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Dissipative tunneling remains a cornerstone effect in quantum mechanics. In chemistry, it plays a crucial
role in governing the rates of chemical reactions, often modeled as the motion along the reaction coordinate
from one potential well to another. The relative positions of energy levels in these wells strongly influence
the reaction dynamics. Chemical research will benefit from a fully adjustable, asymmetric double-well
equipped with precise measurement capabilities of the tunneling rates. In this paper, we show a quantum
simulator system that consists of a continuously driven Kerr parametric oscillator with a third-order non-
linearity that can be operated in the quantum regime to create a fully tunable asymmetric double-well. Our
experiment leverages a low-noise, all-microwave control system with a high-efficiency readout, based on
a tunnel Josephson junction circuit, of the which-well information. We explore the reaction rates across the
landscape of tunneling resonances in parameter space. We uncover two counter-intuitive effects: (i) a weak
asymmetry can significantly decrease the activation rates, even though the well in which the system is ini-
tialized is made shallower, and (ii) the width of the tunneling resonances alternates between narrow and
broad lines as a function of the well depth and asymmetry. We predict by numerical simulations that both
effects will also manifest themselves in ordinary chemical double-well systems in the quantum regime.
Our work is a first step for the development of analog molecule simulators of proton transfer reactions

based on quantum parametric processes.
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I. INTRODUCTION

Engineering Hamiltonians to produce a desired poten-
tial landscape is a crucial task in quantum computing
[1-6]. Among these landscapes, double-wells hold particu-
lar importance, serving as models for diverse systems like
two-level defects [7,8], nuclear structures [9], and chem-
ical reactions [6,10]. However, tuning parameters exper-
imentally within these systems, like the barrier height,
often proves to be challenging [6,11]. Additionally, classi-
cal computational models can struggle with accuracy, e.g.,
failing to reach chemical accuracy [12]. Consequently,
developing a low-noise system capable of generating tun-
able double-well potentials is highly desirable for the
simulation of quantum chemistry problems.

In this paper, we report the results of the activa-
tion dynamics of a continuously tunable asymmetric
double-well parametric oscillator suitable for the sim-
ulation of chemical activation. During our exploration,
we found two unexpected effects. First, we find that the
asymmetric double-well can experience a significantly

Published by the American Physical Society
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longer activation time (well-switching time) from one well
to the other than the symmetric one, even when the system
is initialized in the shallower well. This is counterintu-
itive because one would think that by reducing the barrier
height, the activation time should decrease [13—15]. We
find this is not always the case in our system due to a
subtle quantum effect described below. This suggests an
unexpected technique to stabilize bosonic quantum states.
The second unexpected effect is that the activation exhibits
pronounced quantum resonances whose width alternates
between narrow and broad with both the depth and the
asymmetry of the wells. This is a manifestation of the
width of the Hamiltonian anticrossing of the energy levels
close to the top of the barrier of the double-well energy
surface. The location and width of these resonances are
well explained by a Hamiltonian model within the rotating
wave approximation (RWA) and by a semiclassical model.

Based on the experimental and theoretical observation
of these effects in the Kerr parametric oscillator (KPO),
we investigate whether they can be generalized to other
double-well systems and assess the capacity of our system
to deal with quantum simulation applications. A partic-
ularly important class of double-well problems is found
in chemistry for modeling electron-transfer reactions [6]
and proton tunneling [16]. We predict the effects should
be generically observable in quantum dissipative double-
wells, in particular also in double-wells that are used to
model transfer reactions like between the guanine-cytosine
DNA base pairs. Finally, we point out that the results
reported in this paper lead to the proposal that our imple-
mentation can be tuned, within realistic parameters, to
quantum simulate precisely these [16].

I1. SETUP AND MODEL SYSTEM

Our setup was first described in [17], with the current
implementation first introduced in [18] and summarized
here for the sake of completeness. The sample consists
of two chips with superconducting circuits, shown in Fig.
1(a), that are addressable by microwave drives via charge-
coupling. In this experiment, we only make use of one of
the two chips, but we note that applications based on multi-
ple devices are within the range of present-day technology
(see Sec. IV). The relevant chip contains an array of two
superconducting nonlinear asymmetric inductive elements
(SNAILSs) [19,20] shunted by a large capacitor [17], as
depicted in Figs. 1(b)-1(d). We include a wiring diagram
of the setup in Appendixes.

The Hamiltonian of our SNAIL transmon with charge
drives can be approximated as [17,20]
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FIG. 1. Experimental setup. (a) Rendering of the half-
aluminum, half-copper sample package containing two sapphire
chips magnified in (b). Each chip consists of a SNAIL transmon,
a readout resonator, and a Purcell filter. Only one chip is used in
this work. The normalized resonance frequency of the SNAIL
transmon is denoted w,. Applying a strong microwave drive
at wy ~ 2w, morphs the SNAIL-transmon Hamiltonian into the
parametric oscillator Hamiltonian. (¢) Schematic of the SNAIL
transmon: a two-SNAIL array serves as the nonlinear element.
The capacitor pads are shifted with respect to the axis of the
array to couple it to the readout resonator. (d) Scanning elec-
tron micrograph of the two-SNAIL arrays. The SNAIL loops are
biased with an external magnetic flux ®/®, = 0.31, where @
is the magnetic flux quantum. Figure adapted from [18].

where w, is the bare resonance frequency of the SNAIL
transmon, g3, g4 are the third- and fourth-order nonlin-
earities of the circuit, and a is the bosonic annihilation
operator. This Hamiltonian is the so-called (asymmet-
ric) parametric oscillator Hamiltonian when w; ~ 2w, and
w) = wy/2 [21,22]. Here, 2; is the amplitude and w is the
frequency of the one-photon drive that will henceforth be
referred to as the linear, or additive, drive, while €2, and
w, are the amplitude and frequency of what we refer to as
the squeezing, or two-photon, parametric drive. The phase
¢ is the relative phase between the two drives.

