
beta2=.5
do kk=1,nptx
x=xmin+kk*dx
chi(kk,1)=((2.0+beta/pi)*+x0.25)
1 *exp (“betax* (x—xk) **2+EYExpk* (x—xk) )
chi (kk, 2)=chi (kk, 1)
chiO (kk,1)=((2.0xbeta2/pi)*x0.25)
1 *exp (-betal* (x—xk2) **2+EYExpk~* (x-xk2))
chiO (kk, 2)=chi0O (kk, 1)
end do
c
c Hamiltonian Matrix CRV
c
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do kk=1,nptx
x=xmin+kk*dx
CALL HAMIL (CRV, x)

c WRITE (11,22) x,real(CRV(1,1)),real (CRV(2,2))
c 1 ,real (chiO (kk, 1))

END DO
22 FORMAT (6 (el13.6,2x))

RETURN

END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCt
SUBROUTINE DUMPWF (istep, ndump,plg,p2g,pll,p2l,energy)

c Dump Time Evolved Wave packet

IMPLICIT NONE

INTEGER nptx, igammax, kk, NN, ncount, ndump, jj, istep
COMPLEX chi, CRV, energy

character+9 B,BB

REAL reO,V,x1,cl,c2,x,xmin,xmax,dx,plg,p2g,pll,p21
PARAMETER (igammax=9, nptx=2*xigammax, NN=2)
DIMENSION CRV (NN, NN),energy (NN)

common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx,NN)

COMMON/e00/re0

Jjj=istep/ndump
x1=2.1
Call EXCITEDB (V,x1)
write(B, '’ (A,14.4)") ’'arch.’, 3Jj
write(BB, ' (A,1i4.4)’) 'rrch.’, 3J
OPEN (1, FILE=B)
OPEN (2, FILE=BB)
dx= (xmax-xmin) /real (nptx)
ncount=7jj
plg=0.0
r29g=0.0
pl11=0.0
p21=0.0
do kk=1,nptx
x=xmin+kk*dx
cl=chi (kk, 1) *conjg(chi (kk, 1))
c2=chi (kk, 2) xconjg(chi (kk,2))
IF(x.GE.0O) THEN
plg=plg+tcl*dx
p2g=p2g+c2*dx
ELSE
pll=pll+clx*dx
p2l=p2l+c2*dx
END TF
c write(1l,33) x,sqgrt(cl)+real (energy(l)),sqgrt (c2)+real (energy(2))
write(1l,33) x,sqgrt(cl)+rel,sqgrt(c2)+rel
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end do
write (1, 33)

do kk=1,nptx
x=xmin+kk*dx

c write(1l,33) x,rel
c 1 , re0
write(2,33) x,real(chi(kk,1))+re0
1 ,real (chi (kk, 2))+re0
end do

write (2, 33)

do kk=1,nptx
x=xmin+kk*dx
write(1l,33) x,re0

1 , re0

end do

write (1, 33)

do kk=1,nptx
x=xmin+kk*+dx
CALL HAMIL (CRV, x)
write(1l,33) x,real (CRV(1,1)),real (CRV(2,2))
1 ,real (CRV(1l,1)),real (CRV(2,2))
end do
CLOSE (1)
CLOSE (2)
33 format (6 (el3.6,2x))

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccccccecee

SUBROUTINE pulse ()

c 2 pi pulse

IMPLICIT NONE

INTEGER je2,nptx, igammax, kk, NN, ncount, ndump
COMPLEX chi,p3j2,chi0,EYE

REAL cl,c2,x,xmin, xmax,dx,pl,p2,pi, phase
PARAMETER (igammax=9, nptx=2*xigammax, NN=2)
common /xy/ xmin,xmax

COMMON / wfunc/ chi (nptx,NN)

COMMON / iwfunc/ chiO (nptx, NN)

pi=acos(-1.0)

phase=pi

EYE=(0.0,1.0)

dx= (xmax-xmin) /real (nptx)
rJj2=0.0

do kk=1,nptx
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pj2=pj2+chi (kk,2) *chi0 (kk, 2)
end do
pj2=pj2xdx
c PRINT x, pj2
do kk=1,nptx
chi (kk, 2)=chi (kk, 2) -chiO (kk, 2) xpj2+
1 chiO (kk, 2) xpj2+exp (EYE+xphase)
end do

