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Variational Quantum Algorithms (VQAs) provide a promising framework for tackling complex
optimization problems on near-term quantum hardware. Here, we demonstrate that hybrid qubit—
qumode quantum devices offer an efficient route to solving Quadratic Unconstrained Binary Op-
timization (QUBO) problems using the Echoed Conditional Displacement Variational Quantum
Eigensolver (ECD-VQE). Leveraging circuit quantum electrodynamics (cQED) architectures, we
encode QUBO instances across multiple qumodes weakly coupled to a single qubit and extract bi-
nary solutions directly from photon-number measurements. We apply ECD-VQE to the Binary
Knapsack Problem and show that it outperforms the Quantum Approximate Optimization Algo-
rithm (QAOA) implemented on conventional qubit circuits, achieving higher-quality solutions with
dramatically fewer resources. We also demonstrate that ECD-VQE can be extended to chemi-
cally motivated tasks such as active-space selection for multireference electronic structure methods.
These results highlight the utility of hybrid qubit-qumode platforms for a broad class of NP-hard
and chemistry-related optimization problems, and demonstrate that variational ECD ansatz can re-
alize expressive state preparation with significantly shallower circuits than qubit-only architectures,
positioning qubit-qumode gates as compelling candidates for constrained optimization in early fault-

tolerant quantum computing.

I. INTRODUCTION

Variational Quantum Algorithms (VQAs) represent
a powerful class of hybrid quantum-—classical meth-
ods designed to solve optimization problems on near-
term and early fault-tolerant quantum devices.'™®
VQAs address such problems by encoding them into
a Hamiltonian and iteratively minimizing its expec-
tation value through classical optimization over a
parametrized quantum ansatz. Their broad applicability
has been demonstrated across domains including molecu-
lar property prediction,®” RNA folding,® protein-ligand
docking,’ machine learning,'® structural design,!! vehi-
cle routing,'? and capital budgeting.'® These problems
naturally admit formulations as quadratic unconstrained
binary optimization (QUBO) models'* 17, which can be
solved using VQAs. Indeed, many chemical problems
can be formulated as a QUBO problem, and as discussed
later in this paper, one example is finding the optimal
orbitals for electronic structure calculations.

Two well-known VQAs, the Variational Quantum
Eigensolver (VQE),?%!%19 and the Quantum Approx-
imate Optimization Algorithm (QAOA),?%2! illustrate
the diversity of variational approaches. VQE, originally

* These authors contributed equally to this work.

developed for quantum chemistry, often employs either
general-purpose ansatze or chemically motivated con-
structions such as unitary coupled cluster (UCC).?2:23
In contrast, QAOA constructs its ansatz directly from
the problem Hamiltonian and a noncommuting mixing
operator, making it particularly suitable for constrained
combinatorial optimization. Despite their success, both
methods can experience trainability challenges including
barren plateaus and complex variational landscapes.?* 27
These limitations motivate the exploration of improved
ansatz architectures, alternative variational principles
such as quantum imaginary-time evolution,?®?? and new
quantum platforms along with their native gates.30:3!

In this paper, we focus on quantum harmonic oscil-
lators, also known as qumodes, as the building block
of quantum computing resources.’? Qumodes offer, at
least in principle, infinite-dimensional Hilbert spaces,
which have the potential to go beyond conventional
qubits in expressivity and resourcefulness. This flexi-
bility has inspired optimization algorithms33 36 tailored
to photonic platforms such as integrated photonics and
Gaussian boson sampling.3”? However, photonic ar-
chitectures face challenges in implementing strong non-
Gaussian operations, whereas circuit quantum electro-
dynamics (cQED) enables efficient non-Gaussian gates
through strong qubit-qumode coupling.*®4! This makes
cQED-based hybrid architectures a promising path to-


https://arxiv.org/abs/2501.11735v3

Constrained
X
Optimization ‘ f@
Penalty
terms

Quadratic Unconstrained

Binary Optimization (QUBO)

FIG. 1.

Quantum-Classical
Optimization

min (|H[)

Photon Number

Qubit-Qumode Circuit Measurements
\ [ Natural Sciences ] [ Engineering ]
[ Machine Learning ] [ Finance ]

A constrained optimization problem is reformulated as a QUBO instance and solved using a qubit—-qumode device.

The problem is encoded into a qubit—-qumode Hamiltonian whose ground state corresponds to the optimal solution. This
ground state is approximated via variational optimization of the circuit parameters, and the solution is read out through

photon-number measurements on the qumodes.

ward early fault-tolerant quantum computing, with re-
cent demonstrations of quantum error correction beyond
break-even for both logical qubits*? and qudits.*?

Hybrid cQED systems, built from superconduct-
ing cavities coupled to transmon qubits,*®*! enable
high-fidelity universal gate sets***® and exhibit in-
trinsic noise resilience.*?*? Importantly, they sup-
port expressive ansatze composed of native operations
such as echoed conditional displacement (ECD) gates
with qubit rotations,*>474® SNAP gates with Gaus-
sian operations,***° and conditional-not displacement
gates.*® These hybrid operations allow efficient explo-
ration of large Hilbert spaces,*® often with dramati-
cally fewer resources than qubit-only circuits,***° mak-
ing them a compelling architecture for near-term quan-
tum applications.

In this work, we show how to leverage hybrid qubit-
qumode circuits to solve various Quadratic Uncon-
strained Binary Optimization (QUBO) problems, which
fall under the NP-hard class relevant across logistics,
scheduling, finance, materials discovery, drug devel-
opment, and machine learning.'*'” Importantly, we
demonstrate how to solve a specific quantum chem-
istry problem related to molecular electronic structure
by translating it into a QUBO problem and then solv-
ing it using our approach. We introduce QUBO formu-
lations with both soft and hard constraints using ECD-
VQE, a variational quantum algorithm built from echoed
conditional displacement gates and qubit rotations.®!:>2
ECD-VQE encodes QUBO Hamiltonians across multi-
ple qumodes coupled to a single qubit, yielding compact
and highly expressive representations of the optimization
landscape. The circuit parameters are optimized classi-
cally, and binary decision variables are extracted from
photon-number measurements on the qumodes.