By applying displaced frame transformations, trans-
forming into the rotating frame at w,/2 and keeping some
terms beyond the RWA [18,23], we arrive at the effec-
tive Hamiltonian describing the asymmetric parametric
oscillator

I:Ieff
h

= Ad'a — Ko + ed* + e1éa+He. (2
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where A = w;/2 — w, is the detuning, w, ~ w, the renor-
malized SNAIL transmon resonance frequency, and K =
—(3g4/2) + (10g%/3w,) is the leading-order Kerr nonlin-
earity. The drive coefficients are given by €; = (21/2) and
€, = 23(4Q2, /3w,). The relation to a double-well becomes
apparent in the classical limit by defining

V(x) _ Hegr

= = kax* — kox? + kix, (3)

p=0

where a — (1/\/5)(x+ ip) together with k; = V2¢
cos ¢, kp = — (e + A/2), and ky = —K /4. Two instances
of V(x) are shown in Figs. 2(a) and 2(c), while in Figs.
2(b) and 2(d), the associated energy spectra of Eq. (2) are
shown as a function of the control parameters €; and ¢, for
¢ = 0. From Eq. (2) or (3), €; controls the asymmetry of
the wells and €, controls their depth [21]. Note, however,
that the parametric oscillator Hamiltonian cannot be writ-
ten as a sum of kinetic [7(p)] and potential [V(x)] energy
since cross-terms like x?p? are present. These terms can
lead to interesting consequences [14,24-26]. However, the
perturbation of the energy levels due to these cross-terms
can be decreased by reducing the zero-point spread of the
oscillator. We show a rigorous derivation of the perturba-
tive nature of these terms, as well as their impact on the
simulation of chemistry, in [16]. The perturbations due to
cross-terms do not play a critical role in the new effects
described in this paper, as shown by the fact that a pro-
totypical chemical double-well Hamiltonian without such
cross-terms displays the same effects as the KPO (see Sec.
V).

For €; = 0, we recover the conventional (symmetric)
parametric oscillator Hamiltonian that creates a double-
well along the position axis [17,18,25-28]. If €; # 0, the
phase ¢ becomes relevant. For ¢ = 90°, the linear drive
adds a term proportional to the “momentum,” p, thus not
breaking the symmetry between the wells. For ¢ = 0, this
drive adds a term proportional to the “position,” x, thus
lifting the degeneracy between the two wells [21,29] [see
Figs. 2(c) and 2(d)]. In the main text, we focus on the case
¢ = 0 and leave the experimental study of the effect of the
phase variation for Appendixes.

To model the activation rate, we use an ordinary Lind-
bladian model containing only single-photon gain and
single-photon loss with phenomenological rates and tem-
perature [27,30,31] that we directly fit to our data.

III. EXPERIMENT AND ANALYSIS

To ready the setup for our experiments, we bias our
SNAIL loops with an external magnetic field sourced by
a solenoid lying below the copper part of the enclosure
[orange block in Fig. 1(a)]. This flux sets the frequency w,
and the Kerr nonlinearity K. For the theory plots in Figs.
4 and 5, we fit A/2m =558 kHz and K/2mw = 465 kHz
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FIG. 2. Symmetric and asymmetric double-well spectrum. (a)
Effective double-well potential energy V(x), represented here
with the quantum energy levels. (b) Transition spectrum |E, —
Ey|/K of the parametric oscillator Hamiltonian as a function of
€, controlling the barrier height [27]. The levels highlighted in
green become degenerate at €,/K ~ 12, while the next pair of
levels (highlighted in orange) is not yet degenerate at this value
of €;/K. (c) Same as (a) but with asymmetry. (d) The transi-
tion spectrum as a function of €; controlling the asymmetry. The
ground level in the shallow well is highlighted in pink. The pair
of levels at the barrier top is highlighted in violet. Note the oscil-
lation of the energy separation between these two levels as a
function of €, /K.

to the data in Fig. 3. From the flux dependence of both w,
and K, we can fit a model for the SNAIL [20] to extract
23/3 =2m x (—=5.6) MHz and g4/4 = 27w x (—74) kHz.
The values of Q; and 2, are directly proportional to the
microwave amplitude we apply to our sample and, there-
fore, we have precise control over €; and €,. Details on this
calibrations are provided in Appendixes.

To measure the activation rate of our system, the states
localized at the bottom of the wells need to be prepared and
monitored as a function of time. By turning on the squeez-
ing drive, and waiting five times the single-photon lifetime,
we prepare the oscillator in its steady state. We observe the
bifurcation of our SNAIL oscillator by homodyning the
emitted radiation activated by a tone parametrically cou-
pling the parametric oscillator with the on-chip readout
resonator, itself coupled to our quantum-limited amplifier
detection line [17]. The homodyne signal clearly shows
the typical pair of stable oscillations out-of-phase by 180°.
Importantly, the photons emitted by the oscillator dur-
ing readout are continuously replenished by the squeezing
drive: the driven oscillator in the presence of dissipation
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FIG. 3. Population of the shallow well as a function of time

and of the asymmetry, theory vs. experiment. Data is shown for
€,/K = 10.2. (a) and (b) Probability of being in the shallow well
as a function of time and €, /K. The curve in black represents
the decay time t of the exponential population decay. The gray
curve is the theoretical lifetime fitted from the simulation to 220
mK in (b), overlaid for comparison. Resonances with charac-
teristic widths are apparent. Notice that these widths alternate
between narrow and broad. Also note that the maximum of the
first lobe occurs at finite asymmetry and therefore the lifetime
is larger at finite asymmetry than at zero asymmetry, which is
unexpected. Data is collected and fitted from zero to 900 s but
the portion from 400 to 900 s is not shown. The theory plot in
(b) is obtained from a Lindblad model with single-photon gain
and loss (see the main text for details). This simulation repro-
duces the key features observed in the experiment, including the
locations of the resonances, the alternating pattern of narrow and
broad widths, and the maximal lifetime occurring at small finite
asymmetry.

remains in one of its two quasi-steady states [32]. Acquir-
ing a single data point for the which-well information takes
4 ws, which is typically much shorter than the activation
time across the double-well parametric oscillator barrier,
which is of order 100 ps. We postselect the instances when
the system is initially found in the shallower well. By per-
forming a second measurement after a variable waiting
time (see Appendixes), one can detect well-switching. By
repeating these measurements, one can determine the prob-
ability per unit time of witnessing an activation event and
therefore obtain the activation rate for a given set of Hamil-
tonian parameters €;/K and €,/K, which we fit using the
Lindbladian model from this data.

In Fig. 3(a), we show measurements of the population
dynamics of the wells for different values of the asym-
metry, controlled by €;/K. For these measurements the

squeezing amplitude is set to €;/K = 10.2. The probabil-
ity, as a function of time, of being in the initial well is well
approximated by an exponential decay (see Appendixes).
This timescale t of this exponential is a direct measure-
ment of the activation rate (1/7) and we plot it as a black
line on top of the data. In Fig. 3(b), we show a theory
plot from a Lindbladian model fitted to the data [see Eq.
(C1) in Appendixes]. It includes single-photon loss at rate
k/K = 0.011 and gain associated with a temperature of
220 mK. The theory fit has an associated activation time
plotted as a gray line in both Figs. 3(a) and 3(b).