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeccee

subroutine SetKinPropl (dt,tpropl)

c
c Kinetic Energy part of the Trotter Expansion: exp (-1 p”"2 dt/(2 m))
c
IMPLICIT NONE
INTEGER nptx, kx,nx, igammax, NN
REAL xsc,xmin, xmax,propfacx,amassx,xk,pi,alenx,dt,pk
COMPLEX tpropl,eye
parameter (igammax=9, nptx=2xxigammax, NN=2)
DIMENSION tpropl (nptx)
common /xy/ xmin,xmax
common /packet/ amassx,xk,pk
c
eye=(0.,1.)
pi = acos (-1.0)
alenx=xmax—-xmin
propfacx=-dt/2./amassxx (2.xpi) x%2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
xsc=0.
if(nx.ne.0) xsc=real (nx)/alenx
tpropl (kx) =exp (eyex* (propfacx*xsc**2))
end do
c
return
end

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccecee
subroutine SetPotProp (dt, vprop)

c Potential Energy part of the Trotter Expansion: exp (-1 V dt/2)
IMPLICIT NONE
INTEGER NN, ii, kk, jj,nptx, i, j, k, igammax

REAL xmin, xmax,dx,dt, rsqgnx, EVALUES, x
COMPLEX vp,vprop,eye,dummy,psi, CRV
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parameter (igammax=9, nptx=2xxigammax, NN=2)
DIMENSION vprop (nptx,NN,NN),psi (NN, NN),CRV (NN, NN)
DIMENSION vp (NN, NN) , dummy (NN, NN) , EVALUES (NN)
common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii*dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV,psi, EVALUES)
vp(l,1)=exp(-eyex0.5xdt*EVALUES (1))
vp(l,2)=0.0
vp(2,1)=0.0
vp (2, 2)=exp (-eyex0.5xdt *xEVALUES (2) )

dummy (1, j)=0.
do k=1,2
dummy (i, j)=dummy (i, j) +vp (i, k) *psi (J, k)
end do
end do
end do
do i=1,2
do j=1,2
vp (i, 3)=0.
do k=1,2
vp (i, J)=vp (i, J)+psi (i, k) rdummy (k, J)
end do
end do
end do
rsgnx=1.0/sqgrt (1.0+nptx)
do i=1,2
do j=1,2
kk=1i1i
vprop (kk,i, j)=vp (i, Jj) *rsgnx
end do
end do
end do

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCee

subroutine SetKinPropl_e (tpropl)

c Kinetic Energy part of the Trotter Expansion: exp(-i p~2 dt/ (2 m))
IMPLICIT NONE
INTEGER nptx, kx,nx, igammax, NN

REAL xsc,xmin, xmax,propfacx,amassx, xk,pi,alenx,dt, pk
COMPLEX tpropl, eye
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parameter (igammax=9, nptx=2xxigammax, NN=2)
DIMENSION tpropl (nptx)

common /xy/ xmin,xmax

common /packet/ amassx, xk,pk

eye=(0.,1.)
pi = acos (-1.0)
alenx=xmax-xmin
propfacx=1./2./amassx* (2.xpi) **2
do kx=1,nptx
if (kx.le. (nptx/2+1)) then
nx=kx-1
else
nx=kx-1l-nptx
end if
xsc=0.
if (nx.ne.0) xsc=real (nx)/alenx
tpropl (kx)=propfacxxxscx*2
end do

return

end
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccctctctccccccccccccccececcccccecee

subroutine SetPotProp_e (vprop)

c Potential Energy part of the Trotter Expansion: exp(-i V dt/2)

IMPLICIT NONE

INTEGER NN, 1ii, kk, jj,nptx, 1, j, k, igammax

REAL xmin, xmax, dx,dt, rsqnx, EVALUES, x

COMPLEX vp,vprop,eye,dummy,psi, CRV

parameter (igammax=9, nptx=2xxigammax, NN=2)
DIMENSION vprop (nptx,NN,NN),psi (NN, NN), CRV (NN, NN)
DIMENSION vp (NN, NN) , dummy (NN, NN) , EVALUES (NN)
common /xy/ xmin,xmax

eye=(0.,1.)