We benchmark ECD-VQE on constrained optimization
problems and demonstrate that it outperforms the Quan-

tum Approximate Optimization Algorithm (QAOA) on
the Binary Knapsack Problem (BKP),>® achieving higher
solution quality and more favorable variational land-
scapes. For the BKP, ECD-VQE consistently identifies
the optimal solution with 100% probability in around
80 iterations, while QAOA fails to exceed a 12% success
probability even with the same number of parameters,
more iterations, and 50 parameter initializations. No-
tably, ECD-VQE achieves this performance using only
10 native ECD gates with two qumodes and one qubit;
an equivalent qubit-only implementation would require
approximately 930 CNOT gates on a seven-qubit circuit
(Sec. III), underscoring the resource efficiency of the hy-
brid approach.

The remainder of the paper is organized as follows. In
Section II, we describe the mapping of constrained op-
timization problems onto hybrid qubit—qumode Hamil-
tonians and detail the ECD-VQE circuit architecture.
Sections III and IV apply the method to benchmark op-
timization problems and to chemically motivated tasks
such as active-space selection. Finally, Section V summa-
rizes our findings and outlines directions for future work.
Additionally, we evaluate performance under simulated
noise in Appendix A.

II. METHODS

In this section, we review how to represent a con-
strained optimization problem in terms of a qubit Hamil-
tonian before discussing how to implement it on a qubit-
qumode device. Then, we introduce a variational ap-
proach to find the optimal solution as the ground state
of the qubit Hamiltonian.



A. Qubit Hamiltonian

Let us review how to transform a constrained optimiza-
tion problem into a QUBO form for the binary knap-
sack problem (BKP), a fundamental integer program-
ming problem in combinatorial optimization and oper-
ations research.®® It can be defined as

No—1
max V= Z vjz;, x; €{0,1}, (la)
=0
No—1
subject to  Wy(x) = Z wjx; < W, (1b)
=0

where W is the total weight capacity of a knapsack, Ny is
the number of items available, {v;} are the item values,
and {w;} are the item weights.

The BKP optimization problemd defined in Eq. (1)
involves maximizing V with hard constraints requiring
total weight to be smaller than W. It is also called
the 0-1 knapsack problem, and is known to belong to
the NP-hard computational complexity class.’* > Many
real-world optimization problems can be represented as a
BKP,*" including optimization tasks for molecular drug
discovery.®

The constrained optimization of Eq. (1) can be
transformed to an unconstrained problem by introduc-
ing auxiliary binary variables {y;} to have a QUBO

representation:®!:92

Ni—1 )
min £ = -V (x) + A |[W — Wy(x) — Z 27 yj] , (2)

x,y
=

where A is the quadratic penalty weight and the sum of
Ny = [logo(W + 1)] terms. We can now write the cost
function E(x) as a function of Ny + Nj binary variables
{z;}, including the auxiliary variables:

No—1 No—1
m}inE:— Z v T+ A [W— Z Wj T
=0 =0
No+N1—1 ] 2
D xj} . (3)
Jj=No

This cost function can now be mapped to a qubit Hamil-
tonian Hg of N = Ny + N; qubits by substituting each
binary variable, as follows: z; — % (I; — Z;), where I and
Z are the identity and Pauli-Z operators, while the sub-
script index represents the qubit site. The mapping from
binary variable to qubit operator can be easily justified
by noting that the eigenstates of the Z operator are the
qubit basis states |0) and |1) with eigenvalues +1 and
—1, respectively. The multi-qubit Hamiltonian can then

be written, as follows:

No—1 vs No—1 W
Ho==Y 5 L-Z)+X[W= > T (-2)
j=0 j=0
No+Ni—1 9
- Y - ) (4)
Jj=No

The binary string x* representing the optimal solution
of Eq. (3) is now encoded into a tensor product of N
computational basis states

) = lzg) @ - @ |2N 1), ()

and is the ground state of Hg. Similar to the BKP
problem discussed above, any constrained optimization
problem can be represented by a Hamiltonian Hg of the
form defined in Eq. (4) by representing the constraints
by auxiliary variables and designing a quadratic penalty
function.

B. Hilbert space mapping

Let us define a N-qubit Hamiltonian Hp below that
can be written as a linear combination of terms, each
consisting of only identity and Pauli-Z operators

NH NH
HD:Zg;tagm(g"'@a](\l;):zgupj(\lfi)v (6)
p=1 p=1

where o; = I, Z, the Hamiltonian coefficients {g,} are
known, and the number of terms Ny is assumed to be
a computationally manageable finite number. For exam-
ple, Hg defined in Eq. (4) consists of O(NZ+N£+NoNy)

terms. Fach of the Dg\’,‘) terms is a diagonal operator since

I=10) (0] + 1) (1], (7a)
Z =10 (0] — 1) (1. (7b)

Our goal is to compute (1] Dg\‘;) |th) for a given state using
a combination of Pauli-Z measurements on a qubit and
photon number measurements on qumodes. The pho-
ton number measurements compute the probabilities of
finding the discrete Fock states {|n)}nen of a quantum
harmonic oscillator or the number of photons in an opti-
cal mode, and are the eigenstates of the bosonic number
operator, 7 [n) = a'a |n) = n|n), where a', a are bosonic
creation and annihilation operators, respectively. For a
realistic setup, the maximum number of photons can be
set to a finite integer L — 1, where L is called the Fock
cutoff. From the Fock basis perspective, a qumode is
thus equivalent to a multilevel generalization of a qubit
in L dimensions, also known as a qudit®®.