We observe unexpected resonances for certain values
of €, /K, where the activation rate is markedly increased.
These are resonances between levels localized in differ-
ent wells. The resonances for levels deep within the wells
behave effectively as level crossings since the coupling
is exponentially small due to the suppression of tunnel-
ing under the barrier. Therefore, these activation events
occur through a two-step process: population is first trans-
ferred from the bottom of the well to eigenstates at the
barrier top (i.e., those whose energies lie near the local
maximum of the double-well potential) by thermal and
quantum heating [14,15] and then tunnels to the other
well [18]. An extensive theoretical analysis of the different
heating mechanisms and the importance of the barrier-top
eigenstates in KPOs is provided in Ref. [33]. Briefly sum-
marized, thermal heating drives population into barrier-top
superposition states by absorbing real photons, while quan-
tum heating arises because photon loss in the Fock basis
can appear as heating when viewed in the eigenbasis of the
effective Hamiltonian. In our parameter regime, thermal
heating dominates [33]. That the crossing is of over-the-
barrier type is also seen from Figs. 3 and 4 by noting that
the alternating width of the different resonance in Fig. 2(d)
corresponds to the strength of the anticrossings of the spec-
trum at the barrier top [purple levels in Fig. 2(c)]. This
interpretation of the data allows us to predict the location
in parameter space where resonant tunneling takes place.
This happens when the uncoupled levels in the right and
left well align. By realizing that the energy spacing of
the levels in the wells can be estimated by S ~ 4¢; [27]
and that the asymmetry, defined as the energy difference
between the lower-lying state of each well, can be esti-
mated from Eq. (3) as 4 = 4€;/€,/K (see also [22]) we
write the resonance condition as (4 = nS)

7~ Gx) @

where n numbers the different resonances. Whenever the
levels inside the wells align, the levels close to the barrier
top also align, which facilitates the passage from one well
to the other. This simple formula dictates the location of
the resonances (see dashed lines in Fig. 4).
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We complement this analysis with a semiclassical action
quantization taken here as a proxy for the quantum lev-
els. The number of allowed quantum orbits is given by
the number of action quanta enclosed by the asymmetric
“figure eight” lemniscate delineating the phase space sep-
aratrix in between the wells. The orange and blue curves
in Fig. 4(c) show the pairs €;/K and €,/K where the
Einstein—Brillouin—Keller (EBK) [34] action quantization
condition is met. That is,

1 1

where 7 = n,m are the quantum numbers of the shallow
and deep wells, respectively. The triple intersection points
of the parabolas from Eq. (4) with the equi-action curves
meeting the EBK quantization condition mark the point
in parameter space where a new level enters the wells
in the tunneling resonances condition. We mark the triple
intersections in Fig. 4(c) by (n,m), the quantum numbers
of each well. At these points, where each well contains
exactly n and m semiclassical orbits, we expect the res-
onance to broaden due to a new orbit contributing to the
activation rate. This is seen as sharpening structures in
Figs. 4(a) and 4(b) (see also Fig. 3 for the broadened
resonances).

In Fig. 4(a), we show the measured activation time for
a scan of both ¢, /K and ¢,/K. The resonances are shown
to have widths that change along the scan. They are found
to reflect the width of the tunneling anticrossings at the top
of the barrier. This can be seen by following the purple
energy curves and their tunnel splitting in Fig. 2(d). The
semiclassical Hamiltonian theory predicts, quantitatively,
the resonance condition and, qualitatively, their widths (see
Appendixes for a full quantum treatment). To obtain abso-
lute activation times, we employ a Lindblad model rather
than the semiclassical EBK theory.

In Fig. 4(b), we show the Lindbladian model fit to the
experiment. The fit requires a temperature dependence
with €, which is well approximated by a quadratic func-
tion increasing from ~170 mK at €, ~ 3 to ~310 mK at
€,/K ~ 14 (see Appendixes for the temperature extrac-
tion). This is consistent with Johnson-Nyquist thermal
noise produced by the heating of the attenuators with
increasing squeezing amplitude. However, as we expand
in Appendixes, we note that this is merely phenomenologi-
cal and more involved physics are possibly involved. Other
sources for the effective temperature can be unwanted mix-
ing Josephson terms [35] or other modes in the system
[36]. A way to mitigate this temperature exists, however,
and is being developed and has already been implemented
elsewhere by us [37] and our colleagues [38].

We learned from this data that an asymmetric system
can have a longer activation lifetime than the symmetric
system, even if one of the wells is markedly shallower (see

400
350
300
250 ~
200 2
150 &
100

50

400
350

(c)

FIG. 4. Analysis of the dissipative tunneling resonances
according to different models and the experiment. (a) Measure-
ment of dissipative tunneling time 7 as a function of €, /K (con-
trolling the barrier height) and €, /K (controlling the asymmetry)
in a linear color scale. (b) Theory fit from a Lindbladian model
including single-photon loss and a temperature that depends on
€;, growing quadratically from 170 to 310 mK (see Appendixes).
The wavy green-black lines show that the maxima of t “avoid”
the resonances marked by the triple intersections. (¢) Hamilto-
nian fit for the resonance conditions (parabolic dashed lines) and
EBK’s orbit quantization condition for » and m allowed quantum
numbers in the small (orange) and large (blue) figure-8 lobes.
The triple intersections are labeled by (n, m) quantum numbers.

Fig. 3 at €| /K =~ 1). The green-black dashed line in Fig.
4(a) shows the experimentally determined maxima of acti-
vation time T as a function of the control parameters. The
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FIG. 5. Experimental (points) and theoretical (solid lines) acti-

vation time 7 for (nearly) symmetric KPO and at optimal asym-
metry. Depicted as a function of barrier height €, /K. We observe
that a finite asymmetry can increase the activation time. Here the
asymmetric case (green) is consistently above the data for the
symmetric case (orange). The asymmetric optimum corresponds
to the green-black lines in Figs. 4(a) and 4(b).

theoretical maxima are shown in Fig. 4(b) by the line with
the same colors and agree with those we find by keeping
the temperature constant in the model (not shown). The
location of the maxima is nontrivial, and it is relevant to
control reaction rates, or analogously because it can readily
be used to extend the lifetime of a Kerr-cat qubit [17].