dx= (xmax—-xmin) /real (nptx)

do ii=1,nptx
x=xmin+ii*dx
CALL HAMIL (CRV, x)
CALL SCHROC1 (CRV, psi, EVALUES)
vp (1l,1)=EVALUES (1)

vp(1,2)=0.0
vp(2,1)=0.0
vp(2,2)

=EVALUES (2)
do i=1,2
do j=1,2
dummy (i, J)=0.
do k=1,2

dummy (1, j) =dummy (i, j) +vp (i, k) *psi (j, k)
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end do
end do
end do
do i=1,2
do j3=1,2
Vp(il j):O~
do k=1,2
vp (i, j)=vp (i, j) +tpsi (i, k) xdummy (k, J)
end do
end do
end do
rsgnx=1.0/sqgrt (1.0xnptx)
do i=1,2
do j=1,2
kk=ii
vprop (kk,1i, j)=vp (i, j) *rsanx
end do
end do
end do

RETURN

END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccce

SUBROUTINE PROPAGATE (vprop, tpropl)

c
c Split Operator Fourier Transform Propagation Method
c J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)
c
IMPLICIT NONE
INTEGER i, j,kk,NN,in,ii, nptx, igammax
COMPLEX chi,vprop,chinl, chin2, tpropl
PARAMETER (igammax=9, nptx=2xxigammax, NN=2)
DIMENSION chinl (nptx),chin2 (nptx)
DIMENSION tpropl (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx, NN)
c
c Apply potential energy part of the Trotter Expansion
c
DO ii=1,nptx
in=ii
chinl (in)=0.0
chin2 (in)=0.0
DO j=1,NN
kk=ii
chinl (in)=chinl (in) +vprop (kk, 1, j) xchi (kk, j)
chin2 (in)=chin2 (in) +vprop (kk, 2, j) xchi (kk, j)
END DO
END DO
c
c Fourier Transform wave—-packet to the momentum representation
c
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CALL fourn(chinl,nptx,1,1)
CALL fourn(chin2,nptx,1,1)

c
c Apply kinetic energy part of the Trotter Expansion
c
DO ii=1,nptx
in=1i1i
kk=11
chinl (in)=tpropl (kk) *chinl (in)
chin2 (in)=tpropl (kk) xchin2 (in)
END DO
c
c Inverse Fourier Transform wave-packet to the coordinate representation
c
CALL fourn(chinl,nptx,1,-1)
CALL fourn(chin2,nptx,1,-1)
c
c Apply potential energy part of the Trotter Expansion
c

DO ii=1,nptx

in=ii
DO i=1,NN
kk=1ii
chi (kk, i)=vprop(kk,i, 1) *xchinl (in)
1 +vprop (kk,1i,2) xchin2 (in)
END DO
END DO
END

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcee
SUBROUTINE ENERGY_s (vprop, tpropl, energy)

c
c Split Operator Fourier Transform Propagation Method
c J. Comput. Phys. 47, 412 (1982); J. Chem. Phys. 78, 301 (1983)
c
IMPLICIT NONE
INTEGER i, j,kk,NN,in,ii, nptx, igammax
COMPLEX chi,vprop,chinl, chin2, tpropl, energy
REAL xmin, xmax,dx, rsqnx
PARAMETER (1gammax=9, nptx=2xxigammax, NN=2)
DIMENSION chinl (nptx),chin2 (nptx),energy (NN)
DIMENSION tpropl (nptx), vprop (nptx, NN, NN)
COMMON / wfunc/ chi (nptx, NN)
common /xy/ xmin,xmax
c
c Apply potential energy part of the Trotter Expansion
c
rsgqnx=1.0/sqgrt (1.0+nptx)
dx= (xmax—-xmin) /real (nptx)
c

DO in=1,nptx
chinl (in)=chi (in, 1)
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chin2 (in)=chi (in, 2)