Let us first discuss the computation of the expectation
values in the context of photon number measurements



of one qumode for the sake of simplicity. The observ-
able (¢] Dg’,‘) | can be computed from the histogram
of all possible binary strings |q1, - - - ,qN>Q from Pauli-Z
measurements since

(W] Zyy -+ Zpy |9) = Y (~1)Z 51 be P(B),  (8)

b

where {b} represent all qubit basis states as bitstrings,
P(b) is the probability of measuring the state |b) and
Zi]\il by, is the sum of the bit values at positions
{p1,--- ,pn}, which determines the sign for each qubit
in the Pauli word. Each of the binary bitstrings of N
qubits can be in principle mapped to the Fock space of a
single qumode with L = 2V using the binary mapping

|q1,"'aQN>Q<_>|n>B’ (9)
where n = 20¢; +--- + 21 gn. Thus, the histogram of
binary strings can be generated by photon number mea-
surements on a single qumode instead of Pauli-Z mea-
surements on multiple qubits. A single qumode Hilbert
space with a realistic cutoff L can only handle map-
ping a few qubits realistically. However, we can expand
the Hilbert space significantly by working with multiple
qumodes, thus allowing the mapping of a large number of
qubits with fewer qumodes by a constant factor log,(L).
In this work, we will focus on a hardware setup with one
qubit and two qumodes, which can be readily generalized
to multiple qumodes. Thus, we will explore partitioning
the N-qubit Hilbert space such that it matches with the
combined Hilbert space of one qubit and two qumodes,
ie., 2V =2x L; x Ly, where L; and Lo are the Fock cut-
offs for the first and second qumodes, respectively. Thus,
the N-qubit state |qq,- - ,qN>Q Hilbert space can now
be partitioned into three pieces and mapped to

\Q1>Q ® g2, :CIN—j>Q ® lgN—j+1," - 7(]N>Q
< la)g®@In)p®@m)g, (10)

where 1 < j < N —2. For example, one possible partition
for the Hamiltonian Hg defined in Eq. (4) can be that
the Ny primary variables are represented by the qubit
and the first qumode, whereas the second qumode rep-
resents the Ny auxiliary variables. Let us discuss with a
simple example where a one-qubit two-qumode quantum
state |¢)) is prepared, followed by Pauli-Z measurement
on the qubit and photon number measurements on the
two qumodes. Let us also assume [|¢) is originally repre-
senting a five-qubit Hamiltonian, which has been parti-
tioned such that the first qubit remains the same, where
the rest of the four qubits are grouped into two equal
parts and each mapped to one qumode. The measured
bitstrings of the first subsystem remain the same, i.e., |0)
and |1). For each of the second and third subsystems, the
possible bitstrings can be mapped as

0)®[0)q )@= Mg,
1) ®0)g He[l)g—[3)p.

= |0) 5
= 12)p

(11a)

| |
| | (11b)
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FIG. 2. Schematic to implement quantum nondemolition
(QND) approach for photon number measurements for two
qumodes with computational measurements for the coupled
qubit. Two microwave cavities are dispersively coupled to a
coupler transmon qubit with a readout resonator for compu-
tational basis measurement of the coupler qubit. Each of the
cavities are also coupled to an ancillary transmon qubit with
a readout resonator which allows for photon number detec-
tion followed by the approach discussed in Ref. 50.

For example, the one-qubit two-qumode basis state
Do ® [3)p ® [2)p is same as the five-qubit basis state
|1,1,1, 1,0)Q

A novel characteristic of our approach is the use of
photon number measurements to output positive integers
that can be easily converted to binary strings for evalu-
ating the expectation value of the qubit-based Hamilto-
nian Hg as defined in Eq. (6) or Hp of Eq. (4). Pho-
ton number measurements can be implemented using the
quantum nondemolition (QND) method, as described in
Ref. 50. The QND measurement relies on the disper-
sive coupling between the cavity mode and its ancillary
transmon qubit. In the dispersive regime, the transi-
tion frequency of the transmon qubit shifts depending
on the photon number in the cavity. This shift enables
the transmon to encode information about the cavity’s
photon state. A sequence of numerically optimized con-
trol pulses is applied to the transmon to extract this in-
formation. These pulses selectively drive the transmon
between its quantum states based on the binary repre-
sentation of the photon number. The transmon state
carrying photon number information is probed via a dis-
persive readout. This QND scheme achieves high reso-
lution and fidelity, resolving photon numbers up to 15
in single-shot experiments.’® We refer the reader to Fig-
ure 2 for a schematic of the hardware setup where photon
number measurements on two qumodes is combined with
computational basis measurements on a qubit.

While computing the expectation values of the Hamil-



tonian in binary basis is a generally effective strategy, we
may also rewrite the auxiliary binary variables {y,} in
Eq. (2) in the basis of the photon number cutoff L of the
qubits. As an example, we can use one integer variable
b7

minE = —V(x) + A [W W) -8, (12)

xy

such that it has values b = 0, - - - , 2V —1. By representing
the integer variable to the bosonic number operator b +—
7, we can now map the qubit Hamiltonian Hq defined
in Eq. (4) to a qubit-qumode Hamiltonian of the form

No—1
v
Ho— Hop ==Y + (I~ Z))
=0
No-1l .. 2
+A [W— 3 é(ﬂj—zj)—ﬁ} . (13)
=0

where the number operator 7 is assumed to have the
Fock cutoff L = 2M — 1 and the corresponding qumode
represents all of the auxiliary variables. This ensures
that the photon number measurements corresponding
to the Hilbert space of the auxiliary variables can be
used directly without the integer-to-binary mapping, and
to fewer Hamiltonian terms compared to the qubit-only
Hamiltonian defined in Eq. (4).

Finally, it is also possible to represent and evaluate
the Hamiltonian directly in the basis of the experimental
qubit-qumode device in the projection operator form

L;
Ho— Hop= Y, Y C,PY
i€{Q,B1,B2} n=0
i#] L; Lj
+ Y > Y PPy
1,7€{Q,B1,B2} n=0m=0
(14)

where P = [ny (n] is defined in the Hilbert space of
the qubit mode (i = Q) of dimension 2 or the bosonic
modes (i = By or By) of dimension L; or Ly. {C?} and
{Cj:3,} can be deduced by rewriting the single- or two-
qubit Pauli Z operators in the qubit Hamiltonian Eq. (4)
following the qubit-to-qumode mapping. For example,
given the mapping Eq. (11), we have Z2Z3 = |0) (0| —
[1) (1] —|2) (2| +3) (3]. We note that for a large problem
with many qubits and qumodes, the number of terms in
the Hamiltonian will only grow quadratically with the
number of modes.