In Fig. 5, we show the increase of T with the asymme-
try parameter. To provide physical insight into this effect,
we note that Lindblad theory predicts that T is modulated
in a steplike fashion as the quantized orbits fall under
the barrier [18] (see also Appendixes). The linear drive
can be exploited to break the parity symmetry of these
orbits as shown in Fig. 2 and therefore avoid the steplike
modulation seen in the Lindblad theory for €; ~ 0. This
observation explains the trajectory of the green-black opti-
mal curve in Figs. 4(a) and 4(b), which avoids the new
resonance conditions marked by the triple intersections. In
other words, quantum tunneling produces a hybridization
of the classically decoupled orbits right under the barrier.
The asymmetry parameter can be adjusted to minimize that
hybridization, reducing the tunneling rate via the excited
states.

IV. QUANTUM SIMULATION OF CHEMISTRY

The experimental observations presented here raise the
question of whether they are present in other double-well
systems, like the type of double-well involved in mod-
eling chemical reactions. In chemistry, while harmonic
modes coupled to spins are often used to model charge
transfer in a simplified framework [6], a true double-well
description offers a more natural representation in the adia-
batic regime, where the potential energy landscape plays a

crucial role. The true double-well potential provides a gen-
eral framework that accurately captures essential features
of numerous chemical processes, such as proton transfer,
isomerization, and proton-coupled electron transfer [16].

We run a Lindbladian simulation for the chemical sys-
tem to investigate if our experimental observations also
manifest here. For this, we use the chemically inspired
Hamiltonian H/h = p2/2 + ksi* — koi? + k%, including
single-photon loss and gain with rate «/k4 = 0.025 and
at a constant temperature of ng, = 0.05. These parameters
lie in the ranges accessible by our system. The Lind-
blad approach is valuable because it produces chemical
dynamics with well-defined reaction rates and qualitatively
agrees with experimental observations in the weak cou-
pling regime [6,39—41]. In electron-transfer chemistry, a
typical choice of dissipation is Ohmic noise, which under
standard approximations translates into single-photon loss
and gain represented by the dissipators of the Lindblad
model [42].

With this framework, we answer our question affirma-
tively: our experimental observations are predicted to be
present in other double-well systems. On the one hand, the
green-black line in Fig. 6(a) depicts the maximum lifetime
as a function of well asymmetry and well depth, showing
that—just like in our experiment [Figs. 4(a) and 4(b)]—a
small asymmetry increases the lifetime significantly [see
also Figs. 5 and 6(b)]. On the other hand, Fig. 6(c) depicts a
horizontal linecut of Fig. 6(a) and clearly reveals the same
width alternation (broad-narrow-broad) as discovered and
explained in our experiment (see Fig. 3). The finding of
these two unexpected effects shows that our asymmetric
Kerr parametric oscillator setup is already able to produce
meaningful predictions for chemical quantum rate theory.

Double-well systems have been extensively studied in
various contexts [42,43], including in superconducting cir-
cuits [44—47]. However, we speculate that the unique com-
bination of precise real-time microwave control, complete
tunability over Hamiltonian parameters, experimental sta-
bility, fast repetition rates, and high-fidelity readout in our
setup explains why we observed the effects not previously
reported.

Based on these results, we proposed a hardware modifi-
cation to our setup that implements a one-to-one single-
transmon quantum simulation of tautomerization reac-
tions in Malonaldehyde (cis-cis) and proton transfer reac-
tions between the DNA base pairs guanine-cytosine [16].
The key to this simulator is that, for realistic circuit
parameters, the Hamiltonian cross-terms o x’p? and the
relativistic-like oc p* term become irrelevant perturbations
[these arise from the Kerr term 47242, which in turn arises
from the x* term as perturbations, see Eq. (1)]. Also, our
system allows for a clean microwave control of effec-
tive temperature. Injecting noise through a microwave
drive port is an established method in circuit QED to
increase the effective temperature (ny, in the Lindblad
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FIG. 6. Lindbladian simulation of an ordinary double-well
system. (a) Dynamics simulated as a function of well asymmetry
ki /kq and well depth k,/k4. The color code marks the activa-
tion time [compared to Fig. 4(b)]. The green-black line shows
the maximum activation time and the orange line marks the sym-
metric case (k; = 0). (b) Comparison of the activation time for
the ordinary symmetric (k; = 0) double-well and the (optimal)
activation time along the green-black line in (a) as a function of
well depth & /k4. (c) Activation time as a function of asymmetry
for ky /ks = 12.6 [black dashed line in (a)], showing resonant tun-
neling (as in Fig. 3, see also [6]). Note that, as in the parametric
oscillator Fig. 3, the linewidths alternate from broad to narrow.

model) of a system [48]. We emphasize that our microwave
tones are generated using arbitrary waveform generators
and can therefore create nearly arbitrary noise spectra.
Controllable single-photon dissipation has been demon-
strated for KPOs [18,37]. By selecting the frequency of
the dissipated photons, this mechanism can be used to
engineer cooling (reduction of ny) [37] or to increase the
single-photon loss rate (x in the Lindblad model) [18].
Beyond this, exotic forms of dissipation have been pro-
posed [31,35]. Finally, controllable interactions between
two KPOs have been generated in our setup, which can
create non-Markovian dynamics [49]. All these allow for
the experimental exploration of chemical dynamics across
a wide range of parameter spaces [6,50] in this type of
single-transmon parametric quantum simulator.

We conclude this section by giving a perspective on how
this approach can be generalized beyond a single SNAIL
transmon. Controllable interactions of form &I&z + h.c.
have been implemented for KPOs in superconducting cir-
cuits [51]. This interaction translates to a bilinear coupling
X1X2, opening promising avenues for applications in chem-
istry. The description of concrete chemical systems that
can be mapped to multiple coupled KPOs is the subject
of ongoing work and will be presented in a forthcoming
paper. Furthermore, the superconducting platform itself
supports strong scalability, with current systems already
exceeding 1000 transmons [52].

V. CONCLUSION

We reported the measurement of the activation rate in a
continuously tunable asymmetric Kerr parametric oscilla-
tor with dissipation and observed a fine structure that, to
the best of our knowledge, was unknown in the literature.
Our experiment shows that the activation rate displays res-
onances whenever a level close to the barrier top aligns
with one in the other well. We derive an analytical for-
mula that predicts the occurrence of these resonances as
a function of asymmetry and well depth. Furthermore, we
discover that these tunneling resonances alternate in width
between narrow and broad lines as the asymmetry and well
depth are changed. We trace this effect back to the alternat-
ing strengths of level anticrossings in the spectrum close
to the barrier top. This shows that the activation is of over-
the-barrier type (i.e., not via direct quantum tunneling by
the low-lying states), as predicted [14,22,53]. We are thus
able to learn the level structure near the barrier top without
having to prepare these excited states.