END DO
c
c Fourier Transform wave-packet to the momentum representation
c
CALL fourn(chinl,nptx,1,1)
CALL fourn(chin2,nptx,1,1)
c
c Apply kinetic energy part of the Trotter Expansion
c
DO in=1,nptx
chinl (in)=tpropl (in) *chinl (in) xrsgnx**2
chin2 (in)=tpropl (in) *chin2 (in) *rsqnx**2
END DO
c
c Inverse Fourier Transform wave-packet to the coordinate representation
c
CALL fourn(chinl,nptx,1,-1)
CALL fourn(chin2,nptx,1,-1)
c
c DO in=1,nptx
c DO j=1,NN
C chinl (in)=chinl (in) +vprop(in, 1, j) »chi (in, J)
C chin2 (in)=chin2 (in) +vprop(in, 2, j) »chi (in, J)
C END DO
C END DO
c
DO in=1,nptx
chinl (in)=chinl (in) +vprop (in, 1, 1) *chi(in, 1) /rsgnx
chin2 (in)=chin?2 (in) +vprop (in, 2,2) *chi (in, 2) /rsqgnx
END DO
c
energy (1)=0.0
energy (2)=0.0
DO in=1,nptx
energy (1l)=energy (l)+conjg(chi(in, 1)) *chinl (in) *dx
energy (2)=energy (2) tconjg(chi (in, 2) ) xchin2 (in) *dx
END DO
c
RETURN
END

ccccceccececececcecccecceccecccececcecccececceccecccecceccccececcececceccecceccccececececcececceccececcece
SUBROUTINE HAMIL (CRV, x)

c Hamiltonian Matrix

IMPLICIT NONE
INTEGER NN

REAL x,VPOT1,VPOT2
COMPLEX CRV
PARAMETER (NN=2)

323



DIMENSION CRV (NN, NN)

c CALL EXCITEDA (VPOT1, x)
CALL EXCITEDB (VPOT2, x)
CRV (1, 1)=VPOT2

CRV (2, 2) =VPOT2

CRV(1,2)=0.00

CRV(2,1)=0.00
C

RETURN

END

CCCcCcCcccceceeeeececceecececcececececececeecececececececeecececececececececcecececececcececececcecceccecececccecececccececcececccececce

SUBROUTINE EXCITEDA (V, x)
c Potential Energy Surface:

implicit none
REAL V, x
v=0.5*xx*x
RETURN

END

Harmonic Oscillator

CCCCcCcCcccceceeeececceeececcececececececececececececececececcecececececececececcececececececcecececceccecececcececcecececceccececcecccececce

SUBROUTINE EXCITEDB (V,x1)
c Potential Energy Surface:

implicit none
REAL V,x1,x
x=x1
c if (abs(x) .LE. (2.34)) x=2.34
V=—0.5%xx%2+1.0/(16.0%1.3544) xx**4
RETURN

END

Double-Well Potential,

tunneling dynamics

CCCCCcCccccceceeeeeceeecececeecececececeeceeceeceeececececececeececececececececcecececcecececcecceccececececcececececcecceccececcce

SUBROUTINE SCHROCI1 (CRV, EVECT, EVALUES)
Hamiltonian Matrix Diagonalization
CRV: HERMITIAN MATRIX (INPUT)

EVECT: EIGENVECTORS (OUTPUT)
EVALUES: EIGENVALUES (OUTPUT)

Q Q0000

INTEGER N, I,J,NP
REAL EVALUES, CRV2,EVECT2
COMPLEX CRV,EVECT
PARAMETER (N=2, NP=2)

DIMENSION CRV (N, N),EVECT (N, N),EVALUES (N

DIMENSION CRV2 (N, N),EVECT2 (N, N)

DO I=1,N
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EVALUES (I)=0.0

E(I)=0.0

DO J=1,N

CRV2 (J, I)=CRV(J, I)

END DO
END DO
CALL TRED2 (CRV2,N,NP,EVALUES,E)
CALL TQLI (EVALUES,E,N,NP,CRV2)
CALL EIGSRT (EVALUES,CRV2,N,NP)