C. Variational quantum eigensolver

We take a variational quantum eigensolver (VQE) ap-
proach to find the approximate ground state of the di-
agonal Hamiltonian Hp defined in Eq. (6) by optimizing

the following cost function

Ny
wmin B = (4] Hp [0) = >~ . (0| DY 1), (15)

p=1

where D](\‘,L) can be computed using a qubit-qumode de-
vice following the steps below.

e Prepare a normalized trial one-qubit two-qumode
state |1) using a parameterized quantum circuit.

e Generate the histogram of |q), ® [n)p ® [m) 5 us-
ing Pauli-Z measurements on the qubit and photon
number measurements on the two qumodes.>®

e Compute the expectation value by combining
Eq. (8) and Eq. (10).

The trial state |1) can be generated by a parameterized
one-qubit two-qumode circuit acting on the vacuum state

() =UM) (0@ 0)e @ [0)e ), (16)

where the vector v represents all the circuit parameters.
The parameters can be updated by optimizing Eq. (15)
on a classical computer. The histograms on the qubit-
qumode device compute the following probabilities

= |{g,n,m[y) %, (17)

where ¢ = {0,1}, n = {0,1,---,L; — 1}, and m =
{0,1,---, Ly — 1} are the possible basis states. After re-
peating the measurement experiments for a finite number
of times, a distribution for {Sy .} can be generated for
computing the expectation values.

The overlaps {S; n,m} also measure how close the ap-
proximate ground state |¢)) — a state in a superposi-
tion of multiple solution strings — is to the optimal so-
lution string. Thus, for the QUBO problems, we only
care about the resolution of the distribution generated
by the measurements {Sy .} instead of how close the
trial energy E is to the true ground state energy of the
Hamiltonian Hp. The quantum superposition of |¢)
also highlights the potential advantage of quantum op-
timization algorithms. The parametrized one-qubit two-
qumode trial state can be generically represented as

Sqn,m

Li—1L>—-1

W)= > DD Aawm(V)lg,nym),  (18)

ge{0,1} n=0 m=0

and the optimization steps depend on the gradient for
the cost function defined in Eq. (15)

oF o oY

— =(—|H Hp | — 19
which in turn updates |1)(v)) for the next iteration based
on Eq. (16). This means that at each optimization step,
all the combinatorial number of basis state coefficients
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FIG. 3. Hybrid one-qubit two-qumode circuit followed by
measurements for computation of expectation values of a di-
agonal Hamiltonian as defined in Eq. (6). The circuit con-
sists of echoed conditional displacement (ECD) qubit-qumode
gates with one-qubit rotations, as discussed in Section IIC.

affect the variational parameters, which in turn update
all the basis state coefficients at the same time in the
next iteration. This can be hard to mimic using a classi-
cal distribution that only samples from a subspace of the
full Hilbert space.%0762 Nevertheless, the true potential of
quantum superposition is achieved when the parameter-
ized circuit for |1(v)) is sufficiently expressive, which we
discuss below in the context of qubit-controlled bosonic
qumode gates.

The parameterized circuit for the trial state defined
in Eq. (16) must be a universal ansatz for the one qubit
and multiple qumodes, which can be achieved in multiple
ways. 444674863 We explore a universal ansatz based on
the following circuit here*”

U(V) - UER(BNd7gNda¢Nd)"'UER(ﬁ13017¢1)~ (20)

The building block unitaries Uggr are built from one-
qubit arbitrary rotations

R(0,6) = =10/ [cos(¢)X+sin(¢)Y]’ (21)
and two one-qubit one-qumode echoed conditional dis-
placement (ECD) operations*®

Uer(Bj,0;,¢;) = ECDo2(B2) Ro(0,2, 9;2)
x ECDo,1(Bj1) Ro(051,¢51),  (22a)
ECDo,1(61) = 05 D1(81/2) + 05 D1(—51/2), (22b)
ECDo,(B2) = 05 Da(B2/2) + 05 Da(—52/2), (22¢)

where D(3) = ePa'=B%a ig the qumode displacement op-
erator, X,Y are Pauli matrices, and o™ = |0) (1|0~ =
|1) (0| are the qubit transition operators. The opera-
tor subscripts in Eq. (22) represent the indexing for the
qubit and the two qumodes, and tensor product is as-
sumed. Other choices for universal ansatz include se-
lective number-dependent arbitrary phase (SNAP) with
displacement and beamsplitters,**%? and conditional-not
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FIG. 4. Trial energy values defined in Eq. (15) at different

ECD-VQE iterations while finding the ground state of Hg
defined in Eq. (25). The horizontal black line represents the
exact ground state energy. The circuit depth for the trial
state is Ng = 5.

displacement gates.*6 The variables {3, 0, ¢} in Eq. (20)
are matrices of dimensions Ny x 2, where the complex-
valued B matrix can also be split into two real-valued
matrices of same dimensions such that 8; ) = r;; ek
for each complex-valued element. We call the number of
blocks Ny in Eq. (20) as the depth of the universal ECD-
rotation circuit. Thus, the packed vector v representing
all the real-valued parameters has 8 N; dimensions. The
full circuit is illustrated in Figure 3.

III. MODEL APPLICATIONS

We now have all the tools needed to implement the
ECD-VQE method for finding the ground state of a di-
agonal Hp. We show the applications of our ECD-VQE
approach with two specific examples here.

A. Binary knapsack problem

Let us discuss a simple binary knapsack problem. Let
us assume we have Ny = 4 items with their values and
weight constraints given by

(23a)
(23b)

max 2xp+5x1+7x2+ 323,
subject to 2.5x9g+3x1+4x2+35x3 <7T.

Following the discussions in Section IT A, the above opti-
mization can be recast as the following QUBO problem

minE:—(2x0+5x1+7x2+3x3)

X

+ A 7—(2.5x0+3x1+4x2+3.5x3)

— (x4 + 2 5 -‘1-41'6)]2 (24)
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FIG. 5.