Our control over the well asymmetry indicates that
quantum parametric oscillators can implement analog
quantum simulation of chemical reaction dynamics [16].
This allows, for instance, the analog simulation of proton
tunneling, and, e.g., the study of transfer reactions between
the guanine-cytosine DNA base pairs, appears within reach
of current Kerr parametric oscillator technology [16].

We also note the importance of this system for quantum
computation since qubits can be encoded in the well-state
manifold [17,27]. In this regard, two contributions of the
present work deserve to be highlighted. The first one is
the increase in the activation timescale t by a fine con-
trol of the asymmetry. This leads to a reduction in bit-flip
errors [54] with no extra hardware requirements. The sec-
ond contribution is the demonstration of the operation of
a highly asymmetric parametric oscillator in the quantum
regime. We provide direct evidence that the static effective
description is not compromised under strong linear drives,
which are required for fast gates [27] and implementations
of hardware-efficient readout schemes [55].

After writing this paper, we were made aware of a
similar experiment at Rice University using trapped ions
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to create an asymmetric double-well to simulate electron
transfer [42].
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APPENDIX A: EXPERIMENTAL SETUP

The wiring diagram is shown in Fig. 7. The lines from
left to right are as follows: (1) the microwave pump for the
SNAIL-Parametric-Amplifier (SPA) [56], (2) the readout
output line, (3) the input line for the dispersive readout, (4)
the two-photon drive at frequency w, ~ 2w,, (5) the one-
photon drive at frequency w; = w;/2, (6) the input line for
the parametric readout, which is the readout method uti-
lized in this paper. Additionally, there are two twisted-pair
cables that provide a DC signal to magnet spools that cre-
ate a magnetic flux for the SPA and the SNAIL-transmon
sample. Our setup is similar to the one first described in
[17].

APPENDIX B: CALIBRATIONS OF
EXPERIMENTAL PARAMETERS

1. Measurement of Kerr coefficient and frequency

The Kerr coefficient K is extracted by spectroscopy. A
saturating probe drive w,, is applied to the SNAIL trans-
mon operated with €, = 0. Varying the probe drive fre-
quency and measuring the response via dispersive readout,
results in the data are shown in Fig. 8. The spectrum shows
two clear dips, which correspond, from lower frequency to
higher frequency, to the two-photon gf’/2 transition and
the ge transition (the SNAIL levels are labeled follow-
ing the atomic physics convention in increasing energy
order g, e, /). Note that the measured w,, is a good approx-
imation for w, used in [Eq. (2)]. We then extract the
Kerr frequency by using the relation wye — w,r/2 = K. Fit-
ting two Gaussian peaks to the spectrum in Fig. 8, we
find K/2m = (528 4+ 10) kHz. This measured value dif-
fers from the fitted one (465 kHz) by 12% and it is not
used in the simulations. These measurements, when taken
as a function of the biasing flux ® of the superconduct-
ing loops, allow for a calibration of the SNAIL nonlinear
parameters g3, g4. In Fig. 9, we show a flux scan of our
sample with measured frequencies, Kerr nonlinearities,
and the fit by the model presented in [20].

2. Calibration of relative phase between squeezing
drive and linear drive

Quantum coherent Rabi-like oscillations as a function
of this phase ¢ are shown in Fig. 10(a) [17]. For ¢ = 0,
this drive is position-like and lifts the degeneracy between
the two wells [see Figs. 2(c) and 11(a)]. This energy differ-
ence induces the Rabi-like oscillation. For ¢ = 90° [Fig.
10(a)], the linear drive is momentum-like (the Hamiltonian
term is o p), thus not breaking the symmetry between the
wells [see Fig. 11(d)]. The well asymmetry is determined
by €; cos ¢ and is therefore first-order insensitive to phase
drifts of a few degrees around ¢ = 0, which is the precision
of our calibration.

3. Calibration of the parametric squeezing drive
amplitude €, and linear drive amplitude €,

In the experimental setup, the drive amplitudes are
directly controlled by a digital to analog voltage con-
verter. To calibrate the strength of the drive in MHz we
measure time-resolved Rabi oscillations as a function of
the digital control of the squeezing drive €,. The exper-
imental data is shown in Fig. 12(a). The oscillations of
the observable X = (Ja) (] — |—a) {(—a|) occur at a rate
Qeat(€2) ~ R(de;a™) where o = /€,/K and the approx-
imation is valid for || > 1. Using, also, that for €¢; =0
the oscillation has a frequency of 2¢; [17], just like for an
ordinary transmon, we obtain €; in MHz completing the
calibration of the drive amplitudes. To be clear, we can
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FIG. 7. Wiring diagram. A legend for the main elements is provided at the bottom right. The approximate temperatures for different

stages are shown on the left. The sample is contained in the sample box.

rewrite this relation as (afa) = €,/K = Qravi(€2)?/16€2,
where (a'a) is the average photon number of the coher-
ent states. By extracting the Rabi rate Q,; for each voltage
of the digital control of €; and using the previously deter-
mined value of €;, we find (a'a) as a function of the digital
control of €;. The data is shown in Fig. 12(b) and shows
a linear relationship between the applied voltage for the
drive and the average photon number. The slope of the
linear fit (together with the previously extracted value of
Kerr) determines the proportionality constant between the

digital to analog converter in volts and the drive amplitude
€, in MHz as required by the Hamiltonian description.