DO I=1,N
DO J=1,N
EVECT (J, I)=CRV2 (J, I)
END DO
END DO

RETURN
END
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCececee
c Subroutines from Numerical Recipes
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcccccee
SUBROUTINE FOURN (DATA,NN,NDIM, ISIGN)
REAL+*8 WR,WI,WPR,WPI,WTEMP, THETA
DIMENSION NN (NDIM) ,DATA (*)
NTOT=1
DO 11 IDIM=1,NDIM
NTOT=NTOT*NN (IDIM)
11 CONTINUE
NPREV=1
DO 18 IDIM=1,NDIM
N=NN (IDIM)
NREM=NTOT/ (N+NPREV)
IP1=2+xNPREV
IP2=IP1%N
IP3=IP2%NREM
I2REV=1
DO 14 12=1,1IP2,IP1
IF(I2.LT.I2REV)THEN
DO 13 I1=I2,I2+IP1-2,2
DO 12 I3=I1,IP3,IP2
I3REV=I2REV+I3-1I2
TEMPR=DATA (I3)
TEMPI=DATA (I3+1)
DATA (I3)=DATA (I3REV)
DATA (I3+1)=DATA (I3REV+1)
DATA (I3REV)=TEMPR
DATA (I3REV+1)=TEMPI

12 CONTINUE

13 CONTINUE
ENDIF
IBIT=IP2/2
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1 IF ((IBIT.GE.IP1l).AND. (I2REV.GT.IBIT)) THEN
I2REV=I2REV-IBIT
IBIT=IBRIT/2

GO TO 1
ENDIF
I2REV=I2REV+IBIT
14 CONTINUE
IFP1=IP1
2 IF(IFP1.LT.IP2) THEN

IFP2=2+IFP1
THETA=ISIGN*6.28318530717959D0/ (IFP2/1IP1)
WPR=-2.DO*DSIN (0.5D0*THETA) **2
WPI=DSIN (THETA)
WR=1.DO
WI=0.DO
DO 17 I3=1,IFP1,IP1
DO 16 I1=I3,I3+IP1-2,2
DO 15 I2=I1,IP3,IFP2
K1=1I2
K2=K1+IFP1
TEMPR=SNGL (WR) *DATA (K2) —~SNGL (WI) *DATA (K2+1)
TEMP I=SNGL (WR) *DATA (K2+1) +SNGL (WI) «DATA (K2)
DATA (K2) =DATA (K1) ~-TEMPR
DATA (K2+1)=DATA (K1+1) -TEMPI
DATA (K1) =DATA (K1) +TEMPR
DATA (K1+1)=DATA (K1+1)+TEMPI

15 CONTINUE
16 CONTINUE
WTEMP=WR

WR=WR+WPR-WIWPI+WR
WI=WI+WPR+WTEMP WP I+WI
17 CONTINUE
IFP1=IFP2
GO TO 2
ENDIF
NPREV=N+NPREV
18  CONTINUE
RETURN
END
CCCCCCCCCcCcceceeeeeeecececeecececeeececeeeceeeeeceeececeecceeeeececececceeecceceececcececcecececcecececcecececcecce
SUBROUTINE TRED2 (A,N,NP,D,E)
IMPLICIT NONE
INTEGER I,J,K,L,N,NP
REAL A,D,E,H, SCALE,F, G, HH
DIMENSION A (NP,NP),D (NP),E (NP)
IF (N.GT.1) THEN
DO 18 I=N,2,-1
I=I-1
H=0.
SCALE=0.
IF(L.GT.1) THEN
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11

12

13

14

15

16
17

18

DO 11 K=1,L
SCALE=SCALE+ABS (A (I,K))
CONTINUE
IF (SCALE.EQ.O0.)THEN
E(I)=A(I,L)
ELSE
DO 12 K=1,L
A(I,K)=A(I,K)/SCALE
H=H+A (I, K) x*2
CONTINUE
F=A(I,L)
G=-SIGN (SQRT (H) , F)
E (I)=SCALE*G
H=H-F*G
A(I,L)=F-G
F=0.
DO 15 J=1,L
A(J,I)=A(I,J)/H
G=0.
DO 13 K=1,J
G=G+A (J,K) *A (I,K)
CONTINUE
IF (L.GT.J) THEN
DO 14 K=J+1,L
G=G+A (K, J) *A (I, K)
CONTINUE
ENDIF
E(J)=G/H
F=F+E (J) *A (I, J)
CONTINUE
HH=F/ (H+H)
DO 17 J=1,L
F=A(I,J)
G=E (J) “HH«F
E (J)=G
DO 16 K=1,J
A(J,K)=A(J,K)-F+E (K)-G*A(I,K)