Probabilities Sqn,m = | (g,n, m|¢) |* at different numbers of iterations of the ECD-VQE method for the one-qubit

two-qumode Hamiltonian Hg defined in Eq. (25). The histograms are split into two parts for better readability of the basis
states. The circuit depth for the trial state is Ng = 5. The corresponding trial energy values are shown in Figure 4.

consisting of 4 + 3 = 7 binary variables. For the penalty
weight A = 2, the corresponding seven-qubit Hamiltonian
is given by

Hg =41.75 — 14.0 Zg — 15.5 Z — 20.5 Z5 — 19.5 Zs
— 6.0 Z4 — 12.0 Z5 — 24.0 Zg + 7.5 ZoZ1 + 10.0 ZoZs
1 8.75 ZoZ5 + 2.5 ZoZ4 + 5.0 ZoZs + 10.0 Zo Zs
+12.0 212 + 10.5 Z1Z5 + 3.0 Z1 Z4 + 6.0 Z, Zs
+12.0 Z1Z¢ + 14.0 ZoZ5 + 4.0 Zo Zs + 8.0 Zo Zs
+16.0 ZoZg + 3.5 Z3Z4 + 7.0 Z3Z5 + 14.0 Z3 Zg
12.0 2475 +4.0 Z476 + 8.0 Zs Zs. (25)

Qumode-based ECD-VQE: The ground state of
Hg obtained by exact diagonalization is |0, 1, 1,0>Q ®
|0,0,0) o Wwith eigenvalue -12. Indeed, the optimal solu-
tion is x* = (0,1, 1,0) with the corresponding weight =
7 and value = 12. We will now partition the seven-qubit
Hamiltonian into three parts such that it will be mapped
to a one-qubit two-qumode system with the Fock cutoff
for each qumode being L = 8. In other words, we map
the first four qubits corresponding to the primary vari-
ables to the qubit along with the first qumode, and the
rest to the second qumode. The ground state of Hg is
now mapped as

10,1,1,0), 10,0,0), <+ [0} @[6); ® 0),  (26)

or in shorthand, |0,6,0). This is the solution state that
we seek with this model benchmark system.

We show the trial energies for the ECD-VQE method
applied to Hg of Eq. (25) in Figure 4. The circuit
depth chosen for the trial state is Ny = 5. We emu-
lated the expectation values classically using the QuTiP
Python library® and optimized the energy function of
Eq. (15) using the Broyden—Fletcher—Goldfarb—Shanno
(BFGS) algorithm as implemented in the SciPy Python
library.%® It is clear from Figure 4 that the ECD-VQE
method discussed here practically converges to the ex-
act ground state energy in approximately 100 iterations.

Best Run

[{WonoalWes)|?

5 10
p Layers

FIG. 6. Optimal probabilities for different numbers of QAOA
layers chosen out of 50 independent trials for the ground state
of the seven-qubit Hamiltonian defined in Eq. (25). Each trial
converged with ~ 150 iterations with the classical optimizer.
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FIG. 7. Measurement probabilities for bitstring basis states for the optimal QAOA state with p = 20-layers for the seven-qubit

Hamiltonian defined in Eq. (25).

The goal in traditional VQE approaches is usually to find
highly accurate ground state energies, whereas our goal
here is to resolve the ground state |0, 6,0), which repre-
sents the optimal solution. We plot the corresponding
{S4.n,m} probability values as defined in Eq. (17) dur-
ing different iterations of ECD-VQE in Figure 5. The
ground state is practically resolved after 80 iterations
and emerges as the highest peak even in 10 iterations,
as shown in Figure 5. Thus, resolving the ground state
may be achieved using a relatively smaller number of clas-
sical optimization steps than for finding the energy. We
highlight that the {Sy .m } probability values are directly
available from photon number and Pauli-Z measurement
histograms without the need for explicitly iterating over
all possible integer strings, such as in a classical simula-
tor.

Qubit-based ECD-VQE: Implementing the ECD-
VQE ansatz on a qubit-only device would result in ex-
tremely deep circuits,*>®° motivating our use of hy-
brid qubit-qumode hardware. To estimate the equiv-
alent qubit-only resource cost, we transpile the qubit-
qumode unitaries using Qiskit,%¢ employing Pauli rota-
tions and CNOT gates as the elementary operations. For
this problem, with a Fock cutoff L = 8 per qumode,
each qumode becomes encoded using four qubits, includ-
ing an ancilla. Transpilation shows that a single ECD
gate maps to 93 CNOT gates and yields a circuit depth
of approximately 270 on a four-qubit register. Conse-
quently, the ECD-rotation ansatz with N; = 5 blocks,
mentioned above, comprising 10 ECD gates, corresponds
to a total of 930 CNOT gates in the qubit-only model.
Alternatively, compiling the full ansatz (with Ny = 5)
into a single unitary acting on N = 7 qubits results in
7660 CNOT gates and a circuit depth of around 21400.
These results highlight that qubit-qumode implementa-
tions can achieve comparable expressivity with signifi-
cantly reduced circuit depth relative to its qubit coun-
terparts.

Qubit-based QAOA: Here, we compare our opti-
mization results for the BKP problem to those obtained
using the Quantum Approximate Optimization Algo-

rithm (QAOA) implemented with standard qubit-based
circuit?®2!. The QAOA implementation is a qubit-only
VQA commonly used as a benchmark for combinatorial
binary optimization problems. QAOA can be thought of
as a special case of VQE, where the PQC ansatz consists
of the alternating application of p-layers of parametrized
“mixing” and “problem” unitaries, applied to a quantum
register initialized in a uniform superposition

[$(8,7)) = e Pl wtle
e~ WB1HM —iviHp |+>®N_

efiﬂzHMe*i"/zHP
(27)

The problem Hamiltonian Hp in this cased is same as in
Eq. (25), whereas the mixing Hamiltonian is defined as

N-1
HMZ E 0';.
Jj=0

The QAOA calculations were implemented numerically
with QuTiP using the BFGS classical optimizer.

The optimal QAOA result out of 50 independent tri-
als for increasing layers is shown in Figure 6. These re-
sults show that the probability of measuring the bitstring
corresponding to the solution generally increases by in-
creasing the number of layers. We note that the QAOA
approach with p = 20 layers has the same number of
variational parameters as the ECD-VQE approach with
N4 = 5 blocks, highlighting the more favorable optimiza-
tion landscape for the ECD-based approach. We also
note that the number of CNOT gates per layer scales as
O(N?) for QUBO problems where N is the number of
qubits®?. Indeed, the number of two-qubit CNOT gates
needed for the BKP problem discussed here for only one
layer is 42, which is more than the gate counts for the
ECD-VQE approach, where Ny = 5 blocks correspond to
only 10 one-qubit one-qumode ECD gates.