APPENDIX C: COMPLEMENTARY ANALYSIS

1. Parameter extraction

Theory parameters K, A, «, and ny, are obtained by
fitting the Lindbladian model,
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FIG. 8. Continuous-wave spectroscopy measurement showing

the readout response as a function of the probe tone frequency.
From left to right, the pronounced dips in the signal show the
gf/2 and ge transitions of the SNAIL transmon. Those occur at
(wge — K) /27 and wg. /27, respectively. Fitting to this experi-
mental data, we extract a Kerr value of K /2w = (528 &+ 10) kHz.
However, this value is not used in any of the simulations (theory
fitted 465 kHz is used instead).
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FIG. 9. Extraction of nonlinearities from fit to frequency and
Kerr parameter. (a) Spectroscopic measurement of the oscilla-
tor’s frequency and (b) its Kerr nonlinearity as a function of flux
as extracted from the ge and gf'/2 transitions (see Fig. 8). Solid
lines are a simultaneous fit of frequency and nonlinearity from
the SNAIL circuit model [20]. We remark that several arrange-
ments of parameters fit the data satisfactorily, producing a large
correlation and errors. In (c) we show the third- and fourth-order
nonlinearities as extracted from the fit. The vertical dashed line
represents the flux operating point for the experiments in this

paper.
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FIG. 10. Effects of the relative phase of the linear drive. (a)
Time-resolved quantum coherent oscillation in Y=i loe) (—a| —
i|—a) (x| as a function of relative phase ¢ between the squeez-
ing and linear drives [17]. This measurement shows Rabi-like
oscillation between the cat states created by superposing states in
different wells. The oscillation frequency is a direct measure of
the asymmetry. (b) Data taken for €, /K = 8.7. Linear drive with
a relative phase of ¢ = 90°. The wells are slightly deformed but
they remain mirror symmetric to each other and no resonances
are visible. (c) Data taken for €,/K = 8.7. As in Fig. 3(a), we
measure the activation rate for different asymmetries, but now
caused by a linear drive with a phase ¢ = 180° instead of ¢ = 0°.
The flipped phase results in an exchange of the left and right well,
meaning that now the left well is the deeper one. In the experi-
ment, we still initialize in the shallower (now right) well, but now
measure the time-resolved population of the deeper (now left)
well. As a result, the population of the left well is initially zero
and then increases over time. We again observe trends and fea-
tures, such as the resonant tunneling also seen in Fig. 3(a). This
confirms that the 180° phase shift only exchanges the roles of the
wells, but otherwise exhibits the same physical phenomena.

. i~ Ay A T
p = =3 [Hem, 1+ (1 + na)DIa)(p) + K D{a"1(p)
(CI)
to the experimental data in Fig. 4(a), starting from the inde-

pendently measured values. Here Hg is the Hamiltonian
from Eq. (2) (with ¢ = 0). First, Kerr is found by fitting
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FIG. 11. Emergence of resonance-like features depending on different parameters. (a)-(c) Relative phase ¢ = 0° between linear
drive and squeezing drive. (a) Equienergy contours of the classical rotating wave approximation parametric oscillator Hamiltonian
with linear drive. The linear drive raises the left well and breaks the symmetry between the two wells within the rotating wave
approximation. (b) Same experiment as in Fig. 3(a), now at €;,/K = 20. A “forest” of resonances is now visible besides the rotating
wave approximation resonances from condition Eq. (4). (¢c) Changing the photon number to €, /K = 16 changes the resonance pattern.
Note the different widths. (d) and (e) Relative phase between linear and squeezing drive of ¢ = 90°. (d) Equienergy surfaces in the
presence of the linear drive within the rotating wave approximation, showing that the symmetry between wells is preserved and a
small deformation in the p direction is visible. (¢) Same measurement as in (b) but with 90° shifted phase ¢. This change in phase is
sufficient to remove all of the resonances, while the amplitude of both drives remains high. (f) Extension of data in Fig. 4(b). Now the
squeezing amplitude extends beyond €,/K = 14 up to €,/K = 19. The data in (b) and (c) shows up as flecks of short lifetime (blue)
that are not captured by the rotating wave approximation.

the location of the resonance parabolas in the €;—; plane  (corresponding to a single-photon lifetime of 31 pus) to
of Fig. 4(a) to those in Fig. 4(b) since these features are ~ match the phase of the steplike oscillations of 7 in the
very robust to changes in A, « and ny,. This resulted in  theory to those of the experiment.

a Kerr of K/27 = 465 kHz. Next, for each value of e,
ny, is fitted so that the resulting timescale T best quantita-
tively agrees with its experimental counterpart. With this,
we report a quadratic dependence of the effective temper-
ature 7T on €;, see markers in Fig. 13. We use a quadratic The extracted effective temperature has a quadratic
fit of ny, on the theory, extending continuously those val-  dependence on €, /K, as shown in Fig. 13. In turn, €,/K is
ues of €, for which there is no experimental record of ny,,  directly proportional to the voltage V' from the digital con-
see solid line in Fig. 13. Lastly, as reported in [18,28], troller electronics (see Fig. 12). Therefore, T o (e2/K)?* o
we fine-tuned A /27 = —558 kHz and «/27 = 5.1 kHz V2, which is the form of Johnson-Nyquist noise. A natural

2. Possible contributions to the effective temperature
and mitigation techniques
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FIG. 12. Calibration of squeezing drive strengths. (a) Time-
resolved quantum coherent Rabi-like oscillations as a function
of squeezing amplitude. The squeezing amplitude is controlled
by the voltage of the digital controller. (b) Photon number (a'a)
as a function of applied voltage for the digital control of squeez-
ing drive €,. The experimental data points are obtained from (a)
using (aa) = €,/K = Q%,,;/16€}, where € is the asymmetry
for ¢ = 0. A linear fit allows us to convert the voltage set by the
digital control of €, to the squeezing drive €, in MHz. The pri-
mary analysis focuses on data measured with up to €,/K = 13.8
(vertical dashed gray line).

explanation for this effective temperature dependence is
thus a heating attenuator or 50 Q termination (see Fig. 7
for the attenuator configuration). This could be mitigated
by improved thermalization of attenuators, filters, and
terminations. Possible other contributions are the noise
temperature of the room-temperature electronics, leakage
via hybridization with the buffer mode (see Fig. 14 for
some experimental evidence of that in the very strong
drive regime), and unwanted higher-order loss channels

3004 =Quadratic fit
e Experiment
2704
)
E 240
~
210+
180+
T T T T T T
4 6 8 10 12 14
g/ K
FIG. 13. Temperature dependence on €,. Round markers were

extracted from experimental data in Fig. 4(a) by fitting to theory.
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FIG. 14. Resonance-like features not explained by the rotat-
ing wave approximation model. (a) Coherent state lifetime as a
function of photon number €,/K (at €; = 0). The blue and red
curves are the same measurement repeated after a 24 h time dif-
ference. The frequency was recalibrated to account for a small
drift. The lifetime saturates at around 300 ps. For large pho-
ton numbers €, /K, resonance-like features appear. The location
of these is stable within the 24 h time difference. (b) The para-
metric oscillator is initialized in one of the wells and after 24
ps the remaining population in this well is measured. This is a
proxy for the coherent state lifetime and thus allows us to identify
resonances like in (a), which emerge as a low remaining popula-
tion. This is measured as a function of photon number ¢, /K and
detuning A = (w,/2) — w, between the first subharmonic of the
squeezing drive and the SNAIL transmon resonance frequency.
At €,/K = 15 and A/K = —2, a crossing between resonances
is visible. Another feature occurs at €,/K =19 and A /K =2,
where the line of a resonance splits into two.

in the SNAIL loop. Promising engineering solutions to
these issues are on-chip filters [28], careful detuning of
the buffer mode [36], and the Symmetrically Threaded
SQUID as a replacement for the SNAIL [57]. Regardless
of the source of heating, engineered dissipation has been
demonstrated for cooling of superconducting circuit KPOs
[37,38] and is an effective mitigation technique if lower
effective temperatures are desired.