CONTINUE
CONTINUE
ENDIF
ELSE
E(I)=A(I,L)
ENDIF
D(I)=H
CONTINUE
ENDIF
D(1)=0.
E(1)=0.
DO 23 I=1,N
L=I-1

IF(D(I).NE.O.)THEN
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DO 21 J=1,L
G=0.
DO 19 K=1,L
G=G+A (I, K) *A (K, J)
19 CONTINUE
DO 20 K=1,L
A(K,J)=A(K,J)-G+A (K, I)

20 CONTINUE

21 CONTINUE
ENDIF
D(I)=A(I,I)
A(I,I)=1.

IF(L.GE.1) THEN
DO 22 J=1,L

A(I,J)=0.
A(J,I)=0.
22 CONTINUE
ENDIF
23  CONTINUE
RETURN
END

CCCCCCCcCccCccceeeecececececececececececeececeeecececececeececceececcecececececececececececceccecececcecececcececcececcece
SUBROUTINE TQLI (D,E,N, NP, 7)
IMPLICIT NONE
INTEGER N, NP, I,K,L,M, ITER
REAL D,E,Z,DD,G,R,S,C,P,F,B
DIMENSION D (NP),E (NP), Z (NP, NP)
IF (N.GT.l) THEN
DO 11 I=2,N

E(I-1)=E(I)
11 CONTINUE
E (N)=0.
DO 15 L=1,N
ITER=0
1 DO 12 M=L,N-1

DD=ABS (D (M) ) +ABS (D (M+1) )
IF (ABS(E(M))+DD.EQ.DD) GO TO 2

12 CONTINUE
M=N
2 IF (M.NE.L) THEN

IF(ITER.EQ.30) PAUSE ’'too many iterations!’
ITER=ITER+1

G=(D(L+1)-D(L))/(2.*E (L))

R=SQRT (G*x*2+1.)

G=D (M) -D (L) +E (L) / (G+SIGN (R, G))

s=1.

c=1.

P=0.

DO 14 I=M-1,L,-1
F=S+E (I)
B=C+E (I)
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IF (ABS (F) .GE.ABS (G) ) THEN
C=G/F
R=SQRT (Cx*2+1.)
E(I+1)=F+R
S=1./R
C=CxS
ELSE
S=F/G
R=SQRT (S**2+1.)
E(I+1)=G*R
c=1./R
S=S*C
ENDIF
G=D (I+1)-P
R=(D(I)-G)*S+2.%C«*B
P=SxR
D(I+1)=G+P
G=C+R-B
DO 13 K=1,N
F=7 (K, I+1)
7 (K, T+1)=S+Z (K, I) +C*F
7 (K, I)=C*Z (K, I) —S+F

13 CONTINUE
14 CONTINUE
D(L)=D(L)-P
E (L) =G
E (M)=0.
GO TO 1
ENDIF
15 CONTINUE
ENDIF
RETURN
END

CCCCCCCCcCccceceeceeeecececececeececeececeecececeeecceeececeecececececececececececececcecececcececcecececcececceccece
SUBROUTINE EIGSRT(D,V,N,NP)
IMPLICIT NONE
INTEGER N,NP,I,J, K
REAL D,V,P
DIMENSION D (NP),V (NP, NP)