Since the highest probability of measuring the solution
was obtained with p = 20 layers, we chose to sample the
measurement, outcomes with this optimal QAOA circuit.
The results of the measurement sampling are shown in
Figure 7. Although the solution bitstring has the highest

(28)



measurement probability, we see that there is still a sub-
stantial likelihood of sampling sub-optimal states. The
comparison between Figure 5 and Figure 7 indicates the
potential advantages of an expressive VQE ansatz over
the QAOA approach, whose ansatz is limited by its cost
and mixing Hamiltonians. In our case, the VQE ansatz
is provided by a set of native qubit-qumode gates that
reveal the optimal solutions with the help of a few blocks
of gates.

B. Multiple constraints

Trial energy (a.u.)

25 50 75 100 125 150 175 200
Iteration

FIG. 8. Trial energy values defined in Eq. (15) at different
ECD-VQE iterations while finding the ground state of Hg
defined in Eq. (31). The horizontal black line represents the
exact ground state energy. The circuit depth for the trial
state is Ng = 10.

Our approach can be applied to any constrained op-
timization problem beyond the BKP problem discussed
above. Indeed, let us discuss another simple constrained
optimization problem given below

min  xg + 221 + x2, (29a)
subject to zg+x1 =1, (29b)
2xg 4+ 221 + 29 < 3, (290)

xo+ 1+ 20 > 1. (29d)

which can be represented as the following QUBO problem

min F = xg + o1 + 22 + \1 (1—$0—$1)2

+ Ag [3 — (2zo + 221 + 22) — (23 + 21‘4)}2

+ A3 [(wo + @1 4+ @2) — 25 — 1]27 (30)

consisting of 3 + 3 = 6 binary variables. For the penalty
weights Ay = Ao = A3 = 5, the corresponding six-qubit

Hamiltonian is given by

Ho=32.0—-10.52y—11.0 Zy — 5.5 Zy — 5.0 Zs
—10.0 Zy + 15.0 ZoZ1 + 7.5 ZoZs + 5.0 Zo Z5
+10.0 ZoZy — 2.5 ZoZs + 7.5 Z1 25 + 5.0 Z1 25
1+10.0 Z1 24 — 2.5 2175 + 2.5 7o 75 + 5.0 Zo 74
2.5 Zo 75 + 5.0 Z3Z4. (31)

The ground state of Hg obtained by exact diagonaliza-
tion is |1,0,0>Q ® |1,0,0>Q with eigenvalue 1. Indeed,
the optimal solution is x* = (1,0,0). Let us now reorga-
nize the Hilbert space of the six-qubit Hamiltonian into
three parts such that it will be mapped to a one-qubit
two-qumode system with the Fock cutoffs for the two
qumodes being L; = 4 and Ly = 8. In other words, we
map the first three qubits corresponding to the primary
variables to the qubit along with the first qumode, and
the rest to the second qumode. The ground state of Hg
is now mapped as

110,05 ®11,0,0) ¢ 1)@ [0) s @ [4)5,  (32)

or in shorthand, |1,0,4) will be our target state for the
ECD-VQE approach as before.

We show the trial energies for the ECD-VQE method
applied to Hp of Eq. (31) in Figure 8 and the correspond-
ing overlaps in Figure 9. The circuit depth chosen for the
trial state is Ny = 10. It is clear that the ground state
of the Hamiltonian is fairly resolved after 40 iterations
and emerges as the highest peak even in 20 iterations,
as shown in Figure 9, even though there is space for the
trial energy to converge to lower values even after 200 it-
erations. This again shows the efficiency of this method
in resolving the optimal solution state with just a few
optimization iterations.

IV. ACTIVE SPACE SELECTION FOR
MULTIREFERENCE METHODS

Many computational chemistry tasks can be expressed
as discrete optimization problems with hard constraints,
including configuration selection, determinant pruning,
and active-space construction.’®7? These problems of-
ten require choosing a subset of orbitals or configura-
tions that satisfy fixed-size or symmetry constraints while
maximizing some measure of correlation or importance.
Such combinatorial structure makes them natural can-
didates for formulation as quadratic unconstrained bi-
nary optimization (QUBO) problems, which can be im-
plemented directly as diagonal Hamiltonians on the hy-
brid qubit—qumode architecture developed in the preced-
ing sections.

In this section, we focus on one representative exam-
ple: the construction of active spaces for multireference
methods such as CASCI and CASSCF.™ Selecting an
appropriate subset of molecular orbitals is a longstand-
ing challenge, as some orbitals exhibit negligible corre-
lation while others form strongly entangled groups that
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FIG. 9.

Probabilities Sq,n,m =
two-qumode Hamiltonian Hg defined in Eq. (31). The circuit depth for the trial state is Ny = 10. The corresponding trial
energy values are shown in Figure 8.

must be included together. We show that active-space
selection admits a compact and physically interpretable
QUBO formulation, enabling its solution via the ECD-
VQE framework introduced earlier.

A. Mapping to a weighted graph

For a molecule with n spatial orbitals, we assign to each
orbital i € {1,...,n} two types of correlation indicators:

1. Single-orbital entropies™ s; > 0, computed from
the one-orbital reduced density matrices, which
quantify how entangled orbital ¢ is with the rest
of the system.

2. Pairwise correlation weights™ Iij = Kyj45 > 0, de-

rived from the diagonal elements of the two-body

cumulant

Kpg,rs = Lpgrs — (’Ypr’qu - 'YpS'Yqv")a (33)
where v and I' denote the one- and two-body re-
duced density matrices, respectively.

Together, {s;} and {I;;} define a weighted graph:
nodes correspond to orbitals and carry weights s;, while
edges encode pairwise correlation via I;;. Intuitively,
strongly entangled or strongly coupled orbitals should be
selected together in an active space.