3. Exponential decay

A crucial step in our data processing relies on fit-
ting the activation dynamics with exponential decays. The
experimental sequence is shown in Fig. 15(a) and three
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FIG. 15. Pulse sequence and typical decay curve for determi-

nation of activation time. (a) Pulse sequence for the determi-
nation of the activation time. The squeezing drive is turned on
adiabatically. This is followed by a measurement of the which-
well information, projecting the parametric oscillator into either
of the wells. Then the linear drive is turned on adiabatically.
Next, the state evolves for a variable time ¢, during which both the
squeezing and linear drive remain on. After that, the linear drive
is turned off adiabatically. Finally, the which-well information
is measured again to find the remaining population. (b) Decay
of a coherent state initiated on the shallower well for different
asymmetry values € /K. Experimental data are dots, and solid
lines are exponential fits. For a small well asymmetry €; /K, the
probability to be in the shallower well decays to 0.5. For increas-
ingly large asymmetry, the steady-state population is no longer
equally distributed between both wells, becoming increasingly
biased toward the deeper well.

exemplary decay curves for different values of the asym-
metry are shown in Fig. 15(b). The data with the corre-
sponding exponential fits is shown in Fig. 3(a). We remark
that each of the curves is well described by an exponential
decay. Next, we notice that for small asymmetry €; = 0.1
the steady state population of the shallower well is around
50%. This is because for a symmetric double-well the
probability of being in either well is identical by construc-
tion, thus leading to equal steady-state populations. On the
other hand, with increasing asymmetry, the tunneling rates
from one well to the other become asymmetric, leading to a
bias toward the deeper well. This is represented in our data,
where for increasingly large asymmetries, the steady-state
population of the shallower well is reduced.

4. Control experiment for the relative phase
dependence of the linear drive

The relative phase ¢ between the squeezing drive and
linear drive is determined by searching for the phase of

maximum Rabi rate, which occurs at ¢ = 0. The calibra-
tion measurement is shown in Fig. 10(a). This additional
degree of freedom allows for several control experiments.
To confirm that the resonant features we measure are
actually caused by the controlled symmetry breaking and
are not for example just power-dependent nonlinear res-
onances [58,59] or due to Stark shifting into resonance
with spurious modes [60,61], we measure the activation
rate for a symmetric and an asymmetric double-well, both
under an equally strong linear drive. To achieve this, we
set the linear drive phase ¢ = 90° and ¢ = 180°, respec-
tively. The resulting measurement is shown in Figs. 10(b)
and 10(c) [see also Fig. 11(e)]. We note that the resonances
are not present for ¢ = 90°, thereby proving that they are
indeed a controlled effect from the symmetry breaking in
the parametric oscillator.

As discussed in Sec. III, we have full control over the
Rabi phase [see Fig. 10(a)] which controls how the sym-
metric double-well is perturbed. A phase of ¢ = 0° applies
a drive that lifts the “left” well [see Fig. 11(a)] and a phase
of ¢ = 90° does not break the symmetry between the wells
[see Fig. 11(d)]. If a Rabi phase of ¢ = 180° is applied,
then the definitions of left and right well swaps, mean-
ing the right well becomes the shallower well and the left
well becomes the deeper well. We can then make a control
experiment where we initialize the system in the shallower
(now right) well and then measure the population of the
left well as a function of time and asymmetry. The result-
ing data [Fig. 10(c)] shows the same increase in tunneling
rate with larger asymmetry €, /K and resonances at specific
values. The observation of the same physical phenomena
confirms our understanding of the system and validates our
explanations of the observed effects.

5. Lifetime along resonances

In Fig. 16 we display the lifetime along the first four
dashed parabolas of Fig. 4(b). As per resonance condition
Eq. (4), an increase in €; /K corresponds to an increase in
€,/K when following the parabolas. Therefore, we expect
the lifetime to increase along the parabolas, which we
observe in Fig. 16. The steplike behavior is a consequence
of activation assisted tunneling close to the separatrix
between the wells (see Ref. [18]).

6. Semiclassical analysis

In Fig. 17, we provide a succinct pictorial view of the
semiclassical mechanisms behind the features in Fig. 4.

APPENDIX D: FULL QUANTUM HAMILTONIAN
TREATMENT

In this appendix, we show that the physics captured
by the semiclassical analysis used to explain the data is
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FIG. 16. Experimental lifetimes of Fig. 4(a) along each resonance parabola as parameterized by €;/K. (a)(d) show the four
parabolas for n = 1,2, 3, 4 as defined by resonance condition Eq. (4). The orange curves are guides to the eye (a moving average).

identically captured by a full numerical quantum treat-
ment. For this, we introduce the inverse logarithmic anti-
cross space (ILAS), denoted by J and defined as

J = Z

(D1)

IOg (En—H

where E, are the eigenenergies of Eq. (2) at a particular
€1/K and €, /K and N is a numerical cutoff. We plotted a
J color-map as a function of €;/K and €,/K, along with
two different cuts in Fig. 18.

By construction, J diverges when a new pair of lev-
els in {Eg, E1, ..., Ey,]} are closing. To see this, consider
the scenario where the gap between the pair £y and E;
and the gap between the pair £, and E5 are closed, and
the rest of the levels are not anticrossing. In this situa-
tion, J is finite, since \(1/(log (Eur1 — E,,)))| is zero for
the two closed pairs and finite for £, — E| and the rest of
the levels (which are distant from one another). Consider
now levels E£4 and E5 interacting, starting to close their gap
as in Fig. 2(d). These interacting levels will close and at
some point have an energy difference £4 — Es = 1 where
|(1/(log (Enr1 — E,,)))’ will diverge. In this way, J picks
up poles near new anticrossings reproducing Fig. 4 as can
be seen in Figs. 18(b) and 18(c) in greater detail. Observe
the close agreement between the semiclassical treatment,
the resonance condition Eq. (4), and 7.