DO 13 I=1,N-1
K=I
P=D (I)
DO 11 J=I+1,N
IF(D(J) .GE.P) THEN
K=J
P=D (J)
ENDIF
11 CONTINUE
IF (K.NE.I)THEN
D (K) =D (I)
D(I)=P
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DO 12 J=1,N
P=V(J, I)
V(J,I)=V(J,K)
V(J,K)=P
12 CONTINUE
ENDIF
13 CONTINUE
RETURN
END
CCCCCcCccceceeeeeeceececeeecececcecececeececeecececececcececcecceccececececececcececceccecceccece
SUBROUTINE PIKSRT (N, ARR)
IMPLICIT NONE
INTEGER I,J,N
REAL ARR, A
DIMENSION ARR (N)
DO 12 J=2,N
A=ARR (J)
DO 11 I=J-1,1,-1
IF (ARR(I) .LE.A)GO TO 10
ARR (I+1)=ARR(I)

11 CONTINUE
I=0
10 ARR (I+1)=A
12 CONTINUE
RETURN
END

CCCcCccccecececeeecececeececececececececececececececececececceccececcececcececccececececccecece
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40.19 Problem 17

17.1. Compute the photoabsorption spectrum of /,. Assume that the transition dipole moments
are independent of nuclear coordinates, and that the only allowed electronic transition induced by
photoabsorption of I is the B <— X excitation. Assume the ground (g) and excited (e) states of I
can be described by the Morse Potential V' (R) = D, (1 —e (R_Req))Q + Vo, where R is the bond-
length of I, and Vj(g) = 0.00 eV; Viy(e) = 0.94 €V; D.(g) = 18941 em™'; D.(e) = 4911 em™1;
B(g) = 1.517 A7Y; B(e) = 1.535 A7Y; R, (g) = 2.66 A and R.,(e) = 3.105 A.

17.2. Compute the direct photoelectron detachment spectrum of 7, assuming that the electronic
transitions induced by photoelectron detachment of /, (X) generate /5 in the electronic states X and
B.

Assume that the potential energy surfaces of the states I, (X), Io(X) and I5(B) can be de-
scribed by simple Morse potentials, as reported by Batista and Coker [J. Chem. Phys. (1997)
106:7102-7116].

Download the alpine source code from here

Untar the tarball files by typing

tar -xvf 2ZmPEDSpec.tar

change directory by typing

cd I2ZmPEDSpec

Compile by typing

.Jcompile.sh

and run the program by typing

Jalpine

Jtrans

Visualize the evolution of the wavepacket in the intermediate A’ state by typing

gnuplot anim.gpt

Visualize the PED spectrum at 320 fs after photoelectrondetachment into the B 12 neutral state
by typing

gnuplot plot "pw008.out” w 1

40.20 Computational Problem: WTP

1. Write a program to write the DVR Liouvillian, introduced by Eq. (??), for the Morse potential.
2. Propagate the Wigner transform of a state initialized as |0), according to Eq. (2?), using the DVR
Liouvillian of item 1 and the Lanczos propagation scheme in the Krylov basis as implemented in
Expokit. Compare the time-evolved Wigner transform to the corresponding propagation based on
the classical Liouvillian L..

Download the source code from here

Untar the tarball files by typing

tar -xvf FGL2_expokit.tar

change directory by typing

cd FGL2_expokit
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Compile by typing

make FGL2

and run the program by typing

JFGL2

move the output files to the QM subdirectory by typing mv *wavp* QM/.

then modify the function D3V to make it zero, recompile and run

move the output files to the CM subdirectory by typing mv *wavp* CM/.

Visualize the evolution of the QM time-dependent Wigner transform as compared to the classi-
cally propagated Wigner transform by typing

gnuplot<scr
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40.21 Computational Problem 2-level WT

Write a program to propagate the Wigner transform of a 2-level system, described to the MM
Hamiltonian introduced by Eq. @#19), with Hy; = —Hyy = Hy9 = Hy; = 1.0, initialized in one of
the 2 states according to Eq. (429) and evolving by Velocity Verlet according to Eq. (#25). Com-
pare the Rabi oscillations of the time-dependent survival probability to the corresponding results
obtained by SOFT quantum propagation.

Download the source code from here

Untar the tarball files by typing

tar —xvi VV_2level.tar
change directory by typing
cd VV_21level
Compile by typing
make VV_2level
Run the program by typing
./VV_2level
Visualize the comparison of Rabi oscillations by typing
gnuplot<scrp
Visualize the time-dependent Wigner transform by typing

gnuplot<scr
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