B. QUBO formulation

Let x; € {0,1} indicate whether orbital 4 is included in
the active space. For a target active-space size K, we seek
the set of K orbitals that maximizes the total correlation
captured by the chosen subset. This produces a QUBO

[ {g,n, m|y) |* at different numbers of iterations of the ECD-VQE method for the one-qubit

objective with soft and hard constraints,

max « Z S$;T; + ﬁ Z Iij:cixj, (34)

2€{0.1}" —

s.t. Zmz =K,
i

which we convert to an unconstrained energy function,

EQUBO(AT) = — Z S;Ti; — ,6 Zlijzixj

+AK<Z::E,»—K>2. (35)

Here, o and 8 balance single-orbital and pairwise correla-
tion metrics, while g enforces the fixed-size constraint.
This form matches the general QUBO structure used in
Secs. IIB-IIC, enabling direct mapping to a diagonal
Hamiltonian.

To embed the problem onto one qubit and two
qumodes, we partition the Hilbert space such that

2N =2 x Ly x Lo,

with Fock cutoffs L; and Lo chosen to accommodate
the N binary variables. The resulting diagonal Hamilto-
nian is then evaluated variationally using the ECD-VQE
ansatz, and the optimal bitstring is recovered from the
qubit Z measurement and qumode photon-number read-
outs.

C. Case study: Water Molecule

As a benchmark demonstration, we consider the ac-
tive space selection for the water molecule in the STO-
3G basis from the equilibirum configuration, which con-
tains n = 7 spatial orbitals: five oxygen orbitals (1s, 2s,
2pz, 2py, 2p.) and two hydrogen 1s orbitals, ASF then
transforms this AO basis to a MO basis of MP2 natural



orbitals, yielding 7 orthonormal spatial MOs. Using the
Active Space Finder (ASF) workflow,” we compute the
single-orbital entropies {s;} and the diagonal two-body
cumulant elements {I;;} in a consistent molecular-orbital
basis.

We construct a QUBO instance from Eq. (35) with
a target active-space size of K = 4, corresponding to
a compact valence description. The resulting seven-
variable QUBO is then mapped to a qubit—qumode
Hamiltonian using Fock cutoffs Ly = Lo = 8, giving

2T =2 %8x8,

so that the hybrid Hilbert space matches the dimension-
ality of the equivalent seven-qubit Ising problem. The
partitioning of the 7-bit orbital-selection string into the
qubit and two qumode photon-number registers is illus-
trated in Figure 10.

Basis state Selection bitstring Orbital
0 «—< o lay
(o 1by
] <———< o0 2a1
L 1 3a1
(1 1by
7T ——< 1 2bs
L 1 4day

FIG. 10. Mapping from a hybrid measurement outcome
|g,n,m) to a binary selection bitstring. Column 1 lists the
basis indices ¢ € {0,1} and n,m € {0,...,7} for one qubit
and two qumodes with Fock cutoffs L1 = Lo =8 (2 x 8 X 8
states). Column 2 shows the 7-bit selection vector = € {0, 1},
where bit 4 corresponds to the orbital in Column 3 (z; = 1=
selected, ©; = 0= discarded). Because the space factor-
izes as 2 x 8 x 8, the mapping is obtained by concatenat-
ing the 1-bit binary encoding of ¢ with the 3-bit encodings
of n and m: x = bin;(q) || bing(n) || bing(m). For example,
our optimization results in (¢,n,m) = (0,1,7), which yields
2 =0]001|111. This selects the orbitals in the last 4 rows as
indicated by Column 3.

The diagonal Hamiltonian Hg is encoded following
Sec. I1IB, and its ground state is approximated with
the ECD-VQE procedure from Sec. II C. Photon-number
measurements on the two qumodes, combined with
the qubit measurement, uniquely label the basis states
|g, n,m) and identify the optimal active-space bitstring.

In our numerical experiments, the ECD-VQE optimum
matches the ASF results, which corresponds to the MO
set {3ay, 1ba, 2b2, 4ay}: one oxygen lone pair (3a;), the
by o /o* pair (1ba/2bs), and the a1 o* (4ay). The deeply
bound core orbital (la;) and the remaining lone pair
(1b1) are excluded. This compact choice captures the
dominant static correlation at the equilibrium geometry

11

while keeping the active space minimal. Real-space visu-
alizations of these selected molecular orbitals are shown
in Figure 11.

/‘ 1b,

FIG. 11.  Visual representations of the H2O molecular or-
bitals comprising the selected active space of size 4 with colors
indicating the orbital phase.

Figure 12 displays the final probability distribution
over the hybrid basis states. The peak associated with
the correct bitstring dominates the distribution even at
moderate circuit depth and before full convergence of
the variational energy. This mirrors the performance ob-
served in the knapsack and multi-constraint benchmarks
of Sec. ITI, and suggests that active-space identification
can be performed with shallow ECD circuits and a mod-
est number of classical optimization steps.

V. DISCUSSION

We have demonstrated that ECD-VQE provides an ef-
fective and hardware-efficient strategy for solving opti-
mization problems with soft and hard constraints on hy-
brid qubit-qumode quantum devices available in cQED
architectures. By leveraging only two qumodes cou-
pled to a single transmon qubit—corresponding physi-
cally to two microwave cavities dispersively coupled to
one nonlinear element—we showed that problems nor-
mally requiring several qubits can be embedded into a
compact hybrid Hilbert space. Generalization to addi-
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FIG. 12. Final probability distribution | (g, n, m|t) |* for the ECD-VQE ground-state approximation of the H2O active-space
QUBO. The dominant peak corresponds to the optimal bitstring, which closely agrees with the ASF-selected active space. The

circuit depth for the trial state is N4y = 10.

tional qumodes is straightforward, enabling scalable rep-
resentations of larger QUBO instances.

Our benchmarks included the binary knapsack prob-
lem as well as a multiple-constraint optimization task
mapped from a six-qubit Hamiltonian, illustrating how
multi-qubit diagonal operators can be compressed into
a qubit—qumode representation. In Sec. IV, we also ex-
tended this framework to chemically inspired optimiza-
tion, demonstrating that active-space selection for mul-
tireference electronic structure methods can be expressed
as a QUBO problem and efficiently solved using the same
hybrid architecture.