APPENDIX E: EFFECTS BEYOND THE RWA
MODEL

In this appendix, we present experimental data taken
for €;/K > 14 where the static effective (RWA) descrip-
tion used fails, qualitatively, to describe the experiment.
In Fig. 14(a), we present the coherent state lifetime up to
€/K ~ 19, for ¢ = 0. The lifetime increases in a steplike
fashion, as predicted by the static effective model [30,31]
until it starts decreasing. This decrease may be captured
by a more elaborated static effective treatment [35]. How-
ever, resonant-like drops of the lifetime appear too, which
challenge the static effective treatment, even if they can
also be captured in principle [58]. Time-dependent Flo-
quet simulation of the driven system (not shown, see Ref.
[23]) suggest that these resonances may be explained by
a single-mode treatment of the nonlinear transmon oscil-
lator. Below, we present and discuss control experiments
supporting the viewpoint that these effects belong to the
nonlinear physics of single-mode driven systems.

As a control experiment to learn more about these res-
onances, we measure their temporal stability by repeating
the same measurement again after 24 h [see orange and
blue graphs in Fig. 14(a)]. This provides important infor-
mation since the parameters of spurious two-level-systems
(TLS) [62—64] coupled to transmons are known to fluc-
tuate in this timescale, and TLS are a plausible candidate
for this resonant-like lifetime drops at strong drives. We
recalibrated the qubit frequency and observed good agree-
ment between the two measurements, with the resonances
being located at the same positions. This data suggests that

020309-14



ASYMMETRY CONTROL FOR QUANTUM SIMULATION

PRX QUANTUM 7, 020309 (2026)

e/ K

FIG. 17. Semiclassical and Hamiltonian description of Fig.
4(a). (a) Reproduction of Fig. 4(c) with red circles highlight-
ing the incoming resonant levels. (b) Same as (a) with cartoon
double-well potentials of Eq. (2) with H.g’s eigenenergies drawn
in the well corresponding to the location of its eigenstate. Note
the resonance between left and right eigenstates and that the new
incoming levels are near the top of the barrier marking the start of
a new step in 7. Double-wells corresponding to dark red circles
are not shown.

the resonances are stable in time and are therefore likely
associated with stable electromagnetic transitions and not
fluctuating TLSs.

Next, we study these resonances as a function of the
detuning A = (w,/2) — w, between the squeezing drive
and the resonance frequency of the SNAIL transmon. The
system is initialized in one well and after 24 s the remain-
ing population is measured. This is a proxy for the coherent
states’ lifetime and thus resonances manifest themselves
as a low remaining population. Figure 14(b) depicts this
lifetime proxy as a function of detuning and photon num-
ber. This data contains resonances moving in different
directions. Other features can be seen, for example, around
€/K =15 and A/K = —2: here two resonances Cross
(i.e., no avoided crossing), which could provide a bound to
the possible coupling between the involved modes. Lastly,
we point out a feature around €;/K = 19 and A/K =2,
where one of the resonances seems to split up into two.

Moving beyond the case of €; = 0, we now study the
impact of an additional drive on the resonances. In Fig.

(a)

—_
(=]

S = N W A N N XX O

FIG. 18. Numerical quantum treatment and analysis. (a)
Heatmap of J (numerical quantum treatment) with the semi-
classical prediction on top [see Fig. 4(c)]. (b) Plot of 7 along
the green dashed line in (a) parameterized by €,/K. Vertical
black dashed lines indicate the location of the singularities of J
which happen very close to the triple blue-orange intersections.
(c) Plot of J along the horizontal blue dashed line at €;/K = 10
in (a) parameterized by € /K. Vertical black dashed lines indicate
the resonance condition from Eq. (4). The different semiclas-
sical predictions agree well with the full quantum Hamiltonian
calculation.

11(a), we show the equienergy contours of the effective
Hamiltonian for €; # 0 and ¢ = 0, which creates an asym-
metry between the two wells [see also Fig. 2(c)]. This
picture is valid under the RWA, and we have observed
its conspicuous failure for €,/K > 1. In Fig. 11(b), for
€,/K = 20 we observe a “forest” of resonances, very dif-
ferent from the case of smaller €;,/K (see Fig. 3). These
resonances are not explained by resonant tunneling in the
RWA potential and described by Eq. (4), but are instead
reminiscent to the onset of chaotic behavior [23,65,66].
Changing the photon number [see Fig. 11(c)] leads to a
change in the forest of resonances. Similar resonances have
been observed during the readout of transmon qubits. Here
a possible explanation is that the AC Stark shift, induced
by the strong readout drive, tunes the qubit into resonance
with lossy modes like TLS [60,61,67]. To test this hypoth-
esis, we change the phase ¢ of our strong linear drive.
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For ¢ = 90°, the RWA double-well stays symmetric [Fig.
11(d)]. In Fig. 11(e), we show the same measurement as
in Fig. 11(b) (the same value of ¢€;), but with a different
relative phase between the drives. The absence of reso-
nances in Fig. 11(e) suggests that the effect is beyond a
Stark shift into lossy modes. This phase dependence of
the spurious resonances has not been observed before.
Finally, Fig. 11(f) shows an extended data set (compared
to Fig. 4), where the breakdown of the RWA description is
self-evident for €, /K > 14.

While these spurious resonances have not been reported
before, the discrepancy in between static-effective open
quantum system description of our strongly driven non-
linear system and experimental observations is common
to all parametric oscillator experiments in the quantum
regime reported in the literature [17,18,25,26,28,68,69].
We believe this discrepancy runs deep into our understand-
ing of quantum physics [34] and is intimately related to the
problem of the quantum to classical transition and quan-
tum chaos [65]. We also believe it can be avoided once it
is understood, by means as simple as filtering the lines at
the relevant frequencies, for example.

Our data set, presenting resonances at different loca-
tions in parameter space and of different widths, as well
as their dependence on the parametric drive frequency, the
parametric drive amplitude, the linear drive amplitude, the
relative phase between the linear drive and the parametric
drive, and their stability over a period of 24 h, will guide
research and lead to better theoretical tools to understand
and design parametric processes. We also expect that this
data will unlock new tools and proposals to study nonlinear
driven quantum systems and quantum chaos in unexplored
regimes [66,70—72].
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