The ECD-VQE workflow consists of preparing the
qubit—qumode circuit, followed by joint measurements
of the qubit state and the qumode photon numbers to
evaluate expectation values of the mapped Hamiltonian.
In many cases, these measurements identify the correct
optimal configuration even before the variational energy
has fully converged to the ground-state value. This early
resolution of high-probability bitstrings may reduce the
number of optimization iterations needed compared to
traditional VQE approaches and can help circumvent
the limitations of classical heuristics used for QUBO
problems.”

The Hilbert space mapping strategy of Sec. IIB ap-
plies to any multi-qubit Hamiltonian composed solely of
diagonal Pauli-Z and identity operators, which includes
all QUBO formulations. Thus, any QUBO can be trans-
lated into a diagonal qubit Hamiltonian and subsequently
compressed into the tensor product space of one qubit
and multiple qumodes. With R qumodes of Fock cutoffs

{L;}, the hybrid system can represent

R
N =1+ |log, | []Z;

j=1

effective qubits, yielding a substantial resource reduc-
tion relative to qubit-only architectures. At the cir-
cuit level, ECD gates generate highly expressive non-
Gaussian transformations, enabling shallower ansatzes
than those required by native qubit gates thus provid-
ing access to large Hilbert spaces with fewer elementary
operations.

Our simulations primarily considered an idealized set-
ting to isolate the expressive advantages of ECD-VQE,
though Appendix A examined the impact of photon
loss—the dominant noise channel in cQED resonators.
Current devices exhibit photon-loss rates comparable to
ECD gate durations,*> making this an especially relevant
noise mechanism.

Decoherence originating from the transmon is largely
mitigated through weak dispersive coupling and fast con-
trol pulses,”®"" as previously demonstrated for ECD-
based ansatzes.*” Quantum error correction applied to
higher Fock states can, in principle, suppress photon
loss errors,”8° though achieving this in near-term hard-
ware remains challenging. Nonetheless, recent progress
in error-corrected logical qubits using bosonic resonators
beyond break-even thresholds,*? and extensions to en-
coded qudit spaces,*® highlights a promising pathway for
robust hybrid qubit—-qumode computation.

In the near term, quantum error mitigation (QEM)
provides a practical alternative to full QEC. Several
QEM protocols have been developed specifically for
photon-loss processes in qumodes,® ®* and integrating



these techniques with ECD-VQE is a natural and valu-
able direction for future work. More broadly, the ability
to encode large-scale QUBO problems, including those
arising in quantum chemistry such as active-space selec-
tion, into compact hybrid circuits highlights the potential
of qubit-qumode platforms for constrained optimization
in early fault-tolerant quantum computing.
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The Python code and data for
the optimizations can be found at
https://github.com/CQDMQD /codes_qumode_qubo.

Appendix A: Effects of qumode noise

The implementations of the qumode circuits, followed
by photon number measurements discussed in this work,
are affected by noise in a realistic hardware setup. The
dominant noise source for microwave resonators in cQED
is amplitude damping via photon loss, represented by the

— T T T T T T T T T T T T T T
0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
n

FIG. 13. Effect of amplitude damping as defined in Eq. (A3)
on the probabilities P(n) of finding the qumode state |n). The
initial state p is in an equal superposition state with a Fock
cutoff of L = 16, which then gets modified due to Eq. (A2)
before simulating the photon number measurements.
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following rate equation®:

4 hy = (),

dr (A1)

where 7 is time and k is the photon loss rate. The trans-
formation of a qumode density matrix p due to the am-
plitude damping quantum channel can be represented by

the Kraus operator formalism, as follows:5?
L1
p= Kj p K;La (A2)
j=0

where L is the Fock cutoff for the qumode and the Kraus

operators are defined, as follows:36
1—e ") _prs .
K= JEZT s (A3)
4!

Due to the truncated expression of Eq. (A2), the Ky op-
erator must also be modified, as follows:

L-1

Ko = (]1 -y K}Ig)l/z,

j=1

(A4)

so that the transformation remains trace-preserving.*”
The modified photon number probabilities for a qumode
can now be written as, P(n) = Tr(|n) (n| ). As an exam-
ple, we show how amplitude damping, defined according
to Eq. (A2), affects photon number measurements for
an initial qumode state where each Fock basis state has
equal amplitudes in Figure 13.

We discuss how photon loss in the qumodes will affect
the ECD-VQE optimizations by applying them to the
BKP example, discussed in Section IITA. The density
matrix p transformation from the noise channel can be
represented as

Li—1Ly—1
=Y. > (IeK;@K)p(l®K @K][), (A5
j=0 k=0

where we have assumed the photon loss rate k is the
same for each of the qumodes and ignored the noise on
the qubit. We assume that the noise channels affect the
quantum state after each block of ECD with qubit rota-
tion block Ugg defined in Eq. (22) is applied, i.e., the
time parameter 7 in Eq. (A3) will be the circuit execu-
tion time for each Ugpg block. After each unitary block is
applied, we can represent the updated density matrix as,
p < Ugrp U]LE r» Which then undergoes the noise chan-
nel transformation as defined in Eq. (A5). We show the
effects of photon loss on the ECD-VQE optimization for
the BKP problem in Eq. (25) in Figure 14, where we
plotted the photon number probabilities after 80 itera-
tions. For the noiseless case, 80 iterations are enough to
get a resolved peak, as shown in Figure 5. This is also
the case up to k7 = 0.01, where the optimization can also
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FIG. 14. Effect of qumode amplitude damping as defined in Eq. (A5) on the photon number probabilities during the ECD-VQE
optimization for the BKP problem defined in Eq. (25). The results are for circuit depth Ng = 5 with number of iterations = 80.
The histograms are split into two parts for better readability of the basis states. The histograms for different noise parameters
k7 are plotted with different widths for better distinguishability. The corresponding noiseless results are shown in Figure 5.

resolve the correct solution |0, 6,0) with certainty. How-
ever, the optimization performance starts to deteriorate
around k7 = 0.1. Thus, Figure 14 gives us an estimate

o

of how the photon loss rate must relate to the implemen-
tation time for qubit-qumode on a real quantum device,
which is represented by the k7 < 0.1 regime.